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Devwudfw
Zh vwxg| wkh h�hfwv ri d judgxdo lqfuhdvh lq wkh vwrfn ri sxeolf fdslwdo lq d g|qdplf

ryhuodsslqj0jhqhudwlrqv prgho ri d vpdoo rshq hfrqrp| xqghu dowhuqdwlyh prghv ri �0
qdqflqj= oxps0vxp wd{dwlrq/ d edodqfhg0exgjhw srolf| zlwk d yduldeoh wd{ udwh rq oderxu
lqfrph/ dqg d rqfh0dqg0iru0doo fkdqjh lq wkh wd{ rq oderxu1 Wkh pdfurhfrqrplf h�hfwv
dw lpsdfw dv zhoo dv lq wkh orqj uxq ghshqg fulwlfdoo| rq wkh �qdqflqj prgh dqg rq wkh
lqlwldo wd{ udwh rq oderxu lqfrph1 Wkh vdph krogv iru wkh zhoiduh h�hfwv rq wkh gl�huhqw
jhqhudwlrqv dqg wkxv iru wkh srolwlfdo vxssruw dprqj h{lvwlqj jhqhudwlrqv iru lqfuhdvlqj
sxeolf lqyhvwphqw1 MHO fodvvl�fdwlrq= G95/ H95/ K56/ K64/ K87/ Nh|zrugv= sxeolf
lqyhvwphqw/ lqwhujhqhudwlrqdo zhoiduh h�hfwv/ wd{dwlrq

4 Lqwurgxfwlrq
Wkh hpslulfdo uhvhdufk e| Dvfkdxhu +4<;</ 4<<3,/ zklfk vxjjhvwhg wkdw sxeolf fdslwdo kdv
d srzhuixo lpsdfw rq wkh surgxfwlylw| ri sulydwh fdslwdo/ surpswhg d qxpehu ri wkhruhwlfdo
vwxglhv ri wkh uhodwlrq ehwzhhq sxeolf lqyhvwphqw dqg sulydwh surgxfwlrq1 Vhyhudo wkhphv kdyh
grplqdwhg wklv olwhudwxuh vr idu1 Wkh �uvw wkhph lv sxeolf lqyhvwphqw dv d srwhqwldo vrxufh
ri hqgrjhqrxv jurzwk1 Wkh vhplqdo sdshu lq wklv duhd lv Eduur +4<<3, zklfk ghprqvwudwhv
wkdw hqgrjhqrxv jurzwk hphujhv surylghg wkh sulydwh surgxfwlrq ixqfwlrq h{klelwv frqvwdqw
uhwxuqv wr vfdoh lq sulydwh dqg sxeolf fdslwdo dqg wkh jryhuqphqw pdlqwdlqv d frqvwdqw udwlr

� Zh wkdqn Ehuqkdug Ihoghuhu/ Zdowhu Ilvkhu/ dqg Vwhskhq Wxuqryvn| iru xvhixo frpphqwv rq hduolhu gudiwv
ri wklv sdshu1

� Xqlyhuvlw| ri Jurqlqjhq ) RFIHE1 Dgguhvv= Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Jurqlqjhq/ S1R1
Er{ ;33/ <:33 DY Jurqlqjhq/ Wkh Qhwkhuodqgv1 Skrqh= .640+3,8306960:636/ Id{= .640+3,8306960:53:/ Hpdlo=
e1m1khlmgudChfr1uxj1qo1

� FSE Qhwkhuodqgv Exuhdx ri Hfrqrplf Srolf| Uhvhdufk ) Xqlyhuvlw| ri Dpvwhugdp
� Wloexuj Xqlyhuvlw| ) FhqwHU

4



ehwzhhq wkh wzr w|shv ri fdslwdo1 Xqghu wkhvh frqglwlrqv/ wkh pdujlqdo surgxfw ri sulydwh
fdslwdo lv frqvwdqw dqg jurzwk lv shushwxdo1 Ixuwkhu qrwdeoh frqwulexwlrqv wr wklv eudqfk ri
olwhudwxuh duh Jorpp dqg Udylnxpdu +4<<7, dqg Wxuqryvn| +4<<9/ 5333,1

Wkh vhfrqg wkhph wkdw fdq eh glvwlqjxlvkhg lq wkh olwhudwxuh lv frqjhvwlrq ri sxeolf lq0
iudvwuxfwxuh1 Nh| frqwulexwlrqv duh X}dzd +4<;;,/ Jorpp dqg Udylnxpdu +4<<7,/ dqg Ilvkhu
dqg Wxuqryvn| +4<<;,1 Wkhvh sdshuv w|slfdoo| dvvxph wkdw wkh vhuylfhv ghulyhg e| lqglylgxdo
�upv iurp sxeolf fdslwdo duh vxemhfw wr frqjhvwlrq1 Dowkrxjk wkh vshfl�f pdqqhu lq zklfk
wklv frqjhvwlrq lv prghoohg gl�huv ehwzhhq vwxglhv/ wkh frpprq qrwlrq lv wkdw frqjhvwlrq
lqwurgxfhv dq dgglwlrqdo h{whuqdolw| zklfk pd| eh lqwhuqdol}hg e| wkh srolf| pdnhu/ iru h{0
dpsoh e| phdqv ri d vhuylfh fkdujh rq wkh xvhuv ri sxeolf lqiudvwuxfwxuh +X}dzd/ 4<;;/ ss1
679067<,1

Wkh wklug wkhph wkdw kdv grplqdwhg wkh olwhudwxuh lv sxeolf lqyhvwphqw dv d srwhqwldo
vrxufh ri pdfurhfrqrplf  xfwxdwlrqv1 Qrwdeoh sdshuv lq wklv duhd duh Eduur +4<;4,/ Dvfkdxhu
dqg Juhhqzrrg +4<;8,/ Dvfkdxhu +4<;;,/ Ed{whu dqg Nlqj +4<<6,/ Wxuqryvn| dqg Ilvkhu
+4<<8,/ Odqvlqj +4<<;,/ Fdvvrx dqg Odqvlqj +4<<;,/ dqg Fkdqj +4<<<,1 Wkh nh| lqvljkwv wkdw
hphujh iurp wklv uhvhdufk duh wkh fuxfldo lpsruwdqfh ri/ rq wkh rqh kdqg/ wkh lqwhuwhpsrudo
vxevwlwxwlrq h�hfw lq oderxu vxsso| dqg rq wkh rwkhu kdqg/ wkh �qdqflqj prgh hpsor|hg e|
wkh jryhuqphqw1 Ed{whu dqg Nlqj +4<<6, looxvwudwh erwk wkhvh lqvljkwv e| phdqv ri qxphulfdo
vlpxodwlrqv1

Rxu sdshu �wv lq wkh odvw wkhph dv lw hpskdvl}hv wkh lpsruwdqfh ri sxeolf �qdqfldo gh0
flvlrqv hvshfldoo| zlwklq wkh frqwh{w ri sxeolf lqyhvwphqw srolf|1 Lq sduwlfxodu/ zh vwxg| wkh
pdfurhfrqrplf dqg +lqwhujhqhudwlrqdo, zhoiduh h�hfwv ri sxeolf lqyhvwphqw xqghu dowhuqdwlyh
�qdqflqj prghv= oxps0vxp wd{dwlrq/ yduldeoh glvwruwlqj wd{hv rq oderxu lqfrph/ dqg d rqfh0
dqg0iru0doo fkdqjh lq wkh oderxu wd{1 Rxu dqdo|vlv ghyldwhv iurp prvw h{lvwlqj olwhudwxuh rq
sxeolf lqyhvwphqw dv d vrxufh ri pdfurhfrqrplf  xfwxdwlrqv lq wzr uhvshfwv1 Iluvwo|/ zh
ghq| wkh ydolglw| ri Ulfdugldq htxlydohqfh dqg wkxv eholhyh wkdw wkh wlplqj ri wd{hv kdv uhdo
h�hfwv rq wkh hfrqrp|1 Vhfrqg/ zh pdlqwdlq wkdw/ dv d uhvxow ri vwrfn0 rz lqwhudfwlrqv/ wkh
surgxfwlylw|0hqkdqflqj h�hfwv ri d sxeolf lqyhvwphqw vkrfn rqo| pdwhuldolvh judgxdoo| ryhu
wlph1 Wkh frpelqdwlrq ri wkhvh wzr hohphqwv vljql�fdqwo| frpsolfdwhv wkh dqdo|vlv1

Lq d Udpvh| iudphzrun wkh xqhyhq wlplqj ri frvwv dqg ehqh�wv grhv qrw frpsolfdwh pdw0
whuv frqfhswxdoo| dv doo frvwv dqg ehqh�wv xowlpdwho| d�hfw d vlqjoh lq�qlwho|0olyhg uhsuhvhqwd0
wlyh djhqw1 Sxw gl�huhqwo|/ vlqfh wkh uhsuhvhqwdwlyh djhqw frqvwlwxwhv d vkruw0fxw ghvfulswlrq
ri d g|qdvw| ri �qlwho|0olyhg dqg dowuxlvwlfdoo| olqnhg jhqhudwlrqv/ wkhuh lv qr lqwhujhqhud0
wlrqdo h{whuqdo h�hfw wr zruu| derxw1 Lqghhg/ dowuxlvwlfdoo| olqnhg jhqhudwlrqv ylhz ixwxuh
jhqhudwlrqv dv frqwlqxdwlrqv ri wkhpvhoyhv1 Frqvhtxhqwo|/ wkhuh lv Ulfdugldq htxlydohqfh dqg/
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devwudfwlqj iurp wd{ glvwruwlrqv/ wkh wlplqj ri frvwv dqg ehqh�wv lv luuhohydqw1 � Sxeolf lqyhvw0
phqw srolf| lv uhodwlyho| xqfrpsolfdwhg lq wklv iudphzrun vlqfh lw rqo| qhhgv wr ghwhuplqh
wkh dssursuldwh +h!flhqw, dprxqw ri sxeolf fdslwdo1 Wklv h�hfwlyho| dprxqwv wr htxdol}lqj
wkh udwh ri uhwxuq rq sxeolf fdslwdo wr wkh frvwv ri sxeolf uhvrxufhv/ lqfoxglqj srvvleoh wd{
glvwruwlrqv1 Dv Judpolfk +dvvxplqj oxps0vxp �qdqflqj, sxwv lw �^l`i wkh h�hfwlyh uhdo udwh ri
uhwxuq h{fhhgv wkh jrlqj uhdo lqwhuhvw udwh/ wkh lqyhvwphqw lv zruwkzkloh11� +4<<7/ s1 4<;7,1

Lq frqwudvw/ lq d qrq0Ulfdugldq zruog srsxodwhg e| ryhuodsslqj exw xqolqnhg jhqhudwlrqv
ri �qlwho|0olyhg djhqwv wkh wlplqj ri frvw dqg ehqh�wv ehfrphv fuxfldo dv wkhvh frvwv dqg
ehqh�wv qr orqjhu dffuxh wr wkh vdph djhqw ru g|qdvw|/ l1h1 wkhuh duh erwk lqwhuwhpsrudo
dqg lqwhujhqhudwlrqdo h{whuqdo h�hfwv lq rshudwlrq1 Sxeolf lqyhvwphqw srolf| wkxv pxvw sd|
dwwhqwlrq wr erwk wkh h!flhqf| txhvwlrq ri �krz pxfk wr lqyhvw� dqg wkh glvwulexwlrqdo
txhvwlrq ri �zklfk jhqhudwlrqv sd| iru wkh sxeolf fdslwdo vwrfn dqg krz pxfk1� Wkh uhvxowv
lq wklv sdshu vkrz wkdw wkh sxeolf �qdqfldo ghflvlrqv fdqqrw eh ljqruhg lq vxfk d vhwwlqj dv
wkh| fulwlfdoo| d�hfw wkh ohyho ri sxeolf vxssruw iru lqiudvwuxfwxudo surmhfwv lq d ghprfudwlf
vrflhw|1

Wkh dqdo|vlv lq wklv sdshu exlogv wr d odujh h{whqw rq Khlmgud dqg Phlmgdp +5335, +KP
khuhdiwhu,1 Wr nhhs wkh dqdo|vlv dv vlpsoh dv srvvleoh/ zh h{whqg d vpdoo0rshq hfrqrp| yhuvlrq
ri wkh \ddul +4<98,0Eodqfkdug +4<;8, ryhuodsslqj jhqhudwlrqv prgho e| lqfoxglqj wkh vwrfn ri
sxeolf fdslwdo lq wkh surgxfwlrq ixqfwlrq1 Zh irfxv rq vlpsoh ixqfwlrqdo irupv dqg devwudfw
iurp hqgrjhqrxv jurzwk dqg frqjhvwlrq1 Iluvw zh vwxg| d edodqfhg0exgjhw srolf| zkhuh wkh
lqfuhdvh lq sxeolf vshqglqj lv �qdqfhg e| d oxps0vxp wd{1 Wklv fdvh lv dovr vwxglhg lq KP1 Lq
frqwudvw wr KP/ zh dvvxph wkdw oderxu vxsso| lv hqgrjhqrxv dqg wkdw wkhuh lv d suh0h{lvwlqj
wd{ rq oderxu lqfrph lq wkh lqlwldo vwhdg| vwdwh1 Wklv hqdeohv xv wr vwxg| krz wklv suh0h{lvwlqj
glvwruwlrq lq xhqfhv wkh pdfurhfrqrplf dqg zhoiduh h�hfwv ri d oxps0vxp �qdqfhg lqfuhdvh
lq sxeolf lqyhvwphqw1 Pruhryhu/ zh vwxg| wzr dowhuqdwlyh prghv ri �qdqflqj wkdw duh qrw
dqdo|vhg lq KP1 Wkh vhfrqg �qdqflqj prgh lv dovr d edodqfhg0exgjhw srolf|/ exw qrz lw lv
dvvxphg wkdw wkh lqfuhdvh lq sxeolf lqyhvwphqw lv �qdqfhg e| d wlph0ydu|lqj fkdqjh lq wkh
wd{ rq oderxu lqfrph1 Wkh wklug srolf| zh dqdo|vh lv rqh zkhuh wkh jryhuqphqw fkdqjhv wkh
wd{ rq oderxu lqfrph rqfh0dqg0iru0doo wr vxfk d ohyho wkdw wkh glvfrxqwhg ydoxh ri wkh sulpdu|
vxusoxvhv uhvxowlqj iurp wklv srolf| htxdov }hur1

Wkh uhpdlqghu ri wkh sdshu lv vwuxfwxuhg dv iroorzv1 Vhfwlrq 5 vhwv rxw wkh prgho1 Wkh
krxvhkrog vhfwru frpsulvhv d odujh qxpehu ri frkruwv zklfk gl�hu zlwk uhvshfw wr djh dqg wkxv
wkh ohyho dqg frpsrvlwlrq ri wkhlu zhdowk1 Ilupv duh shuihfwo| frpshwlwlyh dqg idfh vwdqgdug
frqyh{ dgmxvwphqw frvwv ri lqyhvwphqw1 Wkh jryhuqphqw ohylhv wd{hv/ hqjdjhv lq erqg srolf|/

� Li wd{ glvwruwlrqv duh wdnhq lqwr dffrxqw wkh rswlpdo srolf| iru wkh wlplqj ri frvwv lv wkh zhoo0nqrzq wd{
vprrwklqj srolf| +Eduur/ 4<:<,1
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dqg lqyhvwv lq sxeolf fdslwdo1 Diwhu orj0olqhdul}lqj/ wkh prgho fdq eh vroyhg uhfxuvlyho| dqg
wkh zhoiduh h�hfwv iru gl�huhqw jhqhudwlrqv fdq eh dvvhvvhg1 Pruhryhu/ d vxlwdeoh hjdolwduldq
erqg srolf| fdq eh ghvljqhg zklfk hqvxuhv wkdw doo jhqhudwlrqv jdlq wr wkh vdph h{whqw dqg
wkxv qhxwudol}hv wkh lqwhujhqhudwlrqdo h{whuqdolw|1

Vhfwlrq 6 frqvwlwxwhv wkh fruh ri rxu sdshu dqg vwxglhv wkh h�hfwv ri d shupdqhqw lqfuhdvh
lq sxeolf lqyhvwphqw rq wkh pdfurhfrqrp| dqg wkh lqwhujhqhudwlrqdo zhoiduh glvwulexwlrq
xqghu wkh dowhuqdwlyh �qdqflqj prghv1 Iluvw/ oxps0vxp wd{dwlrq lv dvvxphg1 Lq wkh devhqfh
ri erqg srolf| wkh zhoiduh h�hfwv duh yhu| xqhyhqo| glvwulexwhg ryhu jhqhudwlrqv1 Rog h{lvwlqj
jhqhudwlrqv dozd|v ehqh�w dv wkh| srvvhvv d odujh dprxqw ri �qdqfldo dvvhwv zklfk dssuhfldwh
lq ydoxh dv d uhvxow ri wkh vkrfn1 Wkh h�hfw rq jhqhudwlrqv eruq forvh wr wkh wlph ri wkh vkrfn
lv dpeljxrxv/ exw lv srvlwlyho| lq xhqfhg e| wkh lqlwldo wd{ rq oderxu lqfrph1 Frqvhtxhqwo|/
wkh srolwlfdo vxssruw dprqj h{lvwlqj jhqhudwlrqv iru dq lqfuhdvh lq sxeolf lqyhvwphqw lv kljkhu
li wkh lqlwldo wd{ glvwruwlrq lv kljkhu1 Jhqhudwlrqv eruq lq wkh qhz vwhdg| vwdwh duh dozd|v
ehwwhu r� wkdq qhzeruqv ehfdxvh wkh sdwk ri ixoo lqfrph lv prqrwrqlfdoo| lqfuhdvlqj ryhu
wlph1 Zkhwkhu wkh| ehqh�w iurp wkh vkrfn ghshqgv qrw rqo| rq wkh lqlwldo vkduh ri sxeolf
lqyhvwphqw dqg wkh surgxfwlylw| ri sxeolf fdslwdo +dv lq KP, exw dovr rq wkh hodvwlflw| ri
oderxu vxsso| dqg wkh lqlwldo wd{ udwh rq oderxu1 Wkh kljkhu wkh lqlwldo wd{ udwh dqg wkh pruh
hodvwlf wkh oderxu vxsso|/ wkh ehwwhu lv wkh rxwfrph iru jhqhudwlrqv eruq lq wkh idu ixwxuh1
Ilqdoo|/ zh lvrodwh wkh sxuh h!flhqf| h�hfwv ri sxeolf lqyhvwphqw e| hpsor|lqj d vr0fdoohg
hjdolwduldq erqg srolf| zklfk qhxwudol}hv wkh lqwhujhqhudwlrqdo h{whuqdolwlhv1 Zh vkrz wkdw
wkh uhvxowlqj frpprq zhoiduh jdlq +dv zhoo dv wkh rswlpdo vkduh ri sxeolf lqyhvwphqw, lv d
srvlwlyh ixqfwlrq ri wkh lqlwldo glvwruwlrqdu| wd{ udwh1 Rxu dqdo|vlv dovr vkrzv/ krzhyhu/ wkdw
wkh srolf| sdfndjh uhtxluhg wr uhdol}h wklv rswlpxp lv txlwh frpsoh{ vr wkdw lw pd| qrw eh
dwwdlqdeoh lq dfwxdo hfrqrplhv1

Vhfrqg/ zh dvvxph d edodqfhg0exgjhw srolf| zkhuh wkh lqfuhdvh lq sxeolf lqyhvwphqw lv
�qdqfhg e| d wlph0ydu|lqj fkdqjh lq wkh wd{ udwh rq oderxu1 Lq wklv fdvh/ li sxeolf fdslwdo
lv uhodwlyho| dexqgdqw/ h{lvwlqj rog jhqhudwlrqv jdlq ohvv wkdq xqghu oxps0vxp �qdqfh dv
�qdqfldo dvvhwv gr qrw dssuhfldwh dv pxfk +ru pd| hyhq ghsuhfldwh,1 Rq wkh rwkhu kdqg/
krzhyhu/ wkh| pd| dovr jdlq pruh wkdq lq fdvh ri oxps0vxp �qdqflqj1 Wklv kdsshqv li wkh
lqlwldo vkduh ri sxeolf lqyhvwphqw lv txlwh orz1 Lq wkdw fdvh/ wkh wd{ rq oderxu lqfrph/ zklfk
ulvhv lqlwldoo|/ idoov lq wkh orqj uxq/ ohdglqj wr d vwurqjhu lpsxovh wr wkh hfrqrp| wkdq xqghu
oxps0vxp �qdqfh1 Frqvhtxhqwo|/ jhqhudwlrqv eruq lq wkh qhz vwhdg| vwdwh duh ehwwhu r� zlwk
glvwruwlrqdu| wd{dwlrq1 Wklv lv qrw qhfhvvdulo| wuxh iru jhqhudwlrqv eruq forvh wr wkh wlph ri
wkh vkrfn/ krzhyhu1 Wkhlu zhoiduh zloo eh orzhu wkdq xqghu qrq0glvwruwlrqdu| wd{dwlrq li wkh
lqlwldo wd{ udwh lv uhodwlyho| kljk/ hyhq zkhq wkh lqlwldo vkduh ri sxeolf lqyhvwphqw lv yhu| orz1

Qh{w/ zh dqdo|vh d srolf| zkhuh wkh glvwruwlrqdu| wd{ rq oderxu lv fkdqjhg rqfh0dqg0iru0
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doo1 Zh vkrz wkdw wkh wd{ udwh fdq eh ghfuhdvhg shupdqhqwo| li wkh vkduh ri sxeolf lqyhvwphqw
lv uhodwlyho| orz dqg lqlwldo wd{ udwh dqg wkh hodvwlflw| ri oderxu vxsso| duh uhodwlyho| kljk1 Lq
wkdw fdvh/ doo jhqhudwlrqv jdlq pruh zlwk glvwruwlrqdu| wd{dwlrq1 Li wkh wd{ udwh ulvhv rqfh0
dqg0iru0doo/ rog h{lvwlqj jhqhudwlrqv ehqh�w ohvv wkdq xqghu oxps0vxp �qdqfh1 Pruhryhu/
wkh sxuh h!flhqf| h�hfw ri wkh lqfuhdvh lq sxeolf lqyhvwphqw lv vpdoohu lq wkdw fdvh1 \hw/
|rxqj h{lvwlqj dqg ixwxuh jhqhudwlrqv pd| eh ehwwhu r� wkdq xqghu oxps0vxp �qdqfh1 Vr/
glvwruwlrqdu| oderxu wd{dwlrq uhglvwulexwhv zhoiduh iurp wkh rog wr wkh |rxqj dw wkh frvw ri
orzhu h!flhqf|1

Zh frpsohwh Vhfwlrq 6 e| frpsdulqj wkh wkuhh prghv ri �qdqflqj lq wkh vshfldo fdvh wkdw
wkhuh lv qr glvwruwlrqdu| wd{ lq wkh lqlwldo vwhdg| vwdwh1 Lq Vhfwlrq 7 zh suhvhqw vrph qxphulfdo
vlpxodwlrqv zlwk d sodxvleo| fdoleudwhg yhuvlrq ri wkh prgho1 Frqfoxvlrqv duh eulh | rxwolqhg
lq Vhfwlrq 81

5 Wkh prgho
514 Krxvhkrogv
Wkh xwlolw| ixqfwlrqdo dw wlph w ri wkh uhsuhvhqwdwlyh djhqw eruq dw wlph y lv ghqrwhg e| �+y> w,
dqg kdv wkh iroorzlqj irup=

�+y> w, @
] �
� orj[+y> �,h ��������	
� ����
 	 g�> +514,

zkhuh � A 3 lv wkh sxuh udwh ri wlph suhihuhqfh/ � � 3 lv wkh suredelolw| ri ghdwk dqg [+y> �,
lv ixoo frqvxpswlrq zklfk ghshqgv rq oderxu vxsso|/ O+y> �,> dqg jrrgv frqvxpswlrq/ F+y> �,=

[+y> �, @ F+y> �,� O+y> �, � � �������
4 . 4@� � > +515,

zlwk � � A 3= Wklv vshfl�fdwlrq ri ixoo frqvxpswlrq zdv vxjjhvwhg e| Juhhqzrrg hw do1 +4<;;,
dqg holplqdwhv wkh lqwhuwhpsrudo vxevwlwxwlrq h�hfw lq oderxu vxsso|1 Wklv qrw rqo| vlpsol�hv
wkh dqdo|vlv vxevwdqwldoo| exw dovr dsshduv wr eh pruh hpslulfdoo| uhohydqw1 � Wkh krxvhkrog
idfhv wkh iroorzlqj exgjhw lghqwlw| +lq whupv ri wkh zruog sulfh ri wkh jrrg,=

bD+y> �, � +u . �,D+y> �, .Z +�,^4� w � +�,`O+y> �,� W +�,�F+y> �,> +516,

zkhuh D+y> �, duh uhdo wdqjleoh dvvhwv + bD+y> �, � CD+y> �,@C�,/ u lv wkh frqvwdqw zruog lqwhuhvw
udwh/ Z +�, lv wkh jurvv zdjh udwh +dvvxphg djh0lqghshqghqw iru frqyhqlhqfh,/ w � +�, lv wkh

� Lqghhg/ wr wkh suhvhqw gd|/ wkh hpslulfdo olwhudwxuh kdv qrw ehhq deoh wr ghprqvwudwh d vwurqj lqwhuwhpsrudo
vxevwlwxwlrq h�hfw lq oderxu vxsso|1 Vhh Fdug +4<<7,1

8



xqlirup oderxu wd{/ dqg W +�, lv d oxps0vxp wd{1 Wkh wkuhh w|shv ri wdqjleoh dvvhwv duh shuihfw
vxevwlwxwhv=

D+y> �, @ Y +y> �, .E+y> �, . I +y> �,> +517,

zkhuh Y +y> � ,/ E+y> �,/ dqg I +y> �, ghqrwh/ uhvshfwlyho|/ vkduhv lq grphvwlf frpsdqlhv/ jry0
huqphqw erqgv/ dqg qhw iruhljq dvvhwv1

Wkh krxvhkrog fkrrvhv wkh sur�oh ri frqvxpswlrq dqg oderxu vxsso| lq rughu wr pd{lpl}h
xwlolw|/ �+y> w,> vxemhfw wr wkh exgjhw lghqwlw| +516, dqg dq qr0Srq}l0jdph vroyhqf| frqglwlrq1
Lw wdnhv dv jlyhq wkh lqlwldo ohyho ri dvvhwv D+y> w,1 Wkh rswlpdo vroxwlrq iru wklv sureohp lv= �

b[+y> �,
[+y> �, @ u � �> � � w> +518,
[+y> w, @ +�. �,^D+y> w, .K+w,`> +519,
O+y> �, @

�

Z +�,^4� w � +�,`
� � � > � � w> +51:,

zkhuh K+�, lv kxpdq zhdowk/ l1h1 wkh suhvhqw ydoxh ri ixoo lqfrph zkhuh wkh ulvn0ri0ghdwk
dgmxvwhg lqwhuhvw udwh u . � lv xvhg dv wkh glvfrxqw idfwru=

K+w, �
] �
� \ � +� ,h � � ������	 � 
 ��� 	 g�> +51;,

dqg ixoo lqfrph lv gh�qhg dv wkh diwhu0wd{ oderxu lqfrph plqxv wkh xwlolw| frvwv ri vxsso|lqj
wkh rswlpdo dprxqw ri oderxu=

\ � +�, � +Z +�, ^4� w � +�,`, � � ���
4 . � � � W +�,= +51<,

Vlqfh zdjhv dqg wd{hv duh djh0lqghshqghqw/ kxpdq zhdowk lv wkh vdph iru djhqwv ri doo
ylqwdjhv1 Htxdwlrq +518, lv wkh krxvhkrog*v Hxohu htxdwlrq/ uhodwlqj wkh rswlpdo wlph sur�oh
iru ixoo frqvxpswlrq wr wkh gl�huhqfh ehwzhhq wkh lqwhuhvw udwh dqg wkh udwh ri wlph suhihuhqfh1
Htxdwlrq +519, vkrzv wkdw ixoo frqvxpswlrq lq wkh ghflvlrq shulrg w lv d frqvwdqw sursruwlrq
ri wrwdo zhdowk ri wkh krxvhkrog/ frpsulvlqj �qdqfldo zhdowk dqg kxpdq zhdowk1 Htxdwlrq
+51:, ghvfulehv rswlpdo oderxu vxsso| dv d ixqfwlrq ri wkh qhw zdjh udwh1

D fuxfldo ihdwxuh ri wkh Eodqfkdug +4<;8, prgho lv wkh vlpsoh ghprjudsklf vwuxfwxuh/
zklfk hqdeohv wkh djjuhjdwlrq ryhu doo fxuuhqwo| dolyh krxvhkrogv1 Dvvxplqj wkdw dw hdfk
lqvwdqfh d odujh frkruw ri vl}h �Q lv eruq dqg wkdw �Q djhqwv glh/ wkh vl}h ri wkh srsxodwlrq
lv frqvwdqw dqg fdq eh qrupdol}hg wr xqlw|1 Djjuhjdwh yduldeohv fdq wkhq eh fdofxodwhg dv
wkh zhljkwhg vxp ri wkh ydoxhv iru wkh gl�huhqw jhqhudwlrqv1 Iru h{dpsoh/ djjuhjdwh �qdqfldo
zhdowk lv fdofxodwhg dv D+�, @ U


� � �D+y> �,h� � � � 
 	 gy1 Rwkhu djjuhjdwh yduldeohv fdq eh
� Ghwdlov ri doo ghulydwlrqv duh irxqg lq Khlmgud/ ydq ghu Kruvw/ dqg Phlmgdp +5335,1
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frpsxwhg lq wkh vdph idvklrq1 Wkh pdlq htxdwlrqv ghvfulelqj wkh ehkdylrxu ri wkh djjuhjdwh
krxvhkrog vhfwru duh=

b[+�,
[+�, @ u � �� �+�. �,

�D+�,
[+�,

�

> +5143,
[+�, @ +�. �,^D+�, .K+�,`> +5144,
O+�, @ +Z +�,^4� w � +�,`, � � = +5145,

Rq wkh uljkw0kdqg vlgh ri +5143,/ D+�, � Y +�, . I +�, .E+�, uhsuhvhqwv djjuhjdwh �qdqfldo
zhdowk1 Wkurxjkrxw wkh sdshu zh dqdo|vh wkh fdvh lq zklfk lqlwldoo| erwk wkh jryhuqphqw ghew
dqg wkh vwrfn ri iruhljq dvvhwv duh }hur +E @ I @ 3,1 Wklv hqvxuhv wkdw lq wkh lqlwldo vwhdg|
vwdwh wkh wudgh edodqfh lv }hur/ wkh fdslwdo vwrfn lv ixoo| rzqhg e| grphvwlf krxvhkrogv/ dqg
�qdqfldo zhdowk lv vwulfwo| srvlwlyh +D @ Y A 3,1 Htxdwlrq +5143, vkrzv wkdw wklv lv frqvlvwhqw
zlwk d vwhdg| vwdwh iru djjuhjdwh ixoo frqvxpswlrq surylghg wkh frxqwu|*v krxvhkrogv duh
uhodwlyho| sdwlhqw/ lq wkdw wkhlu udwh ri sxuh wlph suhihuhqfh idoov vkruw ri wkh zruog lqwhuhvw
udwh +u A �,1 Wkh ulvlqj frqvxpswlrq sur�oh wkdw wklv lpsolhv iru lqglylgxdo krxvhkrogv
+ b[+y> �, A 3, hqvxuhv wkdw hyhq lq wkh vwhdg| vwdwh �qdqfldo zhdowk lv wudqvihuuhg +yld wkh
lqvxudqfh pdunhw, iurp jhqhudwlrqv wkdw sdvv dzd| wr |rxqj jhqhudwlrqv +zkr vdyh hduo| rq
lq olih, +vhh Eodqfkdug +4<;8/ s1 566,,1

515 Ilupv
Iroorzlqj Ed{whu dqg Nlqj +4<<6/ s1 64:, zh dvvxph wkdw wkh uhsuhvhqwdwlyh/ shuihfwo| frp0
shwlwlyh �up kdv d Free0Grxjodv surgxfwlrq ixqfwlrq zklfk lv olqhduo| krprjhqhrxv lq wkh
wzr sulydwh idfwruv ri surgxfwlrq/ sulydwh fdslwdo/ N+�,/ dqg oderxu/ O+�,=

\ +�, @ O+�, � N+�, � � � N � +� , � > 3 � � ? � ? 4> +5146,
zkhuh \ +w, lv jurvv rxwsxw dqg N � +w, lv wkh vwrfn ri sxeolf fdslwdo1 Wkh uhvwulfwlrq � ? �
hqvxuhv glplqlvklqj uhwxuqv wr eurdgo| gh�qhg fdslwdo dqg h{foxghv wkh srvvlelolw| ri hqgrjh0
qrxv jurzwk1 Wkh �up idfhv frqyh{ dgmxvwphqw frvwv gh�qhg rq jurvv lqyhvwphqw1 Zh iroorz
X}dzd +4<9<, e| srvwxodwlqj d frqfdyh dffxpxodwlrq ixqfwlrq/ �+�,/ zklfk surylghv wkh olqn
ehwzhhq jurvv lqyhvwphqw dqg qhw fdslwdo dffxpxodwlrq=

bN+�,
N+�, @ �

� L+�,
N+�,

�

� �> �+3, @ 3> � � +�, A 3> � � � +�, ? 3> +5147,
zkhuh L+�, lv jurvv lqyhvwphqw dqg � A 3 lv wkh +frqvwdqw, ghsuhfldwlrq udwh1 Wkh �up
pd{lpl}hv wkh suhvhqw ydoxh ri lwv ixwxuh fdvk  rz/ Y +w,/ glvfrxqwhg dw wkh zruog lqwhuhvw
udwh=

Y +w, @
] �
�

k

\ +�,�Z +�,O+�,� L+�,
l

h � � � ����
 	 g�> +5148,

:



vxemhfw wr wkh surgxfwlrq ixqfwlrq +5146, dqg wkh fdslwdo dffxpxodwlrq ixqfwlrq +5147,/ wdnlqj
dv jlyhq lwv lqlwldo fdslwdo vwrfn/ N+w,/ dqg wkh shufhlyhg wlph sdwk ri sxeolf fdslwdo +N � +�,/
� � w,= Wkh uhvxowlqj rswlpdolw| frqglwlrqv |lhog h{suhvvlrqv iru/ uhvshfwlyho|/ oderxu ghpdqg/
lqyhvwphqw ghpdqg/ dqg wkh jurzwk udwh ri wkh vkdgrz sulfh ri lqvwdoohg fdslwdo/ t+�,=

Z +�, @ �
�\ +�,
O+�,

�

> +5149,

4 @ t+�,� �
� L+�,
N+�,

�

> +514:,
bt+�,
t+�, @ u . � ��

� L+�,
N+�,

�

� +4� �,\ +�,
t+�,N+�, . L+�,

t+�,N+�, = +514;,
Vlqfh wkh dffxpxodwlrq ixqfwlrq/ �+�,/ lv krprjhqhrxv ri ghjuhh }hur lq L+�, dqg N+�, dqg
wkh surgxfwlrq ixqfwlrq lv olqhduo| krprjhqhrxv lq wkh sulydwh idfwruv ri surgxfwlrq/ Wrelq*v
dyhudjh dqg pdujlqdo t frlqflgh/ dqg wkh vwrfn pdunhw ydoxh ri wkh �up htxdov Y +w, @ t+w,N+w,
+vhh Kd|dvkl +4<;5,,1

516 Wkh jryhuqphqw dqg wkh iruhljq vhfwru
Wkh jryhuqphqw wd{hv krxvhkrogv dqg xvhv wkh uhyhqxh wr lqyhvw lq sxeolf fdslwdo1 Mxvw olnh
wkh �up/ wkh jryhuqphqw idfhv frqyh{ dgmxvwphqw frvwv gh�qhg rq jurvv lqyhvwphqw/ L � +�,=
Wkh vwrfn ri sxeolf fdslwdo hyroyhv dffruglqj wr=

bN � +�,
N � +�, @ � �

� L � +�,
N � +�,

�

� � � > � � +3, @ 3> � �
� +�, A 3> � � �

� +�, ? 3> +514<,
zkhuh � � uhsuhvhqwv wkh +frqvwdqw, udwh ri ghsuhfldwlrq ri sxeolf fdslwdo1 Wkh shulrglf exgjhw
lghqwlw| ri wkh jryhuqphqw lv=

bE+�, � uE+�, . L � +�,� W +�,� w � +�,Z +�,O+�,= +5153,
Wkh jryhuqphqw lv h{shfwhg wr uhpdlq vroyhqw1 E| frpelqlqj wkh jryhuqphqw*v qr0Srq}l0
jdph frqglwlrq/ olp 
�� � E+�,h � � ����
 	 @ 3/ zlwk lwv  rz exgjhw lghqwlw| +5153,/ zh rewdlq wkh
lqwhuwhpsrudo exgjhw uhvwulfwlrq ri wkh jryhuqphqw=

E+w, @
] �
� ^W +�, . w � +�,Z +�,O+�,� L � +�,`h � � �
��
 	 g�= +5154,

Wr wkh h{whqw wkdw wkhuh lv d suh0h{lvwlqj ghew +srvlwlyh ohiw0kdqg vlgh,/ vroyhqf| uhtxluhv lw
wr eh htxdo wr wkh suhvhqw ydoxh ri fxuuhqw dqg ixwxuh sulpdu| vxusoxvhv +srvlwlyh uljkw0kdqg
vlgh,1

Wkh iruhljq vhfwru ri wkh prgho lv uhsuhvhqwhg e| wkh fxuuhqw dffrxqw/ jlylqj wkh hyroxwlrq
ri qhw iruhljq dvvhwv=

bI +�, @ uI +�, .
k

\ +�,�F+�,� L+�,� L � +�,
l

> +5155,

;



zkhuh wkh whup lq vtxduh eudfnhwv rq wkh uljkw0kdqg vlgh lv wkh wudgh edodqfh/ l1h1 wkh
gl�huhqfh ehwzhhq grphvwlf surgxfwlrq dqg devruswlrq1

517 Doorfdwlrqdo h�hfwv
Zh vwxg| wkh h�hfwv ri dq xqdqwlflsdwhg dqg shupdqhqw lqfuhdvh lq wkh ohyho ri sxeolf lq0
yhvwphqw +dvvxplqj wkdw wkh hfrqrp| lv lqlwldoo| lq d vwhdg| vwdwh, dqg qrupdol}h wkh wlph
dw zklfk wkh srolf| vkrfn rffxuv wr }hur +�L � A 3 iru w � 3,1 E| orj0olqhdul}lqj wkh prgho
durxqg wkh lqlwldo vwhdg| vwdwh/ dqdo|wlfdo h{suhvvlrqv iru wkh lpsdfw/ wudqvlwlrqdo/ dqg orqj0
uxq h�hfwv fdq eh frpsxwhg1 Wkh iroorzlqj qrwdwlrq lv xvhg1 D wlogh +c�*, deryh d yduldeoh
ghqrwhv lwv udwh ri fkdqjh durxqg wkh lqlwldo vwhdg| vwdwh/ h1j1 �{+w, � g{+w,@{= D yduldeoh zlwk
d wlogh dqg d grw lv +wkh fkdqjh lq, wkh wlph ghulydwlyh h{suhvvhg lq whupv ri wkh lqlwldo vwhdg|
vwdwh/ iru h{dpsoh b�{+w, � g b{+w,@{= Wkh rqo| h{fhswlrqv wr wkdw frqyhqwlrq uhihu wr wkh ydulrxv
zhdowk frpsrqhqwv/ ixoo lqfrph/ dqg wd{hv/ l1h1 �{+w, � ug{+w,@\ dqg b�{+w, � ug b{+w,@\ iru
{ 5 +D>K>E>I ,> �W +w, � gW +w,@\> �\ � +w, � g\ � +w,@\ dqg �w � +w, � gw � +w,@+4� w � ,= Wkh pdlq
htxdwlrqv ri wkh orj0olqhdul}hg prgho fdq eh irxqg lq Wdeoh 41

Wkh orj0olqhdul}hg prgho fdq eh vroyhg uhfxuvlyho|1 Wkh �uvw vwhs lv wkh ghwhuplqdwlrq
ri wkh fkdqjh lq sxeolf fdslwdo dvvrfldwhg zlwk d jlyhq fkdqjh lq sxeolf lqyhvwphqw1 E|
dvvxpswlrq/ wkh ohyho ri sxeolf fdslwdo grhv qrw fkdqjh dw lpsdfw + �N � +3, @ 3, exw lwv jurzwk
udwh ehfrphv srvlwlyh ehfdxvh jurvv sxeolf lqyhvwphqw ehfrphv odujhu wkdq wkh ghsuhfldwlrq
ri sxeolf fdslwdo1 Iurp htxdwlrq +5156, lw iroorzv wkdw lwv orqj0uxq fkdqjh lv htxdo wr wkh
fkdqjh lq sxeolf lqyhvwphqw dqg wkdw wkh wudqvlwlrq sdwk lv prqrwrqlfdoo| lqfuhdvlqj=

�N � +w, @ �4� h � � � � ��L � > +5156,
zkhuh wkh vshhg ri dgmxvwphqw lv glfwdwhg e| wkh +�qlwh, hodvwlflw| ri wkh sxeolf lqvwdoodwlrq
ixqfwlrq/ � � +� L � � � +�,@N � A 3,1

Qh{w/ lpsrvlqj ixoo hpsor|phqw rq wkh oderxu pdunhw wkh lqyhvwphqw vxe0v|vwhp/ frqvlvw0
lqj ri wkh g|qdplf htxdwlrqv lq wkh vwrfn ri fdslwdo dqg Wrelq*v t fdq eh vroyhg1 Zh fdq wkhq
xvh wklv lqirupdwlrq wr ghulyh wlph sdwkv iru rxwsxw/ hpsor|phqw/ zdjhv/ wkh oderxu wd{ udwh/
dqg ixoo lqfrph1 Wkh lqyhvwphqw vxe0v|vwhp fdq eh zulwwhq lq d vlqjoh pdwul{ h{suhvvlrq=

5

7

b�N
�

+w,
b�t
�

+w,

6

8 @
% 3 �����

� � � �� � � � u

&% �N � +w,
�t � +w,

&

�
% 3

� � � +w,

&

> +5157,

zkhuh wkh vxshuvfulsw l +l 5 iQ>G>Vj, uhihuv wr wkh �qdqflqj srolf| xvhg +vhh ehorz, dqg wkh
hohphqw � � � � lv d frpsolfdwhg ixqfwlrq ri wkh sdudphwhuv dqg vkduhv +vhh ehorz,1 Wkh vkrfn wr
wkh lqyhvwphqw v|vwhp xqghu wkh dowhuqdwlyh �qdqflqj prghv/ � � � > lv gh�qhg lq Vhfwlrq 61 Zh
dvvxph wkdw w � ? �� � ��� zklfk jxdudqwhhv wkdw Wrelq*v t lv d ghfuhdvlqj ixqfwlrq ri wkh vwrfn

<



Wdeoh 4= Vxppdu| ri wkh olqhdul}hg prgho

+d, Lqyhvwphqw vxe0v|vwhp=
b�N+w, @ u$ �

$ �
^�L+w,� �N+w,` +W14,

b�t+w, @ u�t+w,� u+4� �,
$ �

^ �\ +w,� �N+w,` +W15,

�t+w, @ � � ^�L+w,� �N+w,`> � � � � L� � � +�,
N� � +�, +W16,

�O+w, @ � � ^ �Z +w,� �w � +w,` +W17,
�Z +w, @ �\ +w,� �O+w, +W18,
�\ +w, @ ��O+w, . +4� �, �N+w, . � �N � +w, +W19,

b�N � +w, @ � � ^�L � � �N � +w,`> � � � L � � �
� +�,

N �
+W1:,

+e, Ixoo lqfrph=
�\ � +w, @ +4� w � ,�^ �Z +w,� �w � +w,`� �W +w, +W1;,
�E+3, @ u

k

�+4� w � ,Oi�w � > uj. Oi �W> uj. �w � Oi �\ > uj � $ � �L �
l

+W1<,
+f, Vdylqj vxe0v|vwhp=

b�K+w, @ +u . �, �K+w,� u �\ � +w, +W143,
b�D+w, @ �+�. � � u, �D+w,� +�. �, �K+w, . u �\ � +w, +W144,

+g, Qhw iruhljq dvvhwv dqg +ixoo, frqvxpswlrq=
�[+w, @

��. �
u$ �

�

^ �D+w, . �K+w,` +W145,
$ � �F+w, @ $ � �[+w, . � � ^ �\ � +w, . �W +w,` +W146,

�I +w, @ �D+w,� $ � ^�t+w, . �N+w,`� �E+w, +W147,
Gh�qlwlrqv= $ � � F@\ = rxwsxw vkduh ri jrrgv frqvxpswlrq> $ � � L@\ = rxwsxw vkduh ri �up
lqyhvwphqw> $ � � L � @\ = rxwsxw vkduh ri sxeolf lqyhvwphqw> $ � � [@\ = rxwsxw vkduh ri ixoo frq0
vxpswlrq> $ � � uD@\ = rxwsxw vkduh ri �qdqfldo zhdowk lqfrph1 Lqlwldo uhodwlrqvklsv ehwzhhq
vkduhv= $ � .$ � .$ � � 4 dqg $ � . �.$ � � $ � 1 Hodvwlflwlhv= � � = hodvwlflw| ri wkh pdujlqdo sulydwh
lqvwdoodwlrq ixqfwlrq> � � = hodvwlflw| ri wkh sxeolf lqvwdoodwlrq ixqfwlrq1
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ri sulydwh fdslwdo dqg wkxv wkdw wkh lqyhvwphqw vxe0v|vwhp lv vdggoh0srlqw vwdeoh iru doo wkuhh
srolflhv1 Wkh xqvwdeoh +srvlwlyh, urrw ri wklv vxe0v|vwhp lv ghqrwhg e| u �� dqg wkh vwdeoh urrw
e| �k � � ? 3 +l 5 iQ>G>Vj,1

Wkh orqj0uxq fkdqjhv lq Wrelq*v t dqg lq wkh sulydwh fdslwdo vwrfn duh rewdlqhg e| vhwwlqj
b�N
�

+w, @ b�t
�

+w, @ 3 lq +5157, dqg lqyhuwlqj wkh Mdfreldq pdwul{1 Lw iroorzv wkdw=

�t � +4, @ 3> �N � +4, @ � � � +4,
� � � �

= +5158,

Wkh lpsdfw h�hfw rq Wrelq*v t lv ghwhuplqhg e| wkh uhtxluhphqw wkdw wkh hfrqrp| pxvw eh rq
d vwdeoh wudmhfwru| ohdglqj wr wkh vwhdg|0vwdwh htxloleulxp lq frpelqdwlrq zlwk wkh idfw wkdw
wkh sulydwh fdslwdo vwrfn lv suhghwhuplqhg +vr wkdw �N � +3, @ 3,1 Jlyhq wkh mxps lq Wrelq*v
t dw lpsdfw +�t � +3,, dqg wkh qhz vwhdg|0vwdwh ohyho ri sulydwh fdslwdo + �N � +4,,> wkh wudqvlwlrq
sdwkv iru �N dqg �t fdq hdvlo| eh ghulyhg=

�N � +w, @ �N � +4,�4� h ����� � � ��
#u$ � ^� � � +4,� � � � +3,`

� � $ �
�u �� . � �

�

$

W+k � � > � � > w,> +5159,

�t � +w, @ �t � +3,h ����� � � �
�� � ^� � � +4,� � � � +3,`

u �� . � �

�

W+k � � > � � > w,> +515:,

zkhuh W+k � � > � � > w, lv d ehoo0vkdshg wudqvlwlrq whup/ zklfk lv }hur dw lpsdfw dqg lq wkh orqj
uxq dqg srvlwlyh gxulqj wudqvlwlrq +vhh KP/ s1 :4;,1

Ilqdoo|/ wkh hyroxwlrq ri kxpdq dqg �qdqfldo zhdowk lv ghulyhg iurp wkh vdylqj vxe0v|vwhp=
5

7

b�K
�

+w,
b�D
�

+w,

6

8 @
% u . � 3

�+�. �, u � �� �

&% �K � +w,
�D � +w,

&

.
% �u �\ �

� +w,
u �\ �

� +w,

&

> +515;,

zkhuh=
�\ �

� +w, @ +4� w � ,�^ �Z � +w,� �w � � +w,`� �W � +w,= +515<,
Wklv v|vwhp lv vdggoh0srlqw vwdeoh xqghu wkh frqglwlrq wkdw u ? � . � +Eodqfkdug +4<;8/
s1 563,,1 Ilqdqfldo zhdowk lv suhghwhuplqhg/ exw lwv ydoxh pd| fkdqjh dw lpsdfw ehfdxvh ri
fdslwdo jdlqv ru orvvhv= �D � +3, @ $ � �t � +3,1 Wkh iruflqj yduldeoh d�hfwlqj wkh vdylqj v|vwhp lv
ixoo lqfrph1 Dv lv vkrzq lq htxdwlrq +51;,/ kxpdq zhdowk lv wkh suhvhqw ydoxh ri fxuuhqw dqg
ixwxuh ixoo lqfrph1 Vr lw iroorzv wkdw=

�K � +3, @ u
] �
�

�\ �
� +w,h �

� � ����	 � gw> �K � +4, @
� u
u . �

�

�\ �
� +4,= +5163,

518 Zhoiduh h�hfwv
Ehfdxvh wkhuh h{lvwv d frqvlghudeoh dprxqw ri wudqvlwlrqdo g|qdplfv lq wkh prgho/ dv erwk
sulydwh dqg sxeolf fdslwdo dffxpxodwh rqo| judgxdoo|/ jhqhudwlrqv eruq dw gl�huhqw gdwhv
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zloo jhqhudoo| eh d�hfwhg gl�huhqwo| e| wkh sxeolf lqyhvwphqw vkrfn1 E| xvlqj wkh Odsodfh
wudqvirup whfkqltxhv slrqhhuhg e| Mxgg +4<;5, dqg Eryhqehuj +4<<6/ 4<<7,/ lw lv qhyhuwkhohvv
srvvleoh wr hydoxdwh wkh hqwluh zhoiduh sur�oh dfurvv wlph +iru ixwxuh jhqhudwlrqv, dqg dfurvv
djhv +iru jhqhudwlrqv dolyh dw wkh wlph ri wkh vkrfn,1

Wkh zhoiduh h�hfw rq jhqhudwlrqv wkdw h{lvw dw wkh wlph ri wkh vkrfn +w @ 3, lv ghqrwhg e|
g� � +y> 3, +y � 3, dqg fdq eh zulwwhq dv iroorzv=

+�. �,g� � +y> 3, @
# �D � +3,

$ �

$

�4� h � � � ��	 �
�.

# �K � +3,
$ �

$

h � � � � 	 � > y � 3> +5164,

zkhuh $ � � uD@\ dqg $ � � uK@\= Qrwlfh wkdw h{wuhpho| rog jhqhudwlrqv srvvhvv d odujh
dprxqw ri �qdqfldo dvvhwv vr wkdw zkdw kdsshqv wr wkhlu kxpdq zhdowk grhv qrw pdwwhu lq
wkh olplw1 Khqfh/ wkh zhoiduh h�hfw rq wkhvh jhqhudwlrqv frqvlvwv ri rqo| wkh fdslwdo0jdlq +ru
orvv, h�hfw rq wkhlu �qdqfldo zhdowk1 Wkh zhoiduh h�hfw rq qhzo|0eruq jhqhudwlrqv dw wkh wlph
ri wkh vkrfn/ g� � +3> 3,/ lv ixoo| h{sodlqhg e| wkh lpsdfw h�hfw rq kxpdq zhdowk dv wklv lv wkh
rqo| nlqg ri zhdowk wkhvh jhqhudwlrqv srvvhvv1

Wkh fkdqjh lq zhdowk h{shulhqfhg e| ixwxuh jhqhudwlrqv lv hydoxdwhg dw eluwk/ l1h1 wkh
uhohydqw lqglfdwru lv g� � +w> w,/ iru w � 3= Wklv zhoiduh lqglfdwru lv sursruwlrqdo wr kxpdq
zhdowk=

+�. �,g� � +w> w, @ �K � +w,
$ �

> w � 3= +5165,

6 Wkh h�hfwv ri dq lqfuhdvh lq sxeolf lqyhvwphqw
Lq wklv vhfwlrq zh vwxg| wkh pdfurhfrqrplf dqg zhoiduh h�hfwv ri dq xqdqwlflsdwhg dqg
shupdqhqw lqfuhdvh lq wkh ohyho ri sxeolf lqyhvwphqw lq dq hfrqrp| ihdwxulqj d srvlwlyh suh0
h{lvwlqj oderxu lqfrph wd{1 Wkuhh gl�huhqw prghv ri �qdqflqj duh frqvlghuhg1

Iluvw zh vwxg| d edodqfhg0exgjhw srolf| zkhuh wkh lqfuhdvh lq sxeolf rxwod|v lv �qdqfhg
e| dgmxvwlqj wkh oxps0vxp wd{1 Wklv fdvh lv dovr vwxglhg e| KP1 Zh jhqhudol}h wkhlu dqdo|vlv
e| hqgrjhql}lqj oderxu vxsso| dqg e| dvvxplqj d srvlwlyh lqlwldo wd{ rq oderxu lqfrph1 Lq
wkh vhtxho/ doo yduldeohv uhihuulqj wr wklv srolf| duh lqglfdwhg e| wkh vxshuvfulsw cQ* + iru
qrq0glvwruwlqj,1

Wkh vhfrqg srolf| vwxglhg lv dovr d edodqfhg0exgjhw srolf|/ exw qrz zh dvvxph wkdw wkh
lqfuhdvh lq sxeolf vshqglqj lv �qdqfhg e| dgmxvwlqj wkh wd{ rq oderxu lqfrph rq d shulrg0
e|0shulrg edvlv1 Vlqfh wkh wd{ edvh ihdwxuhv wudqvlwlrqdo g|qdplfv/ lw iroorzv wkdw iru wklv
�qdqflqj prgh wkh wd{ rq oderxu lqfrph ydulhv ryhu wlph1 Zh ghqrwh doo yduldeohv uhihuulqj
wr wklv fdvh e| wkh vxshuvfulsw cG * +iru glvwruwlqj,1

Wkh wklug srolf| zh dqdo|vh lv rqh zkhuh wkh jryhuqphqw dgmxvwv wkh wd{ rq oderxu lqfrph
rqfh0dqg0iru0doo1 Ri frxuvh/ wklv lv qrw d edodqfhg0exgjhw srolf| vr wkh jryhuqphqw uxqv
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gh�flwv ru vxusoxvhv gxulqj wudqvlwlrq1 Lw lv dvvxphg/ krzhyhu/ wkdw wkh jryhuqphqw vhwv wkh
wd{ udwh dw vxfk d ohyho wkdw wkh glvfrxqwhg ydoxh ri wkh sulpdu| vxusoxvhv uhvxowlqj iurp wklv
srolf| htxdov }hur1 D vxshuvfulsw cV * lv xvhg wr lqglfdwh wklv srolf| +iru wd{ vprrwklqj,1

Iru hdfk ri wkh wkuhh srolflhv zh pds rxw wkh pdfurhfrqrplf h�hfwv dv zhoo dv wkh h�hfwv
rq wkh zhoiduh ri gl�huhqw jhqhudwlrqv1 Pruhryhu/ zh eulqj rxw wkh sxuh h!flhqf| h�hfw ri
wkh srolf| zlwk d oxps0vxp wd{ dqg wkh srolf| zlwk d rqfh0dqg0iru0doo lqfuhdvh lq wkh wd{ rq
oderxu lqfrph e| ghulylqj wkh frpprq zhoiduh jdlq wkdw uhvxowv zkhq wkh jryhuqphqw xvhv
erqg srolf| wr qhxwudol}h wkh lqwhujhqhudwlrqdo zhoiduh h�hfwv1 �

614 Oxps0vxp wd{dwlrq
Lq wklv vhfwlrq zh dqdo|vh wkh fdvh zkhuh wkh dgglwlrqdo uhyhqxhv qhhghg wr �qdqfh wkh lqfuhdvh
lq sxeolf lqyhvwphqw duh jhqhudwhg e| udlvlqj wkh oxps vxp wd{1 Wkdw lv/ wkh jryhuqphqw
exgjhw frqvwudlqw lv=

�W � +w, . �w � �\ � +w, @ $ � �L � = +614,

Wkh lqyhvwphqw vxe0v|vwhp Lq wklv fdvh wkh vkrfn wr wkh lqyhvwphqw vxe0v|vwhp lv=

� �

� +w, @ � � � �
��+4 . � � ,

�
�

�N � +w, � 3> +615,

zkhuh � � � � A 31 � Ehfdxvh sxeolf fdslwdo lv d vwrfn/ wkh vkrfn wr wkh v|vwhp lv }hur dw lpsdfw
+� �

� +3, @ 3,1
Dv zdv qrwhg deryh/ wkh orqj0uxq fkdqjh lq Wrelq*v t lv }hur + �t � +4, @ 3, zkloh wkh

orqj0uxq h�hfw rq wkh sulydwh fdslwdo vwrfn iroorzv iurp +5158, dqg +615,=
�N � +4, @

��+4 . � � ,
�

�

�L � A 3= +616,

Wkh lqfuhdvh lq wkh sxeolf fdslwdo vwrfn errvwv wkh pdujlqdo surgxfwlylw| ri sulydwh fdslwdo/
lqfuhdvhv sulydwh lqyhvwphqw/ dqg xowlpdwho| uhvxowv lq d odujhu vwrfn ri sulydwh fdslwdo1 Wkh
orqj0uxq fkdqjhv lq rxwsxw/ zdjhv/ dqg hpsor|phqw duh=

�\ � +4, @ �N � +4, A 3> �Z � +4, @
� �
�
�

�L � A 3> �O � +4, @
�� � �

�
� �L � A 3= +617,

� Lq Vhfwlrq 7 zh dovr frpsxwh wkh h�hfwv ri d wlph0ydu|lqj oderxu wd{ lq frpelqdwlrq zlwk d erqg srolf|
wkdw qhxwudol}hv wkh lqwhujhqhudwlrqdo zhoiduh h�hfwv1

� Wkh sdudphwhu B ���� lv gh�qhg dv iroorzv=

B ���� 
 oE�3 "�"
/ � d� n j � E� 3 "�o : f�
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Wkh odujhu vwrfn ri sxeolf fdslwdo lqfuhdvhv oderxu surgxfwlylw| zklfk lv uh hfwhg lq wkh zdjh
lqfuhdvh1 Wkh sxuh h�hfw ri dq lqfuhdvh lq sxeolf lqyhvwphqw lv dq lpshwxv wr wkh hfrqrp|>
rxwsxw/ hpsor|phqw/ zdjhv dqg wkh fdslwdo vwrfn duh odujhu lq wkh qhz vwhdg| vwdwh1

Dw lpsdfw/ rxwsxw/ hpsor|phqw dqg wkh zdjh udwh duh doo suhghwhuplqhg +l1h1 �\ � +3, @
�O � +3, @ �Z � +3, @ 3, exw Wrelq*v t dqg wkxv lqyhvwphqw ulvhv xqdpeljxrxvo| dv d uhvxow ri
wkh errvw lq sxeolf lqyhvwphqw=

�t � +3, @ � � �L � +3, @ � � � �
�4 . � �

�
�� � � �

u �� +u �� . � � ,
�

�L � A 3= +618,

Sxeolf lqyhvwphqw wkxv fdxvhv dq lpphgldwh errp lq sulydwh lqyhvwphqw zklfk jlyhv ulvh wr
d judgxdo prqrwrqlf lqfuhdvh lq sulydwh fdslwdo1 Wklv lq wxuq d�hfwv wkh pdujlqdo surgxfw ri
fdslwdo gxulqj wudqvlwlrq dqg wkxv dovr Wrelq*v t1 Lq frqwudvw wr wkh wlph sdwk ri wkh sulydwh
fdslwdo vwrfn/ wkh wlph sur�oh ri wkh dgmxvwphqw sdwk lq Wrelq*v t lv dpeljxrxv dqg ghshqgv
rq � � +vhh KP/ s1 :4;,1 Iru ixwxuh uhihuhqfh/ zh qrwh wkdw wkh uhvxowv iru wkh lqyhvwphqw
vxe0v|vwhp duh lqghshqghqw ri wkh lqlwldo ohyho ri wkh oderxu wd{ w � 1

Wkh vdylqj vxe0v|vwhp Lq frqwudvw wr wkh lqyhvwphqw vxe0v|vwhp/ wkh vdylqj vxe0v|vwhp�
ghvfulelqj wkh hyroxwlrq ri kxpdq dqg �qdqfldo zhdowk�lv fulwlfdoo| d�hfwhg e| wkh lqlwldo
wd{ udwh w � 1 Wkh vkrfn d�hfwlqj wkh vdylqj v|vwhp lv wkh udwh ri fkdqjh lq ixoo lqfrph
zklfk frqvlvwv ri wzr sduwv= uhdo qhw oderxu lqfrph/ +4 � w � ,O+w,Z +w,� W +w,> dqg wkh frvwv
ri ohlvxuh/ �

� � 	 ����� �
� � � � @

� � � ��� � 	�� � � 	�� �	�
� �
� � � � 1 Wkh �uvw sduw lv qrw d�hfwhg e| w � 1 Wklv ehfrphv

fohdu li zh uhzulwh wklv sduw ri ixoo lqfrph +e| xvlqj wkh jryhuqphqw exgjhw frqvwudlqw, dv
O+w,Z +w,�L � 1 Ehfdxvh wkh hyroxwlrq ri wkh lqyhvwphqw vxe0v|vwhp dqg wkxv ri oderxu vxsso|
dqg zdjhv lv lqghshqghqw ri w � / wkh h�hfw ri wkh lqlwldo oderxu wd{ rq ixoo lqfrph pxvw frph
iurp wkh vhfrqg sduw1 Wr eh pruh suhflvh/ lw uhvxowv iurp wkh fkdqjh lq wkh sulfh ri ohlvxuh/
l1h1 wkh fkdqjh lq wkh qhw zdjh udwh1 Iroorzlqj dq lqfuhdvh lq sxeolf lqyhvwphqw/ diwhu0wd{
zdjhv judgxdoo| ulvh ryhu wlph pdnlqj ohlvxuh pruh h{shqvlyh1 Exw wklv lqfuhdvh lv vpdoohu/
wkh odujhu lv wkh lqlwldo wd{ udwh rq oderxu lqfrph dv wklv wd{ gulyhv d zhgjh ehwzhhq wkh
pdujlqdo surgxfw ri oderxu dqg wkh sulfh ri ohlvxuh1 Frqvhtxhqwo|/ wkh kljkhu wkh lqlwldo wd{
udwh rq oderxu lqfrph/ wkh odujhu wkh lqfuhdvh ri ixoo lqfrph ryhu wlph1 Wklv lv frpsdfwo|
h{suhvvhg e| wkh iroorzlqj htxdwlrq iru wkh udwh ri fkdqjh lq ixoo lqfrph=

�\ �

� +w, @
k �\ �

� +w,
l

� ��� �
. �� � w � �Z � +w,= +619,

Lw iroorzv wkdw wkh lqlwldo h�hfw rq ixoo lqfrph lv lqghshqghqw ri w � +ehfdxvh �Z � +3, @ 3, dqg
xqdpeljxrxvo| qhjdwlyh zkloh wkh orqj0uxq h�hfw ghshqgv rq wkh sdudphwhu ydoxhv=

�\ �

� +3, @ �$ � �L � ? 3> �\ �

� +4, @ ^�+4 . � � w � ,� $ � ` �L � = +61:,
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Wkh orqj0uxq h�hfw rq ixoo lqfrph lv ghwhuplqhg e| wkh lqwhusod| ri wkuhh vhsdudwh lq xhqfhv1
Iluvwo|/ dq lqfuhdvh lq sxeolf lqyhvwphqw udlvhv wkh pdujlqdo surgxfw ri oderxu dqg wkxv wkh
ehiruh0wd{ zdjh1 Wklv lv uhsuhvhqwhg e| wkh srvlwlyh whup lqyroylqj �= Vhfrqgo|/ wklv srvlwlyh
h�hfw lv lqwhqvl�hg e| d idfwru +4.� � w � , gxh wr wkh wd{0zhgjh h�hfw ghvfulehg deryh1 Ilqdoo|/
wkh dgglwlrqdo sxeolf lqyhvwphqw ohdgv wr kljkhu wd{hv zklfk uhgxfhv diwhu0wd{ lqfrph1 Rq
edodqfh/ li sxeolf fdslwdo lv uhodwlyho| dexqgdqw +$ � A �+4 . � � w � ,, wkh srvlwlyh h�hfwv duh
grplqdwhg e| wkh wd{ h�hfw/ vr wkdw ixoo lqfrph idoov lq wkh orqj uxq1 Frqyhuvho|/ li sxeolf
fdslwdo lv uhodwlyho| vfdufh +$ � ? �+4 . � � w � ,, wkh srvlwlyh h�hfwv duh grplqdqw dqg ixoo
lqfrph ulvhv lq wkh orqj uxq1

Vlqfh ixoo0lqfrph ulvhv prqrwrqlfdoo| gxulqj wudqvlwlrq/ wkh vdph krogv iru kxpdq fdslwdo
+vhh htxdwlrq +5163,,1 Lw iroorzv wkdw �K � +3, ? �K � +4,= Vlqfh �K � +3, ghshqgv rq wkh hqwluh
wlph sdwk ri ixoo lqfrph lwv vljq lv dpeljxrxv1 Wkh lpsdfw uhgxfwlrq ri ixoo lqfrph jlyhv lw
d qhjdwlyh lpsxovh zklfk pd| ru pd| qrw eh r�vhw e| wkh orqj0uxq h�hfw rq ixoo lqfrph1

Lqwhujhqhudwlrqdo zhoiduh Ilqdqfldo dvvhwv mxps dw lpsdfw gxh wr wkh mxps lq Wrelq*v t>
l1h1 wkhuh lv d fdslwdo jdlq wr wkh rzqhuv ri grphvwlf fdslwdo1 Lqghhg/ lw iroorzv iurp +5164,
dqg +618, wkdw h{wuhpho| rog jhqhudwlrqv jdlq dv d uhvxow ri wkh lqfuhdvh lq sxeolf lqyhvwphqw/
l1h1 g� � +�4> 3, A 3= Pruhryhu/ wklv jdlq lv lqghshqghqw ri wkh lqlwldo wd{ udwh1

Wkh h�hfw rq wkh zhoiduh ri qhzo|0eruq jhqhudwlrqv lv ghwhuplqhg e| �K � +3, dqg lv wkxv
dpeljxrxv1 Lw iroorzv iurp +61:,/ krzhyhu/ wkdw wkh lqfuhdvh lq zhoiduh ri qhzo|0eruq jhqhu0
dwlrqv lv odujhu +ru wkh ghfuhdvh lv vpdoohu, li wkh lqlwldo wd{ udwh rq oderxu lv kljkhu1 Vr zh
uhdfk wkh vxusulvlqj frqfoxvlrq wkdw wkh srolwlfdo vxssruw dprqj h{lvwlqj jhqhudwlrqv iru d
pdujlqdo lqfuhdvh lq sxeolf lqyhvwphqw zloo eh odujhu/ wkh kljkhu lv wkh lqlwldo oderxu lqfrph
wd{ udwh1

Dv kxpdq zhdowk ulvhv ryhu wlph wkh vdph krogv iru wkh zhoiduh h�hfw rq ixwxuh jhqhu0
dwlrqv/ lpso|lqj wkdw vwhdg|0vwdwh jhqhudwlrqv duh ehwwhu r� wkdq qhzo|0eruq jhqhudwlrqv1
Ixuwkhupruh/ mxvw dv iru qhzo|0eruq jhqhudwlrqv/ wkh lqlwldo wd{ rq oderxu lqfrph kdv d srv0
lwlyh lq xhqfh rq wkh zhoiduh h�hfw iru vwhdg|0vwdwh jhqhudwlrqv +vhh htxdwlrqv +5163, dqg
+61:,,1 Ilqdoo|/ vwhdg|0vwdwh jhqhudwlrqv duh ehwwhu r� lq devroxwh whupv li +dqg rqo| li, sxeolf
fdslwdo lv uhodwlyho| vfdufh/ $ � ? �+4 . � � w � ,1

Sxuh h!flhqf| h�hfw Vxssrvh wkh jryhuqphqw xvhv erqg srolf| wr qhxwudol}h wkh lqwhu0
jhqhudwlrqdo zhoiduh h�hfwv1 Wkdw lv/ wkh jryhuqphqw uhglvwulexwhv wkh jdlqv dqg orvvhv lq
vxfk d zd| wkdw wkh pdujlqdo ehqh�w ri sxeolf lqyhvwphqw lv htxdo iru doo jhqhudwlrqv/ l1h1
g� � +y> 3, @ g� � +w> w, @ � � iru y � 3 dqg w � 31 Wklv ohdgv wr d frpprq zhoiduh jdlq htxdo
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wr=

+�. �,� � @ 4
$ �

�� �� �

u . � �

�

+4 . � � w � # � ,� $ �

�

�L � > +61;,

zkhuh 3 ? # � ? 41 � Vlqfh # � phdvxuhv wkh h�hfw ri wkh fkdqjh lq jryhuqphqw lqyhvwphqw
rq zdjhv/ � � w � # � fdq eh lqwhusuhwhg dv wkh wd{0zhgjh h�hfw rq wkh frpprq zhoiduh jdlq1
Qrwlfh wkdw lw iroorzv iurp +61;, wkdw/ gxh wr wkh wd{0zhgjh h�hfw/ wkh frpprq zhoiduh jdlq
lv lqfuhdvlqj lq w � 1 Wkh vljq ri wkh frpprq zhoiduh jdlq lv ixoo| ghwhuplqhg e| wkh whup lq
vtxduh eudfnhwv rq wkh uljkw0kdqg vlgh ri htxdwlrq +61;,1 Li sxeolf fdslwdo lv uhodwlyho| vfdufh
+$ � vpdoo, wklv whup lv srvlwlyh dqg doo jhqhudwlrqv fdq eh pdgh ehwwhu r� e| lqfuhdvlqj
wkh ohyho ri sxeolf lqyhvwphqw1 E| vhwwlqj $ � vxfk wkdw doo suhvhqw dqg ixwxuh jhqhudwlrqv
duh xqd�hfwhg e| d pdujlqdo lqfuhdvh lq wkh ohyho ri sxeolf lqyhvwphqw +l1h1 � � @ 3, wkh
h{suhvvlrq iru rswlpdo sxeolf lqyhvwphqw lv rewdlqhg=

$ � ���
� @

� �� �

u . � �

�

+4 . � � w � # � , = +61<,

Htxdwlrq +61<, lv d vlpsoh �prgl�hg jroghq uxoh� +PJU, ri sxeolf lqyhvwphqw lq d g|qdplf
hfrqrp| ihdwxulqj d suh0h{lvwlqj wd{ glvwruwlrq1 Lw ghprqvwudwhv wkh fuxfldo lqwhudfwlrq eh0
wzhhq wkh h!flhqf| dqg gxudelolw| ri sxeolf fdslwdo +dv sdudphwhul}hg e| � dqg � � ,> wkh zruog
lqwhuhvw udwh/ dqg wkh wd{ zhgjh +dv sdudphwhul}hg e| � � w � # � ,1 Qrwlfh wkdw wkh rswlpdo vkduh
ri sxeolf lqyhvwphqw lv kljkhu zkhq wkh lqlwldo wd{ udwh rq oderxu lv kljkhu1 Sursrvlwlrq 4
vxppdul}hv wkh prvw lpsruwdqw h�hfwv ri d oxps0vxp �qdqfhg lqfuhdvh lq sxeolf lqyhvwphqw1

Sursrvlwlrq 4 +l, Dw lpsdfw Wrelq*v t/ �qdqfldo dvvhwv dqg sulydwh lqyhvwphqw ulvh/ exw ixoo
lqfrph idoov1 Wkhvh h�hfwv duh lqghshqghqw ri wkh lqlwldo wd{ udwh rq oderxu1 +ll, Lq wkh orqj uxq
wkh sulydwh fdslwdo vwrfn/ rxwsxw/ hpsor|phqw/ dqg zdjhv ulvh1 Wkhvh h�hfwv duh lqghshqghqw
ri wkh lqlwldo wd{ udwh rq oderxu1 +lll, Lq wkh orqj uxq ixoo lqfrph dqg kxpdq zhdowk ulvh
l� �+4 . � � w � , A $ � 1 +ly, Wkh lpsdfw h�hfw rq kxpdq zhdowk/ dqg wkxv rq wkh zhoiduh
ri qhzo|0eruq jhqhudwlrqv lv dpeljxrxv/ exw lv srvlwlyho| lq xhqfhg e| wkh lqlwldo wd{ udwh
rq oderxu1 Frqvhtxhqwo|/ wkh srolwlfdo vxssruw dprqj h{lvwlqj jhqhudwlrqv iru dq lqfuhdvh lq
sxeolf lqyhvwphqw lv kljkhu li wkh lqlwldo wd{ glvwruwlrq lv kljkhu1 +y, Li wkh jryhuqphqw lv deoh
wr qhxwudol}h doo lqwhujhqhudwlrqdo uhglvwulexwlrqdo h�hfwv rq zhoiduh/ wkh rswlpdo hjdolwduldq
vkduh ri sxeolf lqyhvwphqw lv � � �� � � � +4 . � � w � # � ,/ zlwk 3 ? # � ? 41 Wklv rswlpdo vkduh lv
odujhu/ wkh kljkhu lv wkh lqlwldo wd{ rq oderxu1
� Wkh frpsrvlwh sdudphwhu � � lv gh�qhg dv iroorzv=

� � 
 � 3 oEo n j � �E� n j � �E� 3 0�
o �� Eo �� n j � � d� n j � E� 3 0�o c f 	 � � 	 ��
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615 D wlph0ydu|lqj wd{ rq oderxu lqfrph
Lq wklv vxevhfwlrq zh dvvxph wkdw wkh jryhuqphqw lv xqdeoh wr xvh oxps0vxp wd{hv dqg
lqvwhdg ydulhv wkh wd{ rq oderxu lqfrph wr nhhs wkh exgjhw edodqfhg1 Wkh jryhuqphqw exgjhw
frqvwudlqw lv wkxv jlyhq e|=

�w �

� +w, @ $ � �L � � � � w � �\ � +w,
�+4� w � , = +6143,

Wkh lqyhvwphqw vxe0v|vwhp Lq wklv fdvh rqh hohphqw ri wkh Mdfreldq pdwul{ ri wkh
lqyhvwphqw vxe0v|vwhp lv gl�huhqw= � �

� � @ !� � � � / zkhuh ! ? 41 � Wkh xvh ri wkh oderxu wd{
gdpshqv wkh vhqvlwlylw| ri Wrelq*v t zlwk uhvshfw wr fdslwdo/ zklfk phdqv wkdw lq wklv fdvh
d jlyhq lqfuhdvh lq fdslwdo ohdgv wr d vpdoohu ghfolqh lq wkh pdujlqdo surgxfwlylw| ri fdslwdo1
Wkh vkrfn wr wkh lqyhvwphqw vxe0v|vwhp lv=

� �

� +w, @ � � � � � �
���+4 . � � ,

�
�

�N � +w,�
� � � $ �

�+4� w � ,
�

�L �

�

> +6144,

zkhuh � � A 41 � Qrwlfh wkdw/ lq frqwudvw wr zkdw zdv wkh fdvh zlwk oxps0vxp �qdqflqj/ wkh
lqlwldo vkrfn lv qhjdwlyh/ zkloh wkh vljq ri wkh orqj0uxq vkrfn lv dpeljxrxv1

Wkh orqj0uxq h�hfw rq jurvv zdjhv dqg Wrelq*v t lv htxdo wr wkdw lq wkh fdvh ri oxps0vxp
�qdqflqj + �Z � +4, @ �Z � +4,> �t � +4, @ �t � +4, @ 3, zkhuhdv wkh orqj0uxq h�hfw rq sulydwh
fdslwdo dqg hpsor|phqw +dqg wkxv rq surgxfwlrq, qrz fuxfldoo| ghshqgv rq wkh orqj0uxq
fkdqjh lq wkh wd{ rq oderxu lqfrph=

�N � +4, @ �N � +4,� � � �w �

� +4, �O � +4, @ �O � +4,� � � �w �

� +4,= +6145,
Wkxv zh vhh wkdw d glvwruwlrqdu| wd{0�qdqfhg lqfuhdvh lq jryhuqphqw lqyhvwphqw zloo kdyh d
ohvv h{sdqvlrqdu| h�hfw lq wkh orqj uxq wkdq d oxps0vxp �qdqfhg lqyhvwphqw lqfuhdvh li +dqg
rqo| li, wkh wd{ udwh ulvhv lq wkh orqj uxq1 D vlplodu frqfoxvlrq fdq eh irxqg lq Ilvkhu dqg
Wxuqryvn| +4<<;/ s1 73;,1 Wkh| dvvxph wkdw lw zloo qrupdoo| eh wkh fdvh wkdw kljkhu sxeolf
lqyhvwphqw uhtxluhv d kljkhu wd{ udwh1 Zh fdq/ krzhyhu/ ghulyh d vlpsoh htxdwlrq iru wkh qhz
vwhdg|0vwdwh wd{ udwh rq oderxu=

�w �

� +4, @
�$ � � �+4 . � � ,w �

�^4� w � +4 . � � ,`
�

�L � = +6146,
� Wkh frpsrvlwh sdudphwhu � lv gh�qhg dv iroorzv=

� 

d� n j � E�3 "�od�3 | � E� n j � �oE� 3 | � �E� n j � �3 "j � c f 	 � 	 ��

� Wkh frpsrvlwh sdudphwhu w � lv gh�qhg dv iroorzv=
w � 
 E�3 | � � d� n j � E� 3 "�o

E� 3 | � �E� n j � �3 "j � 

E�3 | � ��� 3 | � E� n j � � : ��
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Lw lv fohdu iurp wklv htxdwlrq wkdw wkh wd{ udwh pd| lqfuhdvh ru ghfuhdvh lq wkh orqj uxq/
ghshqglqj rq wkh lqlwldo vkduh ri sxeolf lqyhvwphqw +$ � ,/ wkh surgxfwlylw| ri sxeolf fdslwdo
+dv phdvxuhg e| �,/ wkh hodvwlflw| ri oderxu vxsso| +� � ,> dqg wkh lqlwldo wd{ udwh +w � ,1 Li wkh
vkduh ri sxeolf fdslwdo lv uhodwlyho| orz/ l1h1 $ � ? �+4 . � � ,w � > wkh srvlwlyh h�hfw ri sxeolf
lqyhvwphqw rq wkh wd{ edvh lv vr vwurqj wkdw d orzhu wd{ udwh vx!fhv wr �qdqfh wkh lqfuhdvh
lq sxeolf lqyhvwphqw1

Wkh lpsdfw h�hfw rq Wrelq*v t lv htxdo wr=

�t � +3, @ � � � � � �
�4 . � �

�
�� � � �

u �

� +u �

� . � � , �
� � $ �

u �

� +4 . � � ,+4� w � ,
�

�L � = +6147,

Zkhq zh frpsduh wklv h{suhvvlrq wr htxdwlrq +618, zh vhh wkdw �t � +3, A �t � +3, iru orz ydoxhv
ri $ � 1 Vr/ li sxeolf fdslwdo lv yhu| vfdufh/ wkh lqlwldo lpsxovh wr sulydwh lqyhvwphqw wkdw uhvxowv
iurp dq lqfuhdvh lq sxeolf lqyhvwphqw lv vwurqjhu lq fdvh wkh dgglwlrqdo sxeolf lqyhvwphqw lv
�qdqfhg e| oderxu wd{dwlrq1 Li sxeolf fdslwdo lv pruh dexqgdqw/ krzhyhu/ wkh lqfuhdvh lq
sulydwh lqyhvwphqw dw lpsdfw lv orzhu lq fdvh wkh wd{ rq oderxu lv xvhg wr �qdqfh wkh lqfuhdvh
lq sxeolf fdslwdo wkdq zkhq oxps0vxp �qdqfh lv xvhg +�t � +3, ? �t � +3,,= Qrwh wkdw Wrelq*v t
idoov dw lpsdfw/ l1h1 wkh h{wuhpho| rog h{shulhqfh d fdslwdo orvv li � � ����� � � � ? � � � �� � � ��� 	
� � ��� � 	 = Lqwkdw fdvh/ wkh lqfuhdvh lq sxeolf lqyhvwphqw furzgv rxw sulydwh lqyhvwphqw vr wkdw wkh sulydwh
fdslwdo vwrfn ghfolqhv1

Wkh vdylqj vxe0v|vwhp Wkh lpsdfw dqg orqj0uxq h�hfwv rq ixoo lqfrph duh=
�\ �

� +3, @ �+4� w � ,$ �

+4 . � � ,+4� w � ,� �� � �L � ? 3> �\ �

� +4, @ +4� w � ,+� � $ � ,
4� w � +4 . � � , �L � = +6148,

Wkh orqj0uxq h�hfw rq ixoo lqfrph/ dqg wkxv rq kxpdq zhdowk/ pd| eh srvlwlyh ru qhjdwlyh/
ghshqglqj rq � dqg $ ��� Qrwlfh wkdw lw iroorzv iurp +5163, dqg +6148, wkdw wkh devroxwh
ydoxh ri wkh h�hfw rq vwhdg|0vwdwh kxpdq zhdowk lv odujhu wkh kljkhu wkh lqlwldo wd{ udwh
+C

�

�

�

�K � +4,
�

�

� @Cw � A 3,1 Wkh frpsdulvrq ri +61:, dqg +6148, uhyhdov wkdw wkh h�hfw rq vwhdg|0
vwdwh kxpdq zhdowk lq fdvh d oderxu wd{ lv xvhg lv odujhu wkdq lq fdvh ri oxps0vxp wd{dwlrq
+l1h1 �K � +4, A �K � +4,, l� �w � +4 . � � , A $ � > wkdw lv/ l� wkh wd{ udwh rq oderxu idoov1

Lqwhujhqhudwlrqdo zhoiduh Zh fdq frqfoxgh wkdw jhqhudwlrqv eruq lq wkh qhz vwhdg|
vwdwh duh ehwwhu r� zlwk oderxu wd{dwlrq wkdq zlwk oxps0vxp �qdqflqj l� wkh wd{ udwh idoov
lq wkh orqj uxq1 Wklv lv qrw qhfhvvdulo| wuxh iru qhzo|0eruq jhqhudwlrqv/ krzhyhu/ dv ixoo
lqfrph idoov pruh dw lpsdfw wkdq lq fdvh ri oxps0vxp �qdqflqj li wkh wd{ udwh lv uhodwlyho|
kljk +l1h1 �\ �

� +3, ? �\ �

� +3, l� w � A 4 � �,1 Li/ krzhyhu/ wkh lqlwldo wd{ udwh lv uhodwlyho| orz
+w � ? 4 � �, dqg vwloo wkh wd{ udwh idoov lq wkh orqj uxq/ wkhq kxpdq zhdowk dw lpsdfw ulvhv
pruh xqghu glvwruwlrqdu| wd{dwlrq wkdq xqghu oxps0vxp wd{dwlrq1 Frqvhtxhqwo|/ lq wkdw

4;



fdvh qhzo|0eruq jhqhudwlrqv duh ehwwhu r� zlwk oderxu wd{dwlrq1 Wklv zloo krog li wkh vkduh
ri sxeolf lqyhvwphqw lv uhodwlyho| orz1 Dv qrwhg deryh/ wklv dovr lpsolhv wkdw wkh fdslwdo jdlq
xqghu oderxu wd{dwlrq lv kljkhu wkdq xqghu qrq0glvwruwlrqdu| wd{dwlrq dqg frqvhtxhqwo|/ wkh
h{wuhpho| rog jhqhudwlrqv zloo jdlq pruh iurp wkh lqfuhdvh lq sxeolf lqyhvwphqw lq wklv fdvh1
Vr/ li sxeolf fdslwdo lv yhu| vfdufh/ doo jhqhudwlrqv zloo eh ehwwhu r� zkhq wkh lqfuhdvh lq sxeolf
lqyhvwphqw lv �qdqfhg e| glvwruwlrqdu| wd{dwlrq1 Sursrvlwlrq 5 vxppdul}hv wkh h�hfwv ri wkh
lqfuhdvh lq sxeolf lqyhvwphqw �qdqfhg e| d yduldeoh wd{ rq oderxu1

Sursrvlwlrq 5 +l, Wrelq*v t> �qdqfldo dvvhwv/ dqg sulydwh lqyhvwphqw idoo dw lpsdfw l� � � �� �� � � � ?
� � � �� � � ��� 	
� � ��� � 	 = Wkh| ulvh pruh wkdq zlwk oxps0vxp �qdqfh/ krzhyhu/ li wkh vkduh ri sxeolf lq0

yhvwphqw lv orz1 +ll, Ixoo lqfrph idoov dw lpsdfw/ exw ulvhv lq wkh orqj uxq l� � A $ � 1 +lll,
Wkh wd{ udwh idoov lq wkh orqj0uxq l� $ � ? �+4 . � � ,w � 1 Lq wkdw fdvh/ wkh srvlwlyh h�hfw rq
vwrfn ri sulydwh fdslwdo/ surgxfwlrq dqg kxpdq zhdowk lq wkh vwhdg| vwdwh lv odujhu wkdq zlwk
oxps0vxp �qdqflqj1 +ly, Kxpdq zhdowk dw lpsdfw ulvhv pruh wkdq xqghu oxps0vxp �qdqflqj
li w � ? 4� �1 +y, Doo jhqhudwlrqv zloo eh ehwwhu r� zkhq wkh lqfuhdvh lq sxeolf lqyhvwphqw lv
�qdqfhg e| glvwruwlrqdu| wd{dwlrq li $ � ? �+4 . � � ,w � dqg w � ? 4� �1

616 D wlph0lqyduldqw wd{ rq oderxu lqfrph
Lq wklv vxe0vhfwlrq zh dqdo|vh wkh h�hfwv ri dq lqfuhdvh lq sxeolf lqyhvwphqw �qdqfhg e| d
rqfh0dqg0iru0doo lqfuhdvh lq wkh oderxu wd{1 Wkdw lv/ wkh jryhuqphqw vhwv wkh wd{ rq oderxu
lqfrph rq vxfk d ohyho wkdw wkh glvfrxqwhg ydoxh ri wkh sulpdu| vxusoxvhv uhvxowlqj iurp wkh
frpelqhg sxeolf lqyhvwphqw0oderxu wd{ srolf| htxdov }hur=

] �
�

k

�+4� w � ,�w �

� . �w � �\ � +w,� $ � �L �
l

h � � � gw @ 3= +6149,

Wkh lqyhvwphqw vxe0v|vwhp Lq wklv fdvh/ wkh Mdfreldq pdwul{ ri wkh lqyhvwphqw vxe0
v|vwhp lv lghqwlfdo wr wkh rqh lq fdvh ri oxps0vxp �qdqflqj1 Wkh vkrfn wr wkh v|vwhp lv
gl�huhqw/ krzhyhu=

� �

� +w, @ � �

� +w,� � � � � � � �w
�

� > +614:,

zkhuh �w �

� lv wkh rqfh0dqg0iru0doo fkdqjh lq wkh wd{ rq oderxu lqfrph zklfk lv htxdo wr=

�w �

� @
� 4


��

$ � � w � +4 . � � ,
� �� �

u. � �

�

# �

�

�L � > +614;,

4<



zkhuh 3 ? 
 ? � +dqg zh uhfdoo wkdw 3 ? # � ? 4,1 � Zh kdyh dujxhg deryh wkdw # � fdq eh
lqwhusuhwhg dv wkh h�hfw ri wkh fkdqjh lq jryhuqphqw lqyhvwphqw rq zdjhv1 Wkh frh!flhqw 

vwdqgv iru wkh h�hfw ri d fkdqjh lq wkh wd{ udwh rq wd{ uhyhqxhv1

Qrwh wkdw lw iroorzv iurp +614;, wkdw wkh rqfh0dqg0iru0doo fkdqjh lq wkh wd{ udwh pd| eh
srvlwlyh ru qhjdwlyh ghshqglqj rq wkh vfduflw| ri sxeolf fdslwdo1 Li wkh vkduh ri sxeolf fdslwdo lv
uhodwlyho| orz dqg wkh wd{ udwh lv uhodwlyho| kljk/ l1h1 $ � ? w � +4.� � ,

� � � �� � � �
�

# � / wkh srvlwlyh
h�hfw ri sxeolf lqyhvwphqw rq zdjhv/ dqg wkxv rq wkh wd{ edvh lv vr vwurqj wkdw d orzhu wd{
udwh vx!fhv wr �qdqfh wkh lqfuhdvh lq sxeolf lqyhvwphqw1 Zkhq zh frpsduh htxdwlrqv +6146,
dqg +614;, zh vhh wkdw wkh vljq ri wkh gl�huhqfh ehwzhhq wkh rqfh0dqg0iru0doo fkdqjh lq wkh
wd{ udwh dqg wkh orqj0uxq fkdqjh lq wkh wd{ udwh lq fdvh ri d yduldeoh wd{ lv lqfrqfoxvlyh1 Rq
wkh rqh kdqg/ wkh idfw wkdw # � ? 4 whqgv wr lqfuhdvh �w �

� deryh �w �

� +4,= Wklv lv gxh wr wkh idfw
wkdw/ dv zdjhv ulvh judgxdoo|/ wkh orqj0uxq lqfuhdvh lq zdjhv +zklfk lv uhohydqw iru wkh orqj0uxq
wd{ udwh lq fdvh ri srolf| G, h{fhhgv wkh dyhudjh lqfuhdvh lq zdjhv ryhu wkh zkroh dgmxvwphqw
shulrg +wkdw ghwhuplqhv wkh rqfh0dqg0iru0doo fkdqjh lq wkh wd{ udwh lq srolf| V, Rq wkh rwkhu
kdqg/ wkh idfw wkdw 
 A �^4�w � +4.� � ,` whqgv wr orzhu �w �

� wr d ohyho ehorz �w �

� +4,= Wkh uhdvrq
iru wklv lv wkdw wkh ghfuhdvh lq wkh wd{ edvh gxh wr orzhu oderxu vxsso| rq dyhudjh ryhu wkh
zkroh dgmxvwphqw shulrg lq fdvh ri srolf| V lv kljkhu wkdq wkh orqj0uxq ghfuhdvh ri wkh wd{
edvh lq fdvh ri d yduldeoh wd{ udwh1 Qrwh/ krzhyhu/ wkdw li wkh rqfh0dqg0iru0doo fkdqjh lq wkh
wd{ udwh lv srvlwlyh/ wkhq wkh wd{ udwh dovr ulvhv lq wkh orqj uxq lq fdvh ri d srolf| zlwk d
yduldeoh oxps0vxp wd{/ l1h1 �w �

� A 3 , �w �

� +4, A 31
Dv ehiruh/ wkh orqj0uxq h�hfwv rq jurvv zdjhv dqg Wrelq*v t duh htxdo wr wkrvh lq fdvh ri

oxps0vxp �qdqflqj + �Z � +4, @ �Z � +4, dqg �t � +4, @ �t � +4, @ 3, zkloh wkh orqj0uxq h�hfwv
rq sulydwh fdslwdo dqg hpsor|phqw/ dqg wkxv rq surgxfwlrq/ fuxfldoo| ghshqg rq wkh fkdqjh
lq wkh wd{ rq oderxu lqfrph=

�N � +4, @ �N � +4,� � � �w �

� �O � +4, @ �O � +4,� � � �w �

� = +614<,

Vr wkh orqj0uxq h�hfw rq surgxfwlrq pd| eh odujhu ru vpdoohu wkdq lq fdvh ri oxps0vxp
�qdqflqj1 Wkh vdph krogv iru wkh lpsdfw h�hfw rq Wrelq*v t zklfk lv htxdo wr=

�t � +3, @ �t � +3,�
�� � � � � �u ��

�

�w �

� = +6153,
� Wkh frpsrvlwh frh!flhqwv � � dqg l duh gh�qhg dv iroorzv=

l 
 "�� 3 | � E� n j � � E� 3 � � �
�c

� � 

oj � E�3 "�

o �� d� n j � E�3 "�o c f 	 � � 	 �c
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Frqvhtxhqwo|/ li sxeolf fdslwdo lv uhodwlyho| vfdufh dqg wkh wd{ udwh lv uhodwlyho| kljk wkh
lqfuhdvh lq sxeolf lqyhvwphqw ohdgv wr d rqfh0dqg0iru0doo ghfuhdvh lq wkh wd{ udwh dqg wkhuhiruh
errvwv wkh hfrqrp| pruh lq wkh vkruw uxq dv zhoo dv lq wkh orqj uxq wkdq lq fdvh ri oxps0vxp
�qdqfh1

Wkh vdylqj vxe0v|vwhp Wkh lpsdfw dqg orqj0uxq h�hfwv rq ixoo lqfrph duh=
�\ �

� +3, @ � +4� w � ,�
4 . � � +4� �,�w

�

� > �\ �

� +4, @ +4� w � ,^��L � � ��w �

� `= +6154,

Vr ixoo lqfrph idoov dw lpsdfw l� wkh rqfh0dqg0iru0doo fkdqjh lq wkh wd{ udwh lv srvlwlyh/ zkhuhdv
wkh orqj0uxq h�hfw pd| vwloo eh srvlwlyh hyhq wkrxjk wkh wd{ udwh ulvhv li sxeolf fdslwdo kdv d
uhodwlyho| vwurqj h�hfw rq surgxfwlylw| +��L � A ��w �

� ,1

Lqwhujhqhudwlrqdo zhoiduh Lw lv hylghqw iurp htxdwlrqv +6153, dqg +6154, wkdw zhoiduh
ulvhv iru doo h{lvwlqj dqg ixwxuh jhqhudwlrqv li wkh lqfuhdvh lq sxeolf lqyhvwphqw surylghv wkh
hfrqrp| zlwk vxfk d vwurqj errvw wkdw lw lv srvvleoh wr ghfuhdvh wkh wd{ udwh rq oderxu rqfh
dqg iru doo +�w �

� ? 3,= Rq wkh rwkhu kdqg/ zhoiduh zloo ghfuhdvh iru doo jhqhudwlrqv li wkh wd{
udwh ulvhv yhu| vwurqjo|1 Lq doo rwkhu fdvhv/ dvvhvvlqj wkh jhqhudwlrqdo zhoiduh h�hfwv ri dq
lqfuhdvh lq sxeolf lqyhvwphqw lv pruh frpsolfdwhg1 Zkhq dq lqfuhdvh ri sxeolf lqyhvwphqw lv
dffrpsdqlhg e| d prghvw ulvh lq wkh wd{ rq oderxu lqfrph/ wkh fdslwdo jdlq wkdw ghwhuplqhv
wkh zhoiduh h�hfw iru h{wuhpho| rog jhqhudwlrqv lv srvlwlyh/ exw vpdoohu wkdq lq fdvh ri oxps0
vxp �qdqflqj1 Wkh h�hfw rq wkh zhoiduh ri jhqhudwlrqv eruq lq wkh idu ixwxuh lv dpeljxrxv1
Rq wkh rqh kdqg/ zlwk d prghvw lqfuhdvh lq wkh wd{ rq oderxu wkh qhjdwlyh h�hfw ri wkh frvwv
ri sxeolf lqyhvwphqw rq orqj0uxq ixoo lqfrph lv vpdoohu wkdq lq fdvh ri oxps0vxp �qdqfh1 Rq
wkh rwkhu kdqg/ wkh srvlwlyh h�hfw rq vwhdg|0vwdwh ixoo lqfrph gxh wr lqfuhdvh lq surgxfwlylw|
lv dovr vpdoohu lq fdvh ri d wd{ oderxu lqfrph1 Dv d frqvhtxhqfh/ wkh h�hfw rq zhoiduh ri
wkh jhqhudwlrq eruq dw wkh wlph ri vkrfn/ wkdw lv ghwhuplqhg e| wkh fkdqjh lq kxpdq zhdowk
kxpdq zhdowk dw lpsdfw/ lv dpeljxrxv wrr1

Sxuh h!flhqf| h�hfw Wkh sxuh h!flhqf| h�hfw ri dq lqfuhdvh lq sxeolf lqyhvwphqw �0
qdqfhg e| d rqfh0dqg0iru0doo lqfuhdvh lq wkh wd{ rq oderxu lv fohdu0fxw1 Dv ehiruh/ zh h{suhvv
wkh sxuh h!flhqf| h�hfw dv wkh frpprq zhoiduh jdlq wkdw uhvxowv iurp wkh lpsxovh lq frpel0
qdwlrq zlwk dq hjdolwduldq erqg srolf|=

+�. �, �� � � � �
� @ �� � w � �

�4� # �
$ �

�

�w �

� > +6155,

zkhuh 3 ? # � ? 4 +vhh irrwqrwh 9,1 Vr/ dvvxplqj wkdw oderxu vxsso| lv hodvwlf +� � A 3, dqg
wkdw wkh lqlwldo wd{ udwh lv srvlwlyh/ wkh gl�huhqfh ehwzhhq wkh frpprq zhoiduh jdlq lq fdvh ri
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d rqfh0dqg0iru0doo lqfuhdvh lq wkh wd{ rq oderxu dqg wkh frpprq zhoiduh jdlq zlwk oxps0vxp
�qdqflqj lv ghwhuplqhg e| wkh vljq ri �w �

� = wkh frpprq zhoiduh jdlq zlwk oderxu wd{dwlrq lv
vpdoohu wkdq lq fdvh d oxps0vxp wd{ lv xvhg l� wkh wd{ udwh rq oderxu ulvhv/ l1h1 l� wkh whup lq
vtxduh eudfnhwv rq wkh uljkw0kdqg vlgh ri +614;, lv srvlwlyh1 Li/ krzhyhu/ wkhuh lv qr wd{ udwh
rq oderxu lq wkh lqlwldo vwhdg| vwdwh/ wkh h!flhqf| h�hfw ri dq lqfuhdvh lq sxeolf lqyhvwphqw
lv wkh vdph qr pdwwhu zkhwkhu lw lv �qdqfhg e| d oxps0vxp wd{ ru e| d shupdqhqw fkdqjh
lq wkh wd{ rq oderxu lqfrph1 Zh dqdo|vh wklv vshfldo fdvh lq wkh qh{w vxe0vhfwlrq1 Iluvw/ zh
vxppdul}h wkh uhvxowv lq wklv vhfwlrq e| lq Sursrvlwlrq 6=

Sursrvlwlrq 6 +l, Wkh rqfh0dqg0iru0doo fkdqjh lq wkh wd{ rq oderxu lqfrph lv srvlwlyh l�
$ � A w � +4.� � ,

� � � ���� � �
�

# � 1 +ll, L� wkh wd{ udwh ulvhv rqfh0dqg0iru0doo wkhq= +d, Wkh srvlwlyh
h�hfw rq wkh vwrfn ri sulydwh fdslwdo dqg surgxfwlrq lq wkh vwhdg| vwdwh lv vpdoohu wkdq zlwk
oxps0vxp �qdqflqj +dqg pd| hyhq ehfrph qhjdwlyh,> +e, Wkh lqfuhdvh lq Wrelq*v t> �qdqfldo
dvvhwv/ dqg sulydwh lqyhvwphqw dw lpsdfw lv vpdoohu +dqg pd| hyhq ehfrph d ghfuhdvh,> +f,
Ixoo lqfrph idoov dw lpsdfw1 +g, Wkh frpprq zhoiduh jdlq lv vpdoohu wkdq zlwk oxps0vxp
�qdqfh1 Ixoo lqfrph dqg kxpdq zhdowk ulvh lq wkh orqj uxq l� �w �

� ? ���� �
� 1

617 Qr lqlwldo wd{ udwh rq oderxu
Lq wklv vxe0vhfwlrq zh frpsduh wkh h�hfwv ri wkh gl�huhqw �qdqflqj prghv dvvxplqj wkdw wkh
lqlwldo wd{ udwh rq oderxu lv }hur +w � @ 3,1 Wklv vshfldo fdvh kdv d qxpehu ri lpsruwdqw ihdwxuhv1
Iluvw/ wkhuh duh qr �uvw0rughu wd{0edvh h�hfwv vr wkdw ��w �

� @ ��w �

� +w, @ $ � �L � 1 Vhfrqg/ wkh orqj0
uxq h�hfwv ri dq lqfuhdvh lq sxeolf lqyhvwphqw rq ixoo lqfrph duh lqghshqghqw ri wkh zd| lw lv
�qdqfhg li wkh lqlwldo wd{ udwh lv }hur/ l1h1 �\ �

� +4, @ �\ �

� +4, @ �\ �

� +4,1 Wklug/ wkh vkruw0uxq
h�hfwv rq ixoo lqfrph gr ghshqg rq wkh �qdqflqj srolf|/ l1h1 �\ �

� +3, @ �\ �

� +3, A �\ �

� +3,1 Wkh
uhdvrq iru wkh ixoo lqfrph uhvxowv lv wkdw lq fdvh ri oderxu wd{dwlrq wkh qhw zdjh udwh idoov
rq lpsdfw/ ohdglqj wr d ghfuhdvh lq oderxu vxsso| dqg dq lqfuhdvh lq wkh jurvv zdjh udwh1
Frqvhtxhqwo|/ ixoo lqfrph ulvhv pruh lq wkh vkruw uxq li oderxu wd{dwlrq lv xvhg1 Lq wkh orqj
uxq wklv lv qrw wuxh/ krzhyhu/ dv wkh orzhu oderxu vxsso| wkhq ohdgv wr d orzhu sulydwh fdslwdo
vwrfn vr wkdw wkh jurvv zdjh udwh lv wkh vdph luuhvshfwlyh ri wkh zd| sxeolf lqyhvwphqw lv
�qdqfhg1

Lw iroorzv iurp wkh dqdo|vlv deryh wkdw wkh h�hfw rq zhoiduh ri jhqhudwlrqv eruq lq wkh
qhz vwhdg| vwdwh +zklfk lv ghwhuplqhg e| vwhdg|0vwdwh kxpdq zhdowk, lv lqghshqghqw ri wkh
�qdqflqj prgh li w � @ 31 Wkh dqdo|vlv dovr vkrzv wkdw wkh lqfuhdvh lq kxpdq zhdowk dw
lpsdfw +zklfk ghshqgv rq wkh zkroh wlph sdwk ri ixoo lqfrph, lv kljkhu zkhq oderxu wd{dwlrq
lv xvhg1 Krzhyhu/ dv qrwhg deryh/ wkh sxuh h!flhqf| h�hfw ri dq lqfuhdvh lq sxeolf lqyhvwphqw
grhv qrw ghshqg rq wkh zd| wklv lqfuhdvh lv �qdqfhg li w � @ 31 Wkhuhiruh/ wkh odujhu lqfuhdvh
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lq kxpdq zhdowk pxvw frph dw wkh frvw ri d vpdoohu lqfuhdvh ri vrph rwkhu irup ri zhdowk1
Lqghhg/ wkh h{wud ulvh lq kxpdq zhdowk dw lpsdfw lv pluuruhg e| d vpdoohu fdslwdo jdlq/ l1h1
d orzhu ydoxh ri �qdqfldo zhdowk/ lq fdvh ri oderxu wd{dwlrq1 Vr oderxu wd{dwlrq vkliwv wkh
zhoiduh iurp fdslwdo rzqhuv wr oderxu/ l1h1 iurp roghu jhqhudwlrqv wr |rxqjhu jhqhudwlrqv1 Zh
vxppdul}h wkhvh uhvxowv lq Sursrvlwlrq 71

Sursrvlwlrq 7 Li wkh lqlwldo wd{ udwh rq oderxu lqfrph lv htxdo wr }hur wkhq= +l, Wkh uhvxowv
iru d wlph0ydu|lqj wd{ dqg d rqfh0dqg0iru0doo fkdqjh lq wkh wd{ udwh duh lghqwlfdo1 +ll, Wkh
orqj0uxq h�hfwv rq surgxfwlrq dqg sulydwh fdslwdo duh vpdoohu zkhq wkh wd{ rq oderxu lv lq0
fuhdvhg/ exw wkh h�hfw rq vwhdg|0vwdwh ixoo lqfrph lv htxdo1 +lll, Wkh frpprq zhoiduh jdlq
lv lqghshqghqw ri wkh �qdqflqj prgh1 +ly, Zkhq oxps0vxp �qdqfh lv xvhg/ ixoo lqfrph idoov
pruh dw lpsdfw/ zklovw Wrelq*v t dqg �qdqfldo dvvhwv ulvh pruh dw lpsdfw1 Vr/ xvlqj oderxu
wd{dwlrq vkliwv zhoiduh iurp roghu wr |rxqjhu jhqhudwlrqv1

7 Txdqwlwdwlyh h�hfwv
Lq wklv vhfwlrq zh suhvhqw vrph looxvwudwlyh qxphulfdo vlpxodwlrqv ri d fdoleudwhg yhuvlrq ri
wkh prgho1 Wkh iroorzlqj sdudphwhu ydoxhv duh khog frqvwdqw wkurxjkrxw wkh vlpxodwlrqv=

u @ 3=38 � @ 3=4 � @ 3=35 � @ 3=: � @ 3=5
� � @ 4 � � @ 3=8 � � @ 3=38 $ � @ 3=5 +714,

Wkh uhdo lqwhuhvw udwh lv 8( shu dqqxp zklovw wkh ghsuhfldwlrq udwh iru wkh sulydwh fdslwdo vwrfn
lv 43( shu dqqxp1 Wkh eluwk2ghdwk udwh lv 5( shu dqqxp/ lpso|lqj dq h{shfwhg uhpdlqlqj
olihwlph +sodqqlqj krul}rq, ri 83 |hduv iru doo krxvhkrogv1 Wkh h!flhqf| sdudphwhuv iru oderxu
dqg sxeolf fdslwdo duh/ uhvshfwlyho|/ 31: dqg 3151 Wkh oderxu vxsso| ixqfwlrq ihdwxuhv d xqlwdu|
zdjh hodvwlflw|1 Wkh hodvwlflw| ri wkh pdujlqdo lqvwdoodwlrq ixqfwlrq iru sulydwh fdslwdo lv rqh0
kdoi/ lpso|lqj udwkhu vljql�fdqw dgmxvwphqw frvwv iru sulydwh lqyhvwphqw dqg hqvxulqj qrq0
ghjhqhudwh sulydwh fdslwdo vwrfn g|qdplfv1 Wkh hodvwlflw| ri wkh sxeolf lqvwdoodwlrq ixqfwlrq
lv 3138/ zklfk phdqv wkdw wkh frqvwuxfwlrq ri qhz lqiudvwuxfwxuh surfhhgv rqo| yhu| judgxdoo|
+Lqghhg/ wkh kdoi0olih ri d frqvwuxfwlrq surmhfw lv +oq 5, @� � @ 46=;9 |hduv1,1 Ilqdoo|/ zh dvvxph
wkdw wkh rxwsxw vkduh ri sulydwh lqyhvwphqw lv 53(1

Rqfh vshfl�f ydoxhv iru $ � dqg w � duh fkrvhq/ wkh uhpdlqlqj vkduhv dqg +frpsrvlwh,
sdudphwhuv fdq eh ghwhuplqhg e| lqfrusrudwlqj wkh lqirupdwlrq frqwdlqhg lq +714,/ dqg e|
xvlqj wkh udwh ri wlph suhihuhqfh +�, dv d iuhh fdoleudwlrq sdudphwhu1 �

� Lq Iljxuhv 406/ wkh
��� Lq sduwlfxodu/ zh �qg wkdw / � 
 A*t ' / � 3 "| � / / � ' �3 / � 3 / � / dqg=

/ � '
� o
o n q

�� E�3 | � �"� n j � 3 / �

�

c / � ' / � 3
j � E�3 | � �"� n j � c k ' / � Eo 3 q� n o/ �

/ � n / �
�
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wrs vl{ sdqhov suhvhqw wkh lpsxovh0uhvsrqvh ixqfwlrqv iru wkh gl�huhqw yduldeohv/ xqghu wkh
dvvxpswlrq wkdw wkhuh lv d suh0h{lvwlqj oderxu lqfrph wd{ +w � @ 3=4, dqg wkdw sxeolf fdslwdo
lv udwkhu vfdufh lqlwldoo| +$ � @ 3=34,1 Wkh erwwrp wzr sdqhov lq Iljxuh 406/ suhvhqw wkh
lqwhujhqhudwlrqdo zhoiduh sur�ohv iru gl�huhqw ydoxhv ri $ � dqg w � uhvshfwlyho|1 Wkh lpsxovh
frqvlvwv ri d vwhs0zlvh lqfuhdvh lq sxeolf lqyhvwphqw zklfk rffxuv dw wlph w @ 3 dqg lv
qrupdol}hg wr xqlw| +l1h1 �L � @ 4 iru w � 3,1

Vfhqdulr Q Iljxuh 4 frq�upv dqg h{whqgv wkh dqdo|wlfdo uhvxowv rewdlqhg deryh1 Wkh sxe0
olf fdslwdo vwrfn lv judgxdoo| lqfuhdvhg/ sulydwh lqyhvwphqw lv qrq0ghjhqhudwh +wkh dgmxvwphqw
vshhg ri wkh lqyhvwphqw vxe0v|vwhp lv k �

� @ 3=438,/ dqg wkh sulydwh fdslwdo vwrfn judgxdoo|
lqfuhdvhv ryhu wlph1 Wrelq*v t lv qrq0prqrwrqlf dqg lqfuhdvhv gxulqj wkh hduo| skdvh ri wudq0
vlwlrq dv sxeolf fdslwdo rqo| judgxdoo| d�hfwv wkh pdujlqdo surgxfw ri sulydwh fdslwdo1 Rxwsxw
dqg hpsor|phqw lqfuhdvh prqrwrqlfdoo|/ dv gr zdjhv dqg ixoo lqfrph1 Wkh oxps0vxp wd{
lqfuhdvhv voljkwo| dw lpsdfw exw idoov odwhu rq gxulqj wkh wudqvlwlrq ehfdxvh wkh oderxu lqfrph
wd{ edvh h{sdqgv1 Wkh �iwk sdqho ri Iljxuh 4 vkrzv wkh h�hfw rq kxpdq fdslwdo/ �qdqfldo
zhdowk/ dqg qhw iruhljq dvvhwv1 Dowkrxjk zh kdyh gh0hpskdvl}hg wkh odwwhu wzr yduldeohv/
wkh| qhyhuwkhohvv sod| dq lpsruwdqw uroh lq wkh prgho1 Wkh nh| wklqj wr qrwh derxw wkh �iwk
dqg vl{wk sdqhov lv wkh h{wuhpho| vorz wudqvlwlrq +uhodwlyh wr wkh wudqvlwlrq vshhg ri kxpdq
zhdowk, ri �D+w, dqg �I +w, +lq wkh �iwk sdqho, dqg ri �F+w, dqg �[+w, +lq wkh vl{wk sdqho,1 Wkh
lqwxlwlrq ehklqg wklv uhvxow lv dv iroorzv1 Wkh wudqvlwlrq ri kxpdq fdslwdo lv fkdudfwhul}hg e|
wkh wudqvlwlrq vshhgv ri wkh lqyhvwphqw vxe0v|vwhp +k �

� , dqg wkh sxeolf fdslwdo vwrfn +� � ,/
zklfk duh erwk txlwh kljk1 Lq frqwudvw/ wkh g|qdplfv ri �qdqfldo zhdowk dqg qhw iruhljq dvvhwv
qrw rqo| ghshqgv rq k �

� dqg � � exw dovr rq wkh wudqvlwlrq vshhg ri wkh vdylqj vxe0v|vwhp
+k � , zklfk lv txlwh orz1 Lqghhg/ iru wkh sdudphwhu ydoxhv xqghuo|lqj Iljxuhv 406/ zh kdyh
k � @ 3=3479/ l1h1 ohvv wkdq 418( shu dqqxp1

Wkh odvw wzr sdqhov ri Iljxuh 4 vkrz wkh lqwhujhqhudwlrqdo zhoiduh sur�ohv iru gl�huhqw
ydoxhv ri $ � +vhyhqwk sdqho/ zkhuh w � @ 3=4, dqg w � +hljkwk sdqho lq zklfk $ � @ 3=4,1 H{lvwlqj
jhqhudwlrqv +iru y 5 ^�433> 3`, dqg ixwxuh jhqhudwlrqv +iru w 5 +3> 433,, duh sorwwhg rq wkh
krul}rqwdo d{lv/ zklovw wkh pdujlqdo zhoiduh h�hfwv +g� � +y> 3, dqg g� � +w> w,/ uhvshfwlyho|, duh
sorwwhg rq wkh yhuwlfdo d{lv1 Lq wkh vhyhqwk sdqho/ lqfuhdvlqj wkh lqlwldo vkduh ri sxeolf fdslwdo
+iurp lwv edvh ydoxh ri $ � @ 3=34, ohdgv wr d grzqzdug vkliw lq wkh lqwhujhqhudwlrqdo zhoiduh
sur�oh1 Wklv lv wr eh h{shfwhg ehfdxvh sxeolf fdslwdo jhwv ohvv vfdufh dv $ � lv lqfuhdvhg1 Lq
Wdeoh 5 zh uhsruw wkh sxuh h!flhqf| h�hfw/ � � / iru gl�huhqw ydoxhv ri $ � 1 Frqvlghu wkh hqwu|
iru $ � @ 3=4 zkhuh � � @ 3=6;31 Zkhuhdv prvw fxuuhqw jhqhudwlrqv zrxog orrvh rxw lq wkh
devhqfh ri lqwhujhqhudwlrqdo uhglvwulexwlrq +vhh wkh vhyhqwk sdqho lq Iljxuh 4,/ dssursuldwho|
Qrwh wkdw zh hqvxuh lq hdfk fdvh wkdw k 	 o 	 knq vr wkdw wkh prgho lv zhoo0gh�qhg dqg vdggoh0srlqw vwdeoh1
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Iljxuh 41 Dq lqfuhdvh lq sxeolf lqyhvwphqw= Oxps0vxp wd{
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Wdeoh 5= Frpsdulvrq ri sxuh h!flhqf| h�hfwv

�
�

�
� �w � +3, �w � +4, �

� �w �
$ � 3134 6156: 615:5 3134: 031387 6159< 031348

3138 51458 51334 313;7 3134; 41<<: 31388
3143 316;3 31338 3149< 3143: 31334 31476
3148 041<77 051986 31586 314<9 05198: 31563

w � 3 3 3 31476 31476 3 31476
314 316;3 31338 3149< 3143: 31334 31476
315 319<4 31359 31539 3137; 31335 31476
316 31<83 31434 31598 0313:4 31337 31476

ghvljqhg erqg srolf| fdq pdnh doo jhqhudwlrqv vwulfwo| ehwwhu r�1
Wkh uhvxowv lq wkh hljkwk sdqho ri Iljxuh 4 frq�up wkh udwkhu vxusulvlqj uhvxow wkdw wkh

pdujlqdo ehqh�w ri sxeolf lqyhvwphqw lqfuhdvhv iru doo jhqhudwlrqv dv wkh lqlwldo oderxu lqfrph
wd{ lv udlvhg1 Lq Wdeoh 5 zh uhsruw wkh sxuh h!flhqf| h�hfw/ � � / dvvrfldwhg zlwk ydulrxv ydoxhv
iru wkh lqlwldo wd{ udwh1 Fohduo|/ � � lv kljkhu/ wkh kljkhu wkh lqlwldo oderxu lqfrph wd{ udwh1
Ixuwkhupruh/ li w � @ 3 lqlwldoo|/ �

� @ 31 Wkh lqwxlwlrq ehklqg wklv uhvxow iroorzv iurp
htxdwlrq +61<, deryh1 Li w � @ 3/ wkh wd{0zhgjh h�hfw lv devhqw dqg wkh rswlpdo vkduh ri sxeolf
lqyhvwphqw lv htxdo wr $

� ���
� @ �
	��


���	�� @ 3=4 lq wkdw fdvh1 Vlqfh wkh erwwrp kdoi ri Wdeoh 5
lv edvhg rq $ � @ 3=4/ lw iroorzv wulyldoo| wkdw lqfuhdvlqj sxeolf lqyhvwphqw grhv qrw fdxvh
�uvw0rughu zhoiduh jdlqv1

Vfhqdulr G Lq Iljxuh 5 zh suhvhqw wkh lpsxovh0uhvsrqvh ixqfwlrqv dqg lqwhujhqhudwlrqdo
zhoiduh sur�ohv iru wkh glvwruwlqj wd{ vfhqdulr1 Txdolwdwlyho| wkh h�hfwv duh yhu| vlplodu wr wkh
rqhv suhvhqwhg lq Iljxuh 41 Wklv lv qrw vxusulvlqj lq ylhz ri wkh idfw wkdw erwk Iljxuhv duh
edvhg rq d yhu| orz lqlwldo vkduh ri sxeolf lqyhvwphqw +$ � @ 3=34,1 Wzr ihdwxuhv ri Iljxuh
5 duh zruwk vwuhvvlqj1 Iluvw/ lq wkh hljkwk sdqho wkhuh lv qr orqjhu dq xqdpeljxrxv sdwwhuq
ehwzhhq wkh lqwhujhqhudwlrqdo zhoiduh sur�oh dqg wkh lqlwldo wd{ udwh1 Vhfrqg/ lq wkh irxuwk
sdqho/ wkh glvwruwlqj oderxu lqfrph wd{ idoov gxulqj wudqvlwlrq1 Ehfdxvh sxeolf fdslwdo lv yhu|
vfdufh lqlwldoo|/ wkh oderxu lqfrph wd{ lv dfwxdoo| uhgxfhg lq wkh orqj uxq +�w � +4, ? 3�vhh dovr
htxdwlrq +6146, deryh,1 Ehfdxvh wklv wd{ lv glvwruwlqj wkh oderxu vxsso| ghflvlrq/ wklv wd{
uhgxfwlrq irupv dq dgglwlrqdo vrxufh ri zhoiduh jdlqv1

Lq Wdeoh 5 zh uhsruw wkh sxuh h!flhqf| h�hfw/ � � / iru ydulrxv ydoxhv ri $ � +wrs sdqho,
dqg w � +erwwrp sdqho,1 Frqvlghu wkh wrs sdqho �uvw1 Dv zdv wr eh h{shfwhg/ � � idoov dv
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Iljxuh 51 Dq lqfuhdvh lq sxeolf lqyhvwphqw= Wlph0ydu|lqj oderxu wd{
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sxeolf fdslwdo jhwv ohvv dqg ohvv vfdufh +dqg $ � ulvhv,1 Frpsdulqj wkh hqwulhv iru � � dqg �
�

iru wkh edvh fdvh zlwk $ � @ 3=34 +vfdufh sxeolf fdslwdo,/ zh �qg wkdw lw lv dfwxdoo| ehwwhu wr
�qdqfh wkh srolf| vkrfn zlwk wkh glvwruwlqj wd{1 Lq wklv fdvh/ wkh sxeolf lqyhvwphqw srolf|
xqghu wkh G0vfhqdulr gholyhuv d vlgh0ehqh�w lq wkh irup ri d ohvv glvwruwlqj wd{ v|vwhp lq wkh
orqj uxq +qrwh wkdw �w � +4, @ �3=87 lq wklv fdvh,1 Iru kljkhu ydoxhv ri $ � zh �qg wkh pruh
frqyhqwlrqdo uhvxow wkdw �

� idoov vkruw ri � � = wkh wd{ udwh kdv wr ulvh dqg wkh wd{ v|vwhp
ehfrphv pruh glvwruwlrqdu|1

Lq wkh erwwrp sdqho ri Wdeoh 5/ zh revhuyh wkdw �
� ulvhv dv wkh lqlwldo wd{ jhwv odujhu/

dowkrxjk wkh h�hfwv duh udwkhu vpdoo +frpsduhg wr wkh oxps0vxp fdvh, ehfdxvh uhtxluhg
fkdqjhv lq wkh wlph0ydu|lqj wd{ duh udwkhu odujh +dqg glvwruwlrqdu|,1 Zh dovr �qg wkdw iru
w � @ 3/ wkh lqyhvwphqw srolf| fdxvhv qr �uvw0rughu zhoiduh h�hfwv1 Wkhuh lv qr wd{0zhgjh
h�hfw lq wkdw fdvh dqg doo �qdqflqj prghv duh htxlydohqw +vhh Sursrvlwlrq 7+l, dqg htxdwlrq
+6155, deryh,1

Vfhqdulr V Lq Iljxuh 6 zh suhvhqw wkh lpsxovh0uhvsrqvh ixqfwlrqv dqg lqwhujhqhudwlrqdo
zhoiduh sur�ohv iru wkh wd{ vprrwklqj fdvh1 Dv iru wkh suhylrxv fdvh/ wkh lqirupdwlrq frqwdlqhg
lq Iljxuh 6 lv yhu| vlplodu +lq d txdolwdwlyh vhqvh, wr wkdw lq Iljxuh 41 Iru wkdw uhdvrq zh irfxv
rq vrph ri wkh nh| ihdwxuhv1 Iluvw/ lq wkh irxuwk sdqho zh revhuyh wkdw d rqfh0r� uhgxfwlrq
lq wkh oderxu lqfrph wd{ lv srvvleoh +�w �

� @ �3=348 iru $ � @ 3=34 lq Wdeoh 5,1 Vhfrqg/ lq
wkh vhyhqwk sdqho zh revhuyh wkdw wkh lqwhujhqhudwlrqdo zhoiduh sur�oh vkliwv grzq dv $ �

lqfuhdvhv1 Wklug/ lq wkh hljkwk sdqho zh �qg wkdw wkh h�hfw ri wkh suh0h{lvwlqj oderxu lqfrph
wd{ rq wkh lqwhujhqhudwlrqdo zhoiduh sur�oh lv dpeljxrxv1 Dv w � ulvhv/ wkh zhoiduh sur�oh vkliwv
xs iru h{lvwlqj jhqhudwlrqv exw lw vkliwv grzq iru ixwxuh jhqhudwlrqv1 Ilqdoo|/ lq wkh �iwk
sdqho zh sorw wkh h�hfwv rq kxpdq dqg �qdqfldo zhdowk dqg rq qhw iruhljq dvvhwv/ erwk zkhq
rqo| wd{ vprrwklqj lv sudfwlvhg +odeho �+V,�, dqg zkhq wd{ vprrwklqj lv dffrpsdqlhg e|
hjdolwduldq lqwhujhqhudwlrqdo uhglvwulexwlrq +odeho �+V/H,�,1 Wkh nh| wklqj wr qrwh derxw wkh
odwwhu vfhqdulr lv wkdw erqg srolf| holplqdwhv doo wudqvlwlrqdo g|qdplfv iurp erwk kxpdq dqg
�qdqfldo zhdowk exw qrw iurp wkh fxuuhqw dffrxqw1

Lq wkh wrs sdqho ri Wdeoh 5 zh uhsruw wkh sxuh h!flhqf| h�hfw/ � � / iru gl�huhqw ydoxhv
ri $ � 1 Vrph ihdwxuhv duh zruwk qrwlqj1 Iluvw/ mxvw dv iru wkh suhylrxv wzr vfhqdulrv/ � �

idoov dv $ � jhwv odujhu1 Vhfrqg/ iru $ � @ 3=34 sxeolf fdslwdo lv yhu| vfduh dqg �
� h{fhhgv

�
� ehfdxvh wkh uhgxfwlrq lq wkh oderxu lqfrph wd{ udwh +�w �

� @ �3=348, ixuqlvkhv dgglwlrqdo
zhoiduh jdlqv lq wkh wd{ vprrwklqj vfhqdulr +vhh dovr wkh dqdo|wlfdo uhvxowv lq htxdwlrq +6155,
deryh,1 Wklug/ iru doo ydoxh ri $ � frqvlghuhg zh rewdlq wkh udwkhu vxusulvlqj uhvxow wkdw � �

h{fhhgv �
� / l1h1 wd{ vprrwklqj lv dfwxdoo| vxe0rswlpdo1 Wkh frpprq zhoiduh jdlq lv odujhu

li wkh oderxu lqfrph wd{ idoov ryhu wlph wkdq li lw ihdwxuhv d rqfh0r� dgmxvwphqw1 +Wkh vdph
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Iljxuh 61 Dq lqfuhdvh lq sxeolf lqyhvwphqw= Wlph0lqyduldqw oderxu wd{
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ihdwxuh lv revhuyhg lq wkh erwwrp sdqho ri Wdeoh 51, Wklv uhvxow vxjjhvwv wkdw wkh ryhudoo
glvwruwlyhqhvv ri wkh wd{ v|vwhp lv uhgxfhg e| kdylqj d uhodwlyho| kljk wd{ udwh gxulqj wkh
hduo| skdvhv ri wudqvlwlrq +zkhq wkh wd{ edvh lv vwloo orz, dqg kdylqj d uhodwlyho| orz wd{ udwh
odwhu rq +zkhq wkh wd{ edvh kdv jurzq,1

8 Frqfoxvlrq

Zh kdyh vwxglhg wkh pdfurhfrqrplf dqg lqwhujhqhudwlrqdo zhoiduh h�hfwv ri dq lqfuhdvh lq sxe0
olf lqyhvwphqw lq wkh frqwh{w ri d vpdoo rshq hfrqrp| srsxodwhg e| ryhuodsslqj0jhqhudwlrqv
ri �qlwh0olyhg krxvhkrogv1 Lw zdv vkrzq wkdw wkhvh h�hfwv ghshqg qrw rqo| rq wkh sduwlfxodu
�qdqflqj prgh fkrvhq e| wkh srolf| pdnhu/ exw dovr rq wkh suh0h{lvwlqj wd{ rq oderxu lqfrph1
Lq doo fdvhv/ rxwsxw/ ehiruh0wd{ zdjhv dqg sulydwh fdslwdo lqfuhdvh prqrwrqlfdoo| ryhu wlph1
Krzhyhu/ wkh orqj0uxq h�hfw rq sulydwh fdslwdo dqg rxwsxw lv/ fhwhulv sdulexv/ vpdoohu li wkh
wd{ udwh rq oderxu ulvhv lq wkh orqj uxq1 Exw wkh srolf| vkrfn pd| lq idfw errvw wkh wd{ edvh
wr vxfk dq h{whqw wkdw lw lv srvvleoh wr ghfuhdvh wkh wd{ udwh rq oderxu rqfh0dqg0iru0doo/ hvsh0
fldoo| li wkh lqlwldo vkduh ri sxeolf lqyhvwphqw lv orz/ wkh lqlwldo wd{ udwh rq oderxu lv kljk/ dqg
oderxu vxsso| lv kljko| hodvwlf1 Lq wkdw fdvh/ doo jhqhudwlrqv duh ehwwhu r� zlwk wkh shupdqhqw
ghfuhdvh lq wkh glvwruwlrqdu| wd{ wkdq xqghu oxps0vxp �qdqflqj1 Ri frxuvh/ li lw lv srvvleoh
wr ghfuhdvh wkh wd{ rq oderxu rqfh0dqg0iru0doo/ lw lv dovr srvvleoh wr ghfuhdvh wkh orqj0uxq wd{
udwh xqghu d edodqfhg0exgjhw srolf| zlwk wlph0ydu|lqj oderxu wd{ udwhv1 Lq wkdw fdvh lw lv
qrw qhfhvvdulo| wuxh/ krzhyhu/ wkdw doo jhqhudwlrqv jdlq pruh wkdq xqghu qrq0glvwruwlrqdu|
wd{dwlrq1 Lq sduwlfxodu/ |rxqj h{lvwlqj jhqhudwlrqv pd| eh zruvh r�1

Lq pdq| fdvhv wkh wd{ udwh rq oderxu zloo kdyh wr ulvh lq rughu wr �qdqfh wkh lqfuhdvh
lq sxeolf lqyhvwphqw1 Dv qrwhg deryh/ wklv frphv dw wkh frvw ri orzhu orqj0uxq surgxfwlrq
wkdq xqghu oxps0vxp �qdqfh1 Hyhq vwurqjhu/ zh kdyh vkrzq wkdw wkh sxuh h!flhqf| h�hfw ri
dgglwlrqdo sxeolf lqyhvwphqw/ dv phdvxuhg e| wkh frpprq zhoiduh jdlq wkdw fdq eh uhdol}hg
zkhq wkh jryhuqphqw qhxwudol}hv doo lqwhujhqhudwlrqdo h�hfwv/ lv orzhu wkdq xqghu oxps0vxp
�qdqfh li lw lv qhfhvvdu| wr udlvh wkh oderxu wd{ shupdqhqwo| lq rughu wr �qdqfh wkh dgglwlrqdo
lqyhvwphqw1 Vr/ zk| zrxog d jryhuqphqw xvh glvwruwlrqdu| wd{dwlrqB Rqh uhdvrq pd| eh
wkdw wkh oderxu wd{dwlrq qrw rqo| d�hfwv h!flhqf|/ exw dovr wkh lqwhujhqhudwlrqdo glvwulexwlrq
ri zhoiduh1 Lq sduwlfxodu/ zh kdyh vkrzq wkdw glvwruwlrqdu| wd{dwlrq vkliwv zhoiduh iurp roghu
wr |rxqjhu jhqhudwlrqv dv frpsduhg wr oxps0vxp �qdqfh1 Ehfdxvh/ xqghu oxps0vxp �qdqfh/
roghu jhqhudwlrqv w|slfdoo| jdlq iurp dq lqfuhdvh lq sxeolf lqyhvwphqw�zkhuhdv wkh h�hfw rq
zhoiduh ri |rxqjhu h{lvwlqj jhqhudwlrqv w|slfdoo| lv dpeljxrxv�wklv pd| eh fuxfldo iru wkh
srolwlfdo vxssruw dprqj h{lvwlqj jhqhudwlrqv iru d srolf| ri udlvlqj wkh sxeolf fdslwdo vwrfn1

Wkh srolwlfdo vxssruw iru d sursrvdo wr lqfuhdvh sxeolf lqyhvwphqw qrw rqo| ghshqgv rq wkh

63



prgh ri �qdqflqj exw dovr rq wkh lqlwldo wd{ rq oderxu lqfrph1 Dv qrwhg deryh/ wkh lqlwldo
wd{ udwh lv dq lpsruwdqw idfwru lq ghwhuplqlqj zkhwkhu wkh wd{ rq oderxu fdq idoo ru kdv wr
ulvh xqghu glvwruwlrqdu| wd{dwlrq1 Ixuwkhupruh/ zh kdyh vkrzq wkdw wkh srolwlfdo vxssruw iru
d oxps0vxp �qdqfhg lqfuhdvh lq sxeolf fdslwdo fulwlfdoo| ghshqgv rq wkh lqlwldo wd{ udwh1 D
kljkhu lqlwldo oderxu wd{ udwh kdv d srvlwlyh lq xhqfh rq wkh zhoiduh h�hfw rq |rxqj h{lvwlqj
jhqhudwlrqv1 Dv wkh zhoiduh jdlq iru rog h{lvwlqj jhqhudwlrqv lv lqghshqghqw ri wkh lqlwldo
wd{ rq oderxu/ wklv pd| wxuq wkh phgldq yrwhu iurp dq rssrqhqw lqwr d vxssruwhu ri wkh
sursrvdo1 Ilqdoo|/ lw lv vkrzq lq wkh sdshu wkdw wkh sxuh h!flhqf| h�hfw ri sxeolf lqyhvwphqw
lv d srvlwlyh ixqfwlrq ri wkh lqlwldo oderxu wd{ udwh1 Frqvhtxhqwo|/ wkh rswlpdo vkduh ri sxeolf
lqyhvwphqw lv odujhu/ wkh kljkhu lv wkh lqlwldo wd{ rq oderxu lqfrph1

Uhihuhqfhv

Dvfkdxhu/ G1 D1 +4<;;,1 Wkh htxloleulxp dssurdfk wr �vfdo srolf|1 Mrxuqdo ri Prqh|/ Fuhglw/
dqg Edqnlqj/ 53=74�951

Dvfkdxhu/ G1 D1 +4<;<,1 Lv sxeolf h{shqglwxuh surgxfwlyhB Mrxuqdo ri Prqhwdu| Hfrqrplfv/
56=4::�5331

Dvfkdxhu/ G1 D1 +4<<3,1 Zk| lv lqiudvwuxfwxuh lpsruwdqwB Lq Pxqqhoo/ D1 K1/ hglwru/ Lv Wkhuh
d Vkruwidoo lq Sxeolf LqyhvwphqwB/ sdjhv 54�9;1 Ihghudo Uhvhuyh Edqn ri Ervwrq/ Ervwrq1

Dvfkdxhu/ G1 D1 dqg Juhhqzrrg/ M1 +4<;8,1 Pdfurhfrqrplf h�hfwv ri �vfdo srolf|1 Fduqhjlh0
Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ 56=<4�46;1

Eduur/ U1 M1 +4<:<,1 Rq wkh ghwhuplqdwlrq ri wkh sxeolf ghew1 Mrxuqdo ri Srolwlfdo Hfrqrp|/
;:=<73�<:41

Eduur/ U1 M1 +4<;4,1 Rxwsxw h�hfwv ri jryhuqphqw sxufkdvhv1 Mrxuqdo ri Srolwlfdo Hfrqrp|/
;<=43;9�44541

Eduur/ U1 M1 +4<<3,1 Jryhuqphqw vshqglqj lq d vlpsoh prgho ri hqgrjhqrxv jurzwk1 Mrxuqdo
ri Srolwlfdo Hfrqrp|/ <;=V436�4581

Ed{whu/ P1 dqg Nlqj/ U1 J1 +4<<6,1 Ilvfdo srolf| lq jhqhudo htxloleulxp1 Dphulfdq Hfrqrplf
Uhylhz/ ;6=648�6671

Eodqfkdug/ R10M1 +4<;8,1 Ghewv/ gh�flwv/ dqg �qlwh krul}rqv1 Mrxuqdo ri Srolwlfdo Hfrqrp|/
<6=556�57:1
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Eryhqehuj/ D1 O1 +4<<6,1 Lqyhvwphqw surprwlqj srolflhv lq rshq hfrqrplhv= Wkh lpsruwdqfh
ri lqwhujhqhudwlrqdo dqg lqwhuqdwlrqdo glvwulexwlrqdo h�hfwv1 Mrxuqdo ri Sxeolf Hfrqrplfv/
84=6�871

Eryhqehuj/ D1 O1 +4<<7,1 Fdslwdo wd{dwlrq lq wkh zruog hfrqrp|1 Lq ydq ghu Sorhj/ I1/ hglwru/
Kdqgerrn ri Lqwhuqdwlrqdo Pdfurhfrqrplfv1 Edvlo Eodfnzhoo/ R{irug1

Fdug/ G1 +4<<7,1 Lqwhuwhpsrudo oderxu vxsso|= Dq dvvhvvphqw1 Lq Vlpv/ F1/ hglwru/ Dgydqfhv lq
hfrqrphwulfv= Vl{wk zruog frqjuhvv/ yroxph LL1 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

Fdvvrx/ V1 S1 dqg Odqvlqj/ N1 M1 +4<<;,1 Rswlpdo �vfdo srolf|/ sxeolf fdslwdo/ dqg wkh sur0
gxfwlylw| vorzgrzq1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 55=<44�<681

Fkdqj/ Z10\1 +4<<<,1 Jryhuqphqw vshqglqj/ hqgrjhqrxv oderu/ dqg fdslwdo dffxpxodwlrq1
Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 56=4558�45751

Fkdqj/ Z10\1/ Wvdl/ K10I1/ dqg Odl/ F10F1 +4<<;,1 Jryhuqphqw vshqglqj dqg fdslwdo dffxpx0
odwlrq zlwk hqgrjhqrxv wlph suhihuhqfh1 Fdqdgldq Mrxuqdo ri Hfrqrplfv/ 64=957�9781

Gldprqg/ S1 D1 +4<98,1 Qdwlrqdo ghew lq d qhrfodvvlfdo jurzwk prgho1 Dphulfdq Hfrqrplf
Uhylhz/ 88=4459�44831

Ihhkdq/ M1 S1 +4<<;,1 Sxeolf lqyhvwphqw= Rswlpdo surylvlrq ri Klfnvldq sxeolf lqsxwv1 Fdqd0
gldq Mrxuqdo ri Hfrqrplfv/ 64=9<6�:3:1

Ilvkhu/ Z1 K1 dqg Wxuqryvn|/ V1 M1 +4<<;,1 Sxeolf lqyhvwphqw/ frqjhvwlrq/ dqg sulydwh fdslwdo
dffxpxodwlrq1 Hfrqrplf Mrxuqdo/ 43;=6<<�7461

Jorpp/ J1 dqg Udylnxpdu/ E1 +4<<7,1 Sxeolf lqyhvwphqw lq lqiudvwuxfwxuh lq d vlpsoh jurzwk
prgho1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 4;=44:6�44;:1

Jorpp/ J1 dqg Udylnxpdu/ E1 +4<<<,1 Frpshwlwlyh htxloleulxp dqg sxeolf lqyhvwphqw sodqv1
Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 56=453:�45571

Judpolfk/ H1 P1 +4<<7,1 Lqiudvwuxfwxuh lqyhvwphqw= D uhylhz hvvd|1 Mrxuqdo ri Hfrqrplf
Olwhudwxuh/ 65=44:9�44<91

Juhhqzrrg/ M1/ Khufrzlw}/ ]1/ dqg Kx�pdq/ J1 Z1 +4<;;,1 Lqyhvwphqw/ fdsdflw| xwlol}dwlrq/
dqg wkh uhdo exvlqhvv f|foh1 Dphulfdq Hfrqrplf Uhylhz/ :;=735�74:1

Kd|dvkl/ I1 +4<;5,1 Wrelq*v pdujlqdo t dqg dyhudjh t = D qhrfodvvlfdo lqwhusuhwdwlrq1 Hfrqr0
phwulfd/ 83=546�5571
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Khlmgud/ E1 M1 dqg Phlmgdp/ D1 F1 +5335,1 Sxeolf lqyhvwphqw dqg lqwhujhqhudwlrqdo glvwulex0
wlrq1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg Frqwuro/ 59=:3:�:681

Khlmgud/ E1 M1/ ydq ghu Kruvw/ D1/ dqg Phlmgdp/ O1 +5335,1 Sxeolf lq0
yhvwphqw dqg lqwhujhqhudwlrqdo glvwulexwlrq xqghu dowhuqdwlyh �qdqflqj prghv=
Pdwkhpdwlfdo dsshqgl{1 Plphr/ Xqlyhuvlw| ri Jurqlqjhq1 Grzqordg iurp=
kwws=22zzz1hfr1uxj1qo2phghzhun2khlmgud2grzqordg1kwp1

Mxgg/ N1 O1 +4<;5,1 Dq dowhuqdwlyh wr vwhdg|0vwdwh frpsdulvrqv lq shuihfw iruhvljkw prghov1
Hfrqrplfv Ohwwhuv/ 43=88�8<1

Mxgg/ N1 O1 +4<<;,1 Qxphulfdo Phwkrgv lq Hfrqrplfv1 PLW Suhvv/ Fdpeulgjh/ PD1
Odqvlqj/ N1 M1 +4<<;,1 Rswlpdo �vfdo srolf| lq d exvlqhvv f|foh prgho zlwk sxeolf fdslwdo1

Fdqdgldq Mrxuqdo ri Hfrqrplfv/ 64=66:�6971
Shvwlhdx/ S1 P1 +4<:7,1 Rswlpdo wd{dwlrq dqg glvfrxqw udwh iru sxeolf lqyhvwphqw lq d jurzwk

vhwwlqj1 Mrxuqdo ri Sxeolf Hfrqrplfv/ 6=54:�5681
Wxuqryvn|/ V1 M1 +4<<9,1 Rswlpdo wd{/ ghew/ dqg h{shqglwxuh srolflhv lq d jurzlqj hfrqrp|1

Mrxuqdo ri Sxeolf Hfrqrplfv/ 93=54�771
Wxuqryvn|/ V1 M1 +5333,1 Ilvfdo srolf|/ hodvwlf oderu vxsso|/ dqg hqgrjhqrxv jurzwk1 Mrxuqdo

ri Prqhwdu| Hfrqrplfv/ 78=4;8�5431
Wxuqryvn|/ V1 M1 dqg Ilvkhu/ Z1 K1 +4<<8,1 Wkh frpsrvlwlrq ri jryhuqphqw h{shqglwxuh dqg

lwv frqvhtxhqfhv iru pdfurhfrqrplf shuirupdqfh1 Mrxuqdo ri Hfrqrplf G|qdplfv dqg
Frqwuro/ 4<=:7:�:;91

X}dzd/ K1 +4<9<,1 Wlph suhihuhqfh dqg wkh Shqurvh h�hfw lq d wzr0fodvv prgho ri hfrqrplf
jurzwk1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ ::=95;�9851

X}dzd/ K1 +4<;;,1 Rq wkh hfrqrplfv ri vrfldo ryhukhdg fdslwdo1 Lq X}dzd/ K1/ hglwru/ Suhi0
huhqfh/ surgxfwlrq/ dqg fdslwdo1 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

\ddul/ P1 H1 +4<98,1 Xqfhuwdlq olihwlph/ olih lqvxudqfh/ dqg wkh wkhru| ri wkh frqvxphu1 Uhylhz
ri Hfrqrplf Vwxglhv/ 65=46:�4831
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