
Wkh lqyhvwphqw wd{ fuhglw xqghu prqrsrolvwlf frpshwlwlrq=

Pdwkhpdwlfdo dsshqgl{

G1 Shwhu EurhuW Ehq M1 Khlmgudy

Mxqh 4<<: +Uhy1 Dxjxvw 4<<<,

Wklv dsshqgl{ frqwdlqv wkh ghulydwlrqv iru wkh prvw lpsruwdqw uhvxowv glvfxvvhg lq wkh wh{w1 Htxd0
wlrqv zlwkrxw wkh cD* suh�{ fdq eh irxqg lq wkh wh{w lwvhoi1

4 Ghulydwlrq ri htxdwlrqv +4:,0+4;,

Vlqfh wkh surgxfwlrq idfwruv duh preloh dfurvv �upv/ klulqj surgxfwlrq idfwruv lv vlpso| d uhqwdo
ghflvlrq/ zkhuh wkh uhqwdo fkdujhv rq oderxu dqg fdslwdo duh ghqrwhg e| UO+�, dqg UN+�,/ uhvshf0
wlyho|=

UO+�, � ZF+�,SF+�,> UN+�, � SL+�,+4� � L+�,,

%
U+�, . � �

bSL+�,

SL+�,
.

b� L+�,

4� �L+�,

&
=

Hdfk �up wkxv idfhv wkh vdph uhqwdo fkdujh rq wkh surgxfwlrq idfwruv1 Frvw plqlpl}dwlrq/ jlyhq
wkh whfkqrorj| +43,/ hqvxuhv wkdw wkh frvw ixqfwlrq iru doo �upv lq wkh gl�huhqwldwhg vhfwru lv
gh�qhg dv=

WF ^\m+�,> UN+�,> UO+�,` @ ^\m+�, . i `4@� I � ^UN+�,> UO+�,` >

zkhuh I �^=` uhsuhvhqwv wkh gxdo xqlw frvw ixqfwlrq fruuhvsrqglqj wr wkh jurvv surgxfwlrq ixqfwlrq
I ^=`/ jlyhq lq htxdwlrq +43,=

I� ^UN+�,> UO+�,` �
�
UN+�,

4� �O

�4��O �UO+�,

�O

��O

=

Lq ylhz ri wkh gh�qlwlrq ri wkh frvw ixqfwlrq/ wkh iroorzlqj h{suhvvlrq iru wkh pdujlqdo frvw ri hdfk
�up fdq eh ghulyhg=

PFm+�, � 4

��m+�,

WFm+�,

\m+�,
= +D14,

Hdfk �up vhwv lwv sulfh htxdo wr d pdunxs/ �m+�,/ wlphv pdujlqdo frvw=

Sm+�, @ �m+�,PFm+�,= +D15,

WRFIHE/ Hudvpxv Xqlyhuvlw|/ S1R1 Er{ 4:6;/ 6333 GU Urwwhugdp/ Wkh Qhwkhuodqgv1 Skrqh= .64043073;047341

Id{= .64043073;0<4:61 H0pdlo= eurhuCihz1hxu1qo1
yGhsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Jurqlqjhq/ S1R1 Er{ ;33/ <:33 DY Jurqlqjhq/ Wkh Qhwkhuodqgv1

Skrqh= .6408306960:636/ Id{= .6408306960:66:/ H0pdlo= e1m1khlmgudChfr1uxj1qo1
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E| xvlqj +D14,0+D15,/ wkh sur�w udwh/ �m+�,/ fdq eh zulwwhq dv=

�m+�, � Sm+�,\m+�,� WFm+�,

WFm+�,
@

Sm+�,\m+�,�
�
��m+�,@�m+�,

�
Sm+�,\m+�,

WFm+�,

@
�m+�,� ��m+�,

��m+�,
=

zklfk frlqflghv zlwk htxdwlrq +4:, lq wkh wh{w1 Wkh }hur sur�w frqglwlrq iroorzv iurp +4;, lq d
vwudljkwiruzdug idvklrq1�

5 Surri ri Wkhruhp 4

Zh �uvw frqvwuxfw wkh skdvh gldjudp lq +FL+w,>N+w,, vsdfh xqghu wkh dvvxpswlrq ri iuhh h{lw2hqwu|
dqg d frqvwdqw pdunxs1 Vrph xvhixo uhodwlrqvklsv fdq eh ghulyhg iurp +W417,0+W418,=

\ +w, .Q+w,"Li @ \ +w,
��
�

�
@ Q+w,"Li

�
�

�� �

�
>

uL+w, @ +4� �O,
\ +w,

N+w,

4

4� �L+w,
� � � b� L+w,

4� �L+w,
> +D16,

\ +w, @

�
�i

�� �

��
�� �

�i

�"
L
@�

N+w,"L +4��O, � N+w,4�!>

zkhuh 3 ? ! � 4� "L+4� �O, ? 41 Iurp +D16, zh fdq ghwhuplqh wkh ehkdylrxu ri wkh lqyhvwphqw
udwh ri lqwhuhvw/ uL+w,/ dv d ixqfwlrq ri N+w,1 Xqghu wkh dvvxpswlrq wkdw 3 ? ! ? 4/ zh rewdlq=

olp
N+w,&3

uL+w, @ olp
N+w,&3

�
+4� �O,

4� � L+w,

�
N+w,�! � � � b� L+w,

4� � L+w,
@ 4> +D17,

olp
N+w,$4

uL+w, @ �
�
� .

b�L+w,

4� � L+w,

�
>

CuL+w,

CN+w,
@ �

�
!+4� �O,

4� �L

�
N+w,�+4.!, ? 3= +D18,

Uhdo frqvxpswlrq lq whupv ri wkh lqyhvwphqw sulfh lqgh{ lv FL+w, dqg uhdo ghew lv EL+w,1 Wkh
htxloleulxp uhodwlrqv bN+w, @ 3 dqg bFL+w, @ 3 pd| eh zulwwhq +iru jlyhq EL+3, dqg � L, dv=

FL+w, @ \ +w,� �N+w, @ N+w,4�! � �N+w,> + bN+w, @ 3 olqh,> +D19,

FL+w, @
�+�. �, ^+4� � L,N+w, .EL+3,`

uL+w,� �
> + bFL+w, @ 3 olqh,= +D1:,

Wkh ehkdylrxu ri +D19,0+D1:, durxqg N+w, @ 3 lv wkhq=

FL+w,m bN+w,@3 2 N+w,4�!>

FL+w,m bFL +w,@3 2
+

N+w,4.! iru EL+3, @ 3

N+w,! iru EL+3, A 3

Wkh vorshv ri htxdwlrqv +D19, dqg +D1:, iru N+w, A 3 duh=

CFL+w,

CN+w,

����
bN+w,@3

@ +4� !,N+w,�! � � @ +4� !,

�
\ +w,

N+w,

�
� �> +D1;,

dqg

CFL+w,

CN+w,

����
bFL +w,@3

@
FL+w,

N+w,

�
+4� �L,N+w,

+4� � L,N+w, .EL+3,
� N+w,

uL+w,� �

CuL+w,

CN+w,

�
A 3=
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E0
�

&,(W)

.(W)

�

.(W)=0
�

&
,
(W)=0
�

A

.*5.0*5.<%

SP

Iljxuh 4= Skdvh gldjudp

Lw iroorzv iurp +D1;, wkdw wkh jroghq uxoh fdslwdo vwrfn NJU lv vxfk wkdw=

CFL+w,

CN+w,

����
bN+w,@3

@ 3 ,
�
\ +w,

N+w,

�JU

@
�

4� !
= +D1<,

Wkh �uvw h{suhvvlrq lq htxdwlrq +D16, pd| eh uhzulwwhq dv=

+4� �O,
\ +w,

N+w,
@ +4� � L,

�
uL+w, . � .

b�L+w,

4� � L+w,

�
= +D143,

Lw iroorzv iurp +D1<,0+D143, wkdw +iru b�L+w, @ 3, wkh jroghq uxoh udwh ri lqwhuhvw/ uJUL / fdq eh
zulwwhq dv=

+4� �O,

�
\ +w,

N+w,

�JU

@ +4� � L,
�
uJUL . �

�
@

+4� �O,�

4� !

, uJUL @ �� ^+4� � L,"L � 4`

"L+4� �L,
= +D144,

Htxdwlrq +D144, lpsolhv wkdw olp"
L
$4 uJUL @ �� ? 3 dqg uJUL @ 3 / "L @ 4@+4� �L,1 Lw iroorzv

wkdw/ iru � L @ 3/ uJUL � 3 iru doo "L � 41 Khqfh/ uL A � A uJUL / dqg wkh vwhdg| vwdwh lv g|qdplfdoo|
h!flhqw1

Wkh skdvh gldjudp lq +FL >N, vsdfh lv gudzq lq Iljxuh 41 Wkh vwhdg|0vwdwh htxloleulxp lv dw
H3/ dqg wkh fdslwdo vwrfn lv N\E ? NPJU ? NJU/ zkhuh NPJU lv wkh fdslwdo vwrfn dvvrfldwhg
zlwk wkh prgl�hg jroghq uxoh/ iru zklfk uL @ �/ dqg N\ E lv wkh \ddul0Eodqfkdug htxloleulxp
fdslwdo vwrfn1 E| orjolqhdulvlqj wkh prgho durxqg wkh vwdwlrqdu| srlqw H3 zh rewdlq=%

b�N+w,
b�FL+w,

&
@ �

%
�N+w,
�FL+w,

&
>� �

%
+�@$L,+$F � !, ��$F@$L

�+uL � �,� !+uL . �, uL � �

&
> +D145,
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zlwk $L � 4 � $F @ L@\ @ �N@\ / $F � FL@\ /
b�N+w, � g bN+w,@N/ b�FL+w, � g bFL+w,FL / �N+w, �

gN+w,@N/ �FL+w, � gFL+w,@FL 1 Iru vwdelolw| lw lv qhfhvvdu| dqg vx!flhqw wkdw wkh ghwhuplqdqw ri
� eh qhjdwlyh1 Diwhu vrph pdqlsxodwlrq zh rewdlq=

m�m � �u�k� @ �
�
�!

$L

�
^uL � �. $F+uL . �,` ? 3> +D146,

vr wkdw m � m? 3 lv jxdudqwhhg vlqfh zh dvvxph wkdw ! A 31 Iurp wkh vdggoh srlqw surshuw| ri wkh
htxloleulxp lw iroorzv wkdw � kdv glvwlqfw hljhqydoxhv �k� ? 3 ? u� +uhfdoo wkdw m � m@ �u�k� ? 3,1

Wkh vwhdg|0vwdwh lqwhuhvw udwh uL grhv qrw ghshqg rq "L ru "F 1 Wklv uhvxow lv lpsruwdqw lq
vrph ri wkh surriv ehorz/ dqg fdq eh ghprqvwudwhg dv iroorzv1 E| xvlqj wkh htxloleulxp htxdwlrqv
+D19,0+D1:, dqg dvvxplqj wkdw EL+3, @ 3/ zh rewdlq dq htxdwlrq lq \@N=

\ � �N � �+�. �,+4� � L,N

uL � �
@ 3 /

+uL � �,

�
\

N
� �

�
� �+�. �,+4� � L, @ 3 /

�
4� �O
4� �L

��
\

N

�5

�
�
�+4� �O,

4� �L
. � . �

��
\

N

�
. �+� . �,� �+�. �,+4� �L, @ 3>

+D147,

zkhuh zh kdyh xvhg wkh idfw wkdw uL . � @ +4 � �O,+\@N,@+4 � �L, +vhh +D16,, wr jhw iurp wkh
vhfrqg wr wkh wklug olqh1 Wkh odujhu urrw ri wkh txdgudwlf +D147, lv wkh htxloleulxp rxwsxw0fdslwdo
udwlr=

\

N
@

4� � L
5+4� �O,

�
�+4� �O,

4� �L
. � . �.

%�
�+4� �O,

4� � L
. � . �

�5

� 7

�
4� �O
4� �L

�
^�+� . �,� �+�. �,+4� �L,`

&4@568

@
4� � L

5+4� �O,

5
7�+4� �O,

4� � L
. � . �.

%�
� . �� �+4� �O,

4� � L

�5

. 7+4� �O,�+�. �,

&4@568 >

zklfk lpsolhv wkdw

\

N
@

+� . �,+4� � L,

4� �O
A 3> iru � @ 3=

Vlqfh uL . � @ +4� �O,+\@N,@+4� � L,/ wkh vwhdg|0vwdwh udwh ri lqwhuhvw lv jlyhq e|=

uL . � @
4

5

5
7�+4� �O,

4� � L
. � . �.

%�
� . �� �+4� �O,

4� �L

�5

. 7+4� �O,�+�. �,

&4@568 =

+D148,

Vlqfh +D148, grhv qrw frqwdlq "L ru "F / wkh vwhdg|0vwdwh lqwhuhvw udwh uL grhv qrw ghshqg rq wkhvh
sdudphwhuv1
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6 Surri ri Wkhruhp 5

Wkh fxuuhqw ydoxh Kdplowrqldq lv=

K @ orjFL . +"F � "L, orjQ . �N ^\ �FL � �N`� �\
�
\ �Q"

L
��I+N> 4, .Q"

Li
�
=

Ohw Q � QPLQ 1 Wkhq wkh �uvw0rughu frqglwlrqv duh=�
CK

CQ
� 3 =

�
Q�4

�
"F � "L � �\

�
"LQ

"
Li � +"L � �,Q"

L
��I+N> 4,

�� � 3>

Q � QPLQ >
�
Q �QPLQ

� CK
CQ

@ 3> +D149,

�
CK

C\
@ 3 =

�
�N � �\ @ 3> +D14:,

�
CK

CFL
@ 3 =

�
F�4L � �N @ 3> +D14;,

�
b�N � ��N @ � CK

CN

�
b�N @ +�. �,�N � �\Q

"
L
��IN+N> 4,> +D14<,

�
CK

C�\
@ 3 =

�
\ @ Q"

L
��I+N> 4,�Q"

Li> +D153,

�
bN @

CK

C�N
=

�
bN @ \ �FL � �N=

Wkh frqglwlrq +D14<, fdq eh uhzulwwhq e| xvlqj +D14:, dqg +D14;, dv=

b�N
�N

@ �. � �Q"
L
��IN+N> 4, ,

bFL
FL

@ Q"
L
��IN+N> 4,� +�. �,= +D154,

Wkh h{suhvvlrq rq wkh ohiw0kdqg vlgh ri +D154, fdq eh zulwwhq dv=

bFL
FL

@ uL � �> uL � Q"
L
��IN+N> 4,� �> +D155,

zklfk frlqflghv zlwk htxdwlrq +56, lq wkh wh{w1 Vxevwlwxwlqj +D14:,/ +D14;,/ dqg +D153, lqwr +D14;,
|lhogv �

+"F � "L,�F�4L +�Q"
L i � +"L � �,\ ,

� �
Q �QPLQ

�
@ 3 ,

^+"F � "L,� +\@FL, ^�+a� � 4,� +"L � �,``
�
Q �QPLQ

�
@ 3 ,

^$F"F . +4� $F,"L � �a�`
�
Q �QPLQ

�
@ 3> +D156,

zkhuh $F lv wkh vkduh ri sulydwh frqvxpswlrq lq qdwlrqdo surgxfw dqg zkhuh a� uhsuhvhqwv wkh
h{whqw ri lqfuhdvlqj uhwxuqv wr vfdoh dw �up ohyho gxh wr wkh h{lvwhqfh ri �{hg frvwv=

a� � i . a�\
a�\ =

+D157,

8



Htxdwlrq +D156, frlqflghv zlwk +57, lq wkh wh{w1
Wkh rswlpdo qxpehu ri �upv fdq eh lqihuuhg iurp +D156,0+D157,1 Iru N jlyhq/ surgxfwlrq shu

�up fdq eh zulwwhq dv=

�\ . i @ Q��I+N> 4,> +D158,

zkhuh zh kdyh xvhg +D153,1 Htxdwlrq +D158, fdq eh xvhg wr lqihu wkh iroorzlqj uhvxowv=

olp
Q$3

a� @ 4>
ga�

gQ
A 3= +D159,

Li wkhuh duh yhu| ihz odujh �upv/ �{hg frvwv sod| dq lqvljql�fdqw uroh dqg a� jrhv wr xqlw|1 Wkh
pruh �upv wkhuh duh/ wkh vpdoohu duh lqglylgxdo �upv/ dqg wkh pruh vljql�fdqw ehfrph �{hg frvwv1
Khqfh/ a� ulvhv zlwk Q 1

Zh qrz glvwlqjxlvk wzr fdvhv1 Iluvw/ iru pd{^"L > "F` ? �/ wkh h{suhvvlrq lq vtxduh eudfnhwv
lq +D156, lv qhjdwlyh iru doo Q � 3/ ehfdxvh $F"F . +4 � $F,"L ? � dqg �a� � �1 Wklv hqvxuhv
wkdw wkh rswlpdo qxpehu ri �upv htxdov lwv orzhu erxqg QPLQ 1 Wkh vhfrqg fdvh uhihuv wr wkh
vlwxdwlrq zlwk plq^"L > "F` A �1 Wklv lpsolhv wkdw $F"F .+4�$F,"L A � dqg/ lq ylhz ri +D159,/
wkdw wkh whup lq vtxduh eudfnhwv lq +D156, lv srvlwlyh iru Q $ 31 Iru d vx!flhqwo| vpdoo QPLQ

dq lqwhulru pd{lpxp rffxuv dv a� ulvhv zlwk Q 1�

7 Surri ri Wkhruhp 6

Ghfhqwudolvdwlrq surfhhgv dv iroorzv1 Iluvw/ e| xvlqj wkh uhvxowv lq +D155,/ wkh pdujlqdo surgxf0
wlylw| frqglwlrq iru fdslwdo lq wkh vrfldo rswlpxp fdq eh zulwwhq dv=

uL . � @ Q"
L
��IN+N> 4,= +D15:,

E| uhzulwlqj +W419,/ zh rewdlq wkh iroorzlqj h{suhvvlrq iru wkh pdujlqdo surgxfw ri fdslwdo=

Q"
L
��IN ^N> 4` @ �+4� � L,

�
uL . � .

b� L
4� � L

�
= +D15;,

E| frpsdulqj +D15:, wr +D15;, zh vhh wkdw/ surylghg wkh qxpehu ri �upv dqg wkh fdslwdo vwrfn
duh dw wkhlu rswlpdo ohyhov/ wkh pdunhw |lhogv wkh vrfldoo| rswlpdo lqyhvwphqw udwh ri lqwhuhvw li
�^4 � a� L ` @ 41 Wklv lpsolhv wkdw wkh vrfldoo| rswlpdo lqyhvwphqw vxevlg| vdwlv�hv a� L @ 4@�F ru/
htxlydohqwo|/ a�L@+4� a� L, @ �� 41 Wkh rswlpdo LWF lv wkxv gluhfwhg vroho| dw wkh uhprydo ri wkh
surgxfw pdunhw lpshuihfwlrq/ lqfrusrudwhg lq wkh pdun0xs � ri sulfh ryhu pdujlqdo frvw1

Lw uhpdlqv wr pdwfk wkh frqglwlrqv ghwhuplqlqj wkh qxpehu ri �upv1 Wkh lqwhuqdo vroxwlrq iru
Q vwdwlv�hv/ e| htxdwlrq +D156,/ wkh iroorzlqj htxdolw|=

�a� @ $F"F . +4� $F,"L =

Lq ylhz ri wkh gh�qlwlrq ri h{fhvv sur�w shu �up +vhh +4:, lq wkh wh{w,/ wkh vrfldoo| rswlpdo �up
vl}h lpsolhv=

�a�+4 . ��, @ � / +4 . ��, ^$F"F . +4� $F,"L ` @ �> +D15<,

zkhuh �� lv wkh h{fhvv sur�w udwh shu �up lq wkh v|pphwulf htxloleulxp1 E| vroylqj +D15<, iru ��

zh rewdlq=

�� @
+�� 4,� ^$F"F . +4� $F,"L � 4`

$F"F . +4� $F,"L
= +D163,
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Wkh wkuhh fdvhv phqwlrqhg lq Wkhruhp 6 iroorz gluhfwo| iurp +D163,1 Iluvw/ li "L @ "F @ �/ wkhq
�� @ 31 Khqfh/ qr oxps0vxp �up wudqvihuv ru wd{hv duh qhhghg1 Vhfrqg/ li plq^"L > "F ` A � wkhq
�� ? 31 Lw lv vrfldoo| rswlpdo wr surgxfh orwv ri ydulhwlhv dqg vxevlglhv wr �upv duh uhtxluhg1 Wklug/
li pd{^"L > "F ` ? � wkhq �� A 3 dqg lw lv vrfldoo| rswlpdo wr fkrnh r� wkh qxpehu ri ydulhwlhv wkdw
duh surgxfhg lq wkh pdunhw e| ohy|lqj oxps0vxp wd{hv rq lqglylgxdo �upv1�

8 Doorfdwlrq h�hfwv ri wkh lqyhvwphqw wd{ fuhglw

Wkh h�hfw ri dq lqyhvwphqw wd{ fuhglw rq wkh htxloleulxp uhodwlrqv +D19, dqg +D1:, lv=

CFL
C�L

����
bN@3

@ 3>

CFL
C�L

����
bFL@3

@ �
k
FL

�
CuL
C�L

�
. �+�. �,N

l
uL � �

? 3=

Lw iroorzv wkdw/ vlqfh CuL@C�L A 3/ wkh bFL @ 3 vfkhgxoh vkliwv grzq dqg wr wkh uljkw1 H{sdqglqj
durxqg wkh vwhdg| vwdwh/ wkh uhvsrqvh sdwk wr dq lqyhvwphqw wd{ fuhglw vdwlv�hv=%

b�N+w,
b�FL+w,

&
@ �

%
�N+w,
�FL+w,

&
.

%
3

�+w,

&
> +D164,

zkhuh � lv jlyhq lq +D145, dqg �+w, lv wkh iruflqj whup=

�+w, � �L�� L+w,� b�� L+w,� �E �EL+w,>

zkhuh �L � uL.�.uL�� A 3 dqg �E � +uL��,@^$N+4��L,` A 31 Wdnlqj wkh Odsodfh wudqvirup
ri +D164, |lhogv=%

Oi �N> vj
Oi �FL > vj

&
@ +vL ��,�4

%
�N+3,
�FL+3, . Oi�> vj

&
> +D165,

zkhuh Oi{> vj ghqrwhv wkh Odsodfh wudqvirup ri { zlwk zhljkwlqj idfwru v1 Vlqfh lv d suhghwhuplqhg
vwdwh yduldeoh/ �N+3, @ 31 Ehfdxvh Oi �FL > u�j lv erxqghg/ zh rewdlq +vhh Mxgg/ 4<;5,=

�FL+3, @ �Oi�> u�j> +D166,

zkhuh u� A 3 lv wkh xqvwdeoh fkdudfwhulvwlf urrw ri � +vhh +D145,,1 Wkh jhqhudo vroxwlrq iru
+ �N+w,> �FL+w,, lv rewdlqhg e| vxevwlwxwlqj wkh h{suhvvlrq iru �FL+3, jlyhq lq +D166, lqwr htxdwlrq
+D165,=%

Oi �N> vj
Oi �FL > vj

&
@ +vL ��,�4

%
3

Oi�> vj � Oi�> u�j

&
= +D167,

Zh rewdlq iru wkh orqj0uxq pxowlsolhuv=

olp
w$4

%
�N+w,
�FL+w,

&
@ olp

v&3

%
vOi �N> vj
vOi �FL > vj

&
@ ���4

%
3

�+4,

&
@

�
�+4,

u�k�

�%
��45

�44

&
= +D168,

Zh srvwxodwh wkdw wkh lpsxovh lq wkh LWF lv d xqlw0vwhs lpsxovh=

��L+w, @ ��L+3, @ �� L+4,> w � 3> +D169,

:



dqg wkdw wkh ghew sdwk lv sdudphwhulvhg dv=

�EL+w, @ �EL+3,h
��

E
w . �EL+4,

�
4� h��Ew

�
> �E A 3= +D16:,

Wdnlqj wkh Odsodfh wudqvirup ri +D169,0+D16:,/ zh fdq ghulyh wkh iroorzlqj uhvxow=

Oi�> vj � Oi�> u�j
v� u�

@ ��L�� L+4,

u�
4

v
. �E

%
�EL+4,

u�
4

v
.

�EL+3,� �EL+4,

u� . �E

4

v. �E

&
=

Htxdwlrq +D167, fdq eh uhzulwwhq dv=%
Oi �N> vj
Oi �FL > vj

&
@

4

+v. k�,+v� u�,

%
v� �55 �45

�54 v� �44

&%
3

Oi�> vj � Oi�> u�j

&
> +D16;,

zkhuh �lm lv wkh lm0wk hohphqw ri wkh pdwul{ � jlyhq lq +D145,1 Wkh �uvw htxdwlrq fdq eh uhzulwwhq
dv=

Oi �N> vj @
�45

v. k�

�Oi�> vj � Oi�> u�j
v� u�

�
+D16<,

@ �45

5
7�E �EL+4,� �L��L+4,

u�k�
k�

v+v. k�,
.

�E

k
�EL+3,� �EL+4,

l
u� . �E

4

+v. k�,+v. �E,

6
8 =

E| lqyhuwlqj htxdwlrq +D16<, zh rewdlq wkh sdwk iru wkh fdslwdo vwrfn=

�N+w, @ �N+4,D+k�> w, .
�45�E

k
�EL+3,� �EL+4,

l
u� . �E

W+k�> �E> w,> +D173,

zkhuh �N+4, lv jlyhq e| +D168,/ D+k�> w, lv dq dgmxvwphqw whup dqg W+k�> �E> w, lv d wudqvlwlrq
whup1 Htxdwlrq +5:, lq wkh wh{w lv rewdlqhg e| vhwwlqj �EL+3, @ �EL+4, @ 31 Wkh dgmxvwphqw dqg
wudqvlwlrq whupv kdyh wkh iroorzlqj surshuwlhv=

Ohppd D14 Ohw D+�4> w, eh d vlqjoh dgmxvwphqw ixqfwlrq ri wkh irup=

D+�4> w, � 4� h��4w>

zlwk �4 A 31 Wkhq D+�4> w, kdv wkh iroorzlqj surshuwlhv= +l, +srvlwlyh, D+�4> w, A 3 w 5 +3>4,/ +ll,
D+�4> w, @ 3 iru w @ 3 dqg D+�4> w, $ 4 lq wkh olplw dv w $ 4/ +lll, +lqfuhdvlqj, gD+�4> w,@gw � 3/
+ly, +vwhs ixqfwlrq dv olplw, Dv �4 $ 4/ D+�4> w, $ x+w,/ zkhuh x+w, lv d xqlw vwhs ixqfwlrq1

Surri= Surshuwlhv +l, dqg +ll, iroorz e| vlpsoh vxevwlwxwlrq1 Surshuw| +lll, iroorzv iurp wkh
idfw wkdw gD+�4> 3,@gw @ �4^4�D+�4> w,` soxv surshuwlhv +l,0+ll,1 Surshuw| +ly, iroorzv e| frpsdulqj
wkh Odsodfh wudqvirupv ri D+�4> w, dqg x+w, dqg vkrzlqj wkdw wkh| frqyhujh dv �4 $ 41 Vlqfh
Oix> vj @ 4@v dqg OiD+�4> w,> vj @ 4@v� 4@+v. �4, wklv uhvxow iroorzv1 �

Ohppd D15 Ohw W +�4> �5> w, eh d vlqjoh wudqvlwlrq ixqfwlrq ri wkh irup=

W+�4> �5> w, �
+

h��5w�h��4w

�4��5
iru �4 9@ �5

wh��4w iru �4 @ �5>

zlwk �4 A 3 dqg �5 A 31 Wkhq W+�4> �5> w, kdv wkh iroorzlqj surshuwlhv= +l, +srvlwlyh, W+�4> �5> w, A

3 w 5 +3>4,/ +ll, W+�4> �5> w, @ 3 iru w @ 3 dqg lq wkh olplw dv w $ 4/ +lll, +vlqjoh0shdnhg,
gW+�4> �5> w,@gw A 3 iru w 5 +3> aw,/ gW+�4> �5> w,@gw ? 3 iru w 5 +aw>4,/ gW+�4> �5> w,@gw @ 3 iru
w @ aw dqg lq wkh olplw dv w $ 4/ dqg gW+�4> �5> 3,@gw @ 4/ +ly, aw � oq+�4@�5,@+�4��5, li �4 9@ �5

dqg aw � 4@�4 li �4 @ �5> +y, +srlqw ri lq h{lrq, g5W+�4> �5> w,@gw
5 @ 3 iru w� @ 5aw

;



Surri= Surshuw| +l, iroorzv e| h{dplqlqj wkh wkuhh srvvleoh fdvhv1 Wkh uhvxow lv reylrxv li
�4 @ �51 Li �4 ? +A,�5/ wkhq �5 � �4 A +?,3 dqg h��4w A +?, h��5w iru doo w 5 +3>4,/ dqg
W+�4> �5> 3, A 31 Surshuw| +ll, iroorzv e| gluhfw vxevwlwxwlrq1 Surshuw| +lll, iroorzv e| h{dplqlqj
gW+�4> �5> w,@gw=

gW+�4> �5> w,

gw
�

+
�4h

��4w��5h
��5w

�4��5
iru �4 9@ �5

^4� �4w` h
��4w iru �4 @ �5=

Surshuw| +ly, lv rewdlqhg e| h{dplqlqj gW5+�4> �5> w,@gw5=

g5W+�4> �5> w,

g5w
�

+
�5
4
h��4w��5

5
h��5w

�5��4
iru �4 9@ �5

��4 ^5� �4w` h��4w iru �4 @ �5=

Khqfh/ g5W+�4> �5> 3,@gw
5 @ �+�4 . �5, ? 3/ dqg olpw$4 g5W+�4> �5> w,@gw

5 @ 31 Wkh lq h{lrq
srlqw lv irxqg e| �qglqj wkh ydoxh ri w @ w� zkhuh g5W+�4> �5> w,@gw5 @ 31 �

Wkh vhfrqg htxdwlrq ri +D16;, fdq eh uhzulwwhq dv=

Oi �FL > vj @
v� �44
v. k�

�Oi�> vj � Oi�> u�j
v� u�

�

@
�FL+3, . Oi�> vj

v. k�
.

+u� � �44,

v. k�

�Oi�> vj � Oi�> u�j
v� u�

�

@
�FL+3,

v. k�
.

�L�� L+4,� �E �EL+4,

v+v. k�,
�

�E

k
�EL+3,� �EL+4,

l
+v. k�,+v. �E,

.+u� � �44,

%
�E �EL+4,� �L�� L+4,

u�k�
k�

v+v. k�,

.
�E

k
�EL+3,� �EL+4,

l
u� . �E

4

+v. k�,+v. �E,

6
8 = +D174,

E| lqyhuwlqj htxdwlrq +D174, zh rewdlq wkh sdwk iru frqvxpswlrq=

�FL+w, @ �FL+3, ^4�D+k�> w,` . �FL+4,D+k�> w,�
+�44 . �E,�E

k
�EL+3,� �EL+4,

l
u� . �E

W+k�> �E> w,>

zkhuh �FL+3, dqg �FL+4, duh jlyhq e| +D166, dqg +D168,/ uhvshfwlyho|1 Htxdwlrq +5;, lq wkh wh{w
lv rewdlqhg e| vhwwlqj �EL+3, @ �EL+4, @ 31

9 Zhoiduh dqdo|vlv

Wkh xwlolw| ri jhqhudwlrq y dw wlph w fdq eh zulwwhq dv=

X+y> w, @

] 4

w

orjF+y> �,h�+�.�,+��w,g�

@

] 4

w

^orjFL+y> �, . +"F � "L, orjQ+�,` h+�.�,+w��,g�= +D175,

<



Wkh Hxohu htxdwlrq iru d krxvhkrog ri ylqwdjh y uhdgv bFL+y> �,@FL+y> �, @ +uL ��,/ zklfk lpsolhv
wkh iroorzlqj sdwk iru FL+y> �,=

FL+y> �, @ FL+y> w, h{s

�] �

w

+uL+�,� �,g�

�
>

vr wkdw +D175, fdq eh uhzulwwhq dv=

X+y> w, @

] 4

w

�
orjFL+y> w, . +"F � "L, orjQ+�, .

] �

w

^uL+�,� �` g�

�
h�+�.�,+��w,g�>

� XF+y> w, . XG+w, . XU+w,> +D176,

zkhuh

XF+y> w, � orjFL+y> w,

] 4

w

h+�.�,+w��,g� @
orjFL+y> w,

�. �
> +D177,

XG+w, � +"F � "L,

] 4

w

orjQ+�,h+�.�,+w��,g�> +D178,

XU+w, �
] 4

w

�] �

w

+uL+�,� �,g�

�
h+�.�,+w��,g�= +D179,

Khqfh/ htxdwlrqv +D176,0+D179, lpso| gX+y> w, @ gXF+y> w, . gXG+w, . gXU+w,/ zlwk

gXF+y> w, @
4

�. �

gFL+y> w,

FL+y> w,
> +D17:,

gXG+w, @ +"F � "L,

] 4

w

gQ+�,

Q+�,
h+�.�,+w��,g�

� +"F � "L,

] 4

w

�Q+�,h+�.�,+w��,g�> +D17;,

gXU+w, @
uL

�. �

] 4

w

�uL+�,h
+�.�,+w��,g�= +D17<,

Qrwh wkdw +D17;,0+D17<, vdwlvi| wkh iroorzlqj surshuwlhv=

OigXG> vj @ +"F � "L,

%
Oi �Q>�. �j � Oi �Q> vj

v� +�. �,

&
> +D183,

OigXU> vj @

�
uL

�. �

��Oi�uL > �. �j � Oi�uL > vj
v� +�. �,

�
= +D184,

Lq rughu wr fdofxodwh gXF+y> w,/ zh pxvw glvwlqjxlvk ehwzhhq h{lvwlqj dqg ixwxuh jhqhudwlrqv1

914 H{lvwlqj jhqhudwlrqv

Ghvljqdwlqj wkh wlph ri wkh vkrfn e| w3 @ 3/ h{lvwlqj jhqhudwlrqv kdyh d qrq0srvlwlyh jhqhudwlrqv
lqgh{/ l1h1 y � 31 Zh douhdg| nqrz wkdw FL+y> 3, @ +�. �,^DL+y> 3, .KL+3,`/ zkhuh KL+3, lv wkh
lqlwldo vwhdg|0vwdwh ohyho ri kxpdq zhdowk/ dqg DL+3> 3, @ 3 +qhzeruqv kdyh qr �qdqfldo dvvhwv,1
Dovr/ DL+3, @ +4� � L . vN,N+3,/ zkhuh vN lv d rqfh0r� vxevlg| wr fdslwdo rzqhuv1 Khqfh/ zh fdq
zulwh=

�FL+y> 3, � gFL+y> 3,

FL+y> 3,
@ +4� �KV, �DL+y> 3, . �KV �KL+3,> �KV � KL+3,

DL+y> 3, .KL+3,
= +D185,

Ixuwkhupruh/ zh kdyh wkdw DL+y> 3, @ +4� � L . vN,N+y> 3,/ vr wkdw

�DL+y> 3, � gDL+y> 3,

DL+y> 3,
@

gvN � g� L+3,

4� � L
@

vN
4� � L

� ��L+3, @ �DL+3,> +y ? 3,> +D186,

43



zkhuh zh kdyh xvhg wkh idfw wkdw vN @ 3 lqlwldoo|/ vr wkdw gvN @ vN/ dqg gN+y> 3, @ 31 Iru
djjuhjdwh frqvxpswlrq zh nqrz wkdw=

FL+3, @ +�. �, ^DL+3, .KL+3,` ,
�FL+3, @ +4� $K, �DL+3, . $K �KL+3,> $K � KL+3,

DL+3, .KL+3,
= +D187,

Iurp wkh vwhdg|0vwdwh frqvxpswlrq sur�oh zh nqrz wkdw=

FL+y> 3, @ FL+y> y,h
�+uL��,y> +y � 3,>,

+�. �, ^DL+y> 3, .KL+3,` @ +�. �, ^DL+y> y, .KL+3,` h
�+uL��,y ,

�KV @ h+uL��,y>

zkhuh zh kdyh xvhg DL+y> y, @ 31 Khqfh/ xvlqj +D186,0+D187,/ zh fdq zulwh +D185, dv iroorzv=

�FL+y> 3, � �DL+3, .

�
�KV
$K

�k
�FL+3,� �DL+3,

l
> +y � 3,= +D188,

Xvlqj wkh lqlwldo ydoxh wkhruhp ri wkh Odsodfh wudqvirup rq +D183,0+D184,/ zh rewdlq=

gXG+3, � olp
v$4

vOigXG> vj @ +"F � "L,Oi �Q>�. �j> +D189,

gXU+3, � olp
v$4

vOigXU> vj @

�
uL

�. �

�
Oi�uL > �. �j= +D18:,

E| xvlqj +D17:,0+D17<, dqg +D188,0+D18:, zh rewdlq wkh h{suhvvlrq iru wkh fkdqjh lq zhoiduh ri
h{lvwlqj jhqhudwlrqv +y � 3,=

+�. �,gX+y> 3, @ �DL+3, .

�
�KV
$K

�k
�FL+3,� �DL+3,

l
.+�. �,+"F � "L,Oi �Q>�. �j. uLOi�uL > �. �j> = +D18;,

Wkh lq�qlwh krul}rq prgho lv rewdlqhg iurp wklv h{suhvvlrq e| vhwwlqj � @ 3/ uL @ �/ dqg �KV @

$K 1

915 Ixwxuh jhqhudwlrqv

Ixwxuh jhqhudwlrqv kdyh d jhqhudwlrqv lqgh{ juhdwhu wkdq w3 @ 3/ l1h1 y @ w � 31 Wkhlu zhoiduh
ohyho lv hydoxdwhg dw eluwk/ l1h1 zh frpsxwh gX+y> y,1 Vwduwlqj zlwk wkh jhqhudwlrq0vshfl�f sduw ri
xwlolw|/ zh nqrz wkdw FL+y> y, @ +�. �,KL+y,/ zklfk lpsolhv wkdw=

�FL+y> y, � gFL+y> y,

FL+3> 3,
@

+�. �,gKL+y,

+�. �,KL+3,
, �FL+y> y, @ �KL+y,> +D18<,

zkhuh FL+3> 3, lv wkh lqlwldo vwhdg|0vwdwh ohyho ri frqvxpswlrq e| d qhzeruq1 Lq wkh djjuhjdwh zh
kdyh wkdw FL+y, @ +�. �,^DL+3, .KL+3,` @ +�. �,^+4� � L+y,,N+y, .EL+y, .KL+y,`/ vr wkdw=

�FL+y, � gFL+y,

FL+3,
@ $K �KL+y, . +4� $K,

k
�N+y,� �� L+y,

l
.

�
4� $K

$N+4� � L,

�
�EL+y,> +D193,

zkhuh zh kdyh xvhg wkh idfw wkdw wkh lqlwldo ghew lv }hur +EL+3, @ 3, dqg �EL+y, � uLgEL+y,@\ 1
Htxdwlrq +D193, fdq eh xvhg wr zulwh �KL+y, lq whupv ri djjuhjdwh yduldeohv=

�KL+y, @

�FL+y,� +4� $K,
k
�N+y, . �EL+y,@ ^$N+4� � L,`� ��L+y,

l
$K

= +D194,

44



Xvlqj +D17:,0+D184,/ +D18<,/ dqg +D194,/ zh rewdlq wkh h{suhvvlrq iru wkh fkdqjh lq zhoiduh ri
ixwxuh jhqhudwlrqv +y � 3,=

+�. �,gX+y> y, @

�FL+y,� +4� $K,
k
�N+y, . �EL+y,@ ^$N+4� �L,`� �� L+y,

l
$K

.+�. �, +"F � "L,O�4
%
Oi �Q>�. �j � Oi �Q> vj

v� +�. �,

&
+D195,

.uLO�4
�Oi�uL > �. �j � Oi�uL > vj

v� +�. �,

�
> =

Reylrxvo|/ +D18;, dqg +D195, frlqflgh iru y @ 31 Wklv fdq eh hdvlo| ghprqvwudwhg e| qrwlqj wkdw
�EL+3, � vN$N/ dqg �N+3, � 31 E| frpsdulqj +D18;, dqg +D195, iru y @ 3/ wkh gl�huhqfh dprxqwv
wr=

�DL+3, . �� L+3,�
�EL+3,

$N+4� �L,
@

vN
4� � L

� vN$N
$N+4� � L,

@ 3>

zkhuh zh kdyh xvhg +D186,1

: Ghulydwlrq ri htxdwlrqv +73, dqg +D19;,

Htxdwlrq +D195, fdq eh uhzulwwhq lq wkh pruh xvhixo irup ri +73, +zlwkrxw erqg srolf|, dqg
+D19;, ehorz +zlwk erqg srolf|,1 Vlqfh +73, lv d vshfldo fdvh ri +D19;,/ rewdlqhg e| vhwwlqj
�EL+3, @ �EL+4, @ 3/ zh frqvlghu wkh ghulydwlrq ri wkh prvw jhqhudo fdvh1 E| xvlqj wkh sdwk iru
wkh fdslwdo vwrfn dv jlyhq lq +D173, zh fdq ghulyh wkdw=

Oi �N>�. �j � Oi �N> vj
v� +�. �,

@

�
4

v

�
Oi �N>�. �j +D196,

.

�
k�

v+v. k�,

�5
7 �N+4,

�. � . k�
�

N
k
�EL+4,� �EL+3,

l
+�. � . k�,+�. � . �E,

6
8

.

�
4

+v. k�,+v. �E,

�5
7N

k
�EL+4,� �EL+3,

l
�. � . �E

6
8 >

zkhuh N lv gh�qhg dv=

N � � �E�45
u� . �E

@
�$F+uL � �,

$L$N+4� �L,+u� . �E,
A 3=

Qrwh wkdw +D196, frqwdlqv wkh Odsodfh wudqvirupv ri xqlw| +� 4@v,/ ri dq dgmxvwphqw whup D+k�> w,

+� k�@^v+v. k�,`,/ dqg ri d wudqvlwlrq whup W+k�> �E> w, +� 4@^+v. �E,+v. k�,`,1 Wklv pdnhv wkh
Odsodfh lqyhuvlrq ri whupv lqyroylqj +D196, yhu| vlpsoh1

Vlqfh �Q+w, @ +4 � �O, �N+w, dqg +zlwk dq lqvwdqwdqhrxv LWF lqwurgxfwlrq, uL�uL+w, @ +uL .

�,^�! �N+w,.�� L `/ wkh whupv lq vtxduh eudfnhwv lqyroylqj �Q wkdw dsshduv lq +D195, fdq eh uhzulwwhq

45



dv=

Oi �Q>�. �j � Oi �Q> vj
v� +�. �,

@

�
4

v

�
Oi �Q>�. �j +D197,

.

�
k�

v+v. k�,

�5
7 �Q+4,

�. � . k�
�

+4� �O,N
k
�EL+4,� �EL+3,

l
+�. � . k�,+�. � . �E,

6
8

.

�
4

+v. k�,+v. �E,

�5
7 +4� �O,N

k
�EL+4,� �EL+3,

l
�. � . �E

6
8 >

dqg/ xvlqj uL�uL+3, @ +uL . �,�� L /

uL

�Oi�uL > �. �j � Oi�uL > vj
v� +�. �,

�
@

�
4

v

�
uLOi�uL > �. �j.

�
k�

v+v. k�,

�
+D198,

�
5
7uL ^�uL+4,� �uL+3,`

�. � . k�
.

!+uL . �,N
k
�EL+4,� �EL+3,

l
+�. � . k�,+�. � . �E,

6
8

�
�

4

+v. k�,+v. �E,

�5
7!+uL . �,N

k
�EL+4,� �EL+3,

l
�. � . �E

6
8 =

Htxdwlrq +D195, fdq eh xvhg wr ghulyh wkh h{suhvvlrqv iru gX+3> 3,=

+�. �,gX+3> 3, @

�FL+3,� +4� $K,
k
�EL+3,@ ^$N+4� � L,`� ��L

l
$K

.+�. �, +"F � "L,Oi �Q>�. �j. uLOi�uL > �. �j> +D199,

dqg gX+4>4,=

+�. �,gX+4>4, @

�FL+4,� +4� $K,
k
�N+4, . �EL+4,@ ^$N+4� �L,`� �� L

l
$K

.+�. �, +"F � "L,

%
�Q+4,

�. �

&
. uL

�
�uL+4,

�. �

�
= +D19:,

E| vxevwlwxwlqj wkh sdwkv iru frqvxpswlrq/ wkh fdslwdo vwrfn/ dqg ghew lqwr +D195,/ xvlqj wkh
Odsodfh lqyhuvhv ri +D196,0+D198,/ dqg froohfwlqj whupv/ wkh iroorzlqj h{suhvvlrq lv rewdlqhg=

gX+w> w, @ gX+3> 3, . ^gX+4>4,� gX+3> 3,` D+k�> w,

.E+�E,
k
�EL+3,� �EL+4,

l
W+k�> �E> w,> +D19;,

zkhuh E+�E, lv=

+�. �,E+�E, � �E ^�44 . �E . �45+4� $K,`

$K+u� . �E,
� +4� $K,+�E � k�,

$K$N+4� � L,

.
N ^+�. �,+"F � "L,+4� �O,� !+uL . �,`

�. � . �E
= +D19<,

Lq wkh devhqfh ri erqg srolf|/ �EL+3, @ �EL+4, @ 3/ wkh wudqvlwlrq whup W +k�> �E> w, gursv rxw ri
wkh ydulrxv h{suhvvlrqv/ dqg +D19;, froodsvhv wr +73,1
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; Surri ri Wkhruhp 7

Wkhruhp 7 fdq eh suryhg e| pdnlqj xvh ri +D18;, dqg vhwwlqj � @ 3/ uL @ �/ dqg �KV @ $K dqg
ghohwlqj wkh jhqhudwlrqv lqgh{=

�gX+3, @ �FL+3, . �Oi�uL > �j. � +"F � "L,Oi �Q>�j
@ �Oi �FL > �j. � +"F � "L,Oi �Q>�j= +D1:3,

Wkh iroorzlqj uhvxowv fdq eh ghulyhg iru wkh lq�qlwh krul}rq fdvh=

�Oi �FL > �j @

�
�. �

�. k�

�
�� L > +D1:4,

�Oi �Q>�j @

�
�$F+4� �O,+�. �,

$Lu�+�. k�,

�
��L = +D1:5,

E| vxevwlwxwlqj +D1:4,0+D1:4, lqwr +D1:3, zh rewdlq=

�gX+3, @

�
+�. �,�� L
u�+�. k�,

��
�+4� !,

$L
� +�. �, . +"F � "L,

�$F+4� �O,

$L

�

@

�
+�. �,5�� L
u�+�. k�,

�
^"L +4� � L,� 4 . +"F � "L, +4� �L,$F ` > +D1:6,

zkhuh zh kdyh xvhg wkh idfw wkdw xqghu lq�qlwh krul}rqv �+4 � !,@$L @ "L+� . �,+4 � �L, dqg
�+4�O,@$L @ +�. �,+4� � L, lq wkh �qdo vwhs1 Vlqfh/ iru � L @ 3/ wkh zhoiduh h�hfwv froodsvhv wr=

^�gX+3,`�L@3 @

�
+�. �,5�� L
u�+�. k�,

�
^$F +"F � 4, . +4� $F, +"L � 4,` � 3> +D1:7,

zkhuh zh kdyh xvhg wkh idfw wkdw "L � 4 dqg "F � 41 Htxdwlrq +D1:7, vkrzv wkdw wkh rswlpdo
LWF/ ghqrwhg e| ��L / lv qrq0qhjdwlyh/ dqg lv vwulfwo| srvlwlyh li hlwkhu "L A 4 dqg2ru "F A 41 E|
vhwwlqj �gX+3, @ 3 lq +D1:6,/ wkh rswlpdo LWF fdq eh fdofxodwhg dv=

��L @
"L . $F +"F � "L,� 4

"L . $F +"F � "L,
@

+4� $F,+"L � 4, . $F+"F � 4,

+4� $F,"L . $F"F
=

Lw fdq dovr eh h{suhvvhg lq d voljkwo| pruh frqyhqwlrqdo irup=�
��L

4� ��L

�
@ +4� $F,+"L � 4, . $F+"F � 4,=

Wklv frlqflghv zlwk wkh h{suhvvlrq irxqg lq Wkhruhp 71 �

< Surri ri Wkhruhp 8

Lq rughu wr suryh wkh ydulrxv frpsrqhqwv ri wklv wkhruhp/ lw lv xvhixo wr �uvw vwdwh dqg suryh wkh
iroorzlqj Ohppd1

Ohppd D16 Ohw � L @ 3 lqlwldoo| dqg gh�qh i+v, � mvL ��m1 Wkh xqvwdeoh fkdudfwhulvwlf urrw
vdwlv�hv= +l, li +4� �O, ? +

s
8� 4,@+

s
8 . 4,/ wkhq u� A uL . � . uL � �> dqg +ll, u� A uL . �1

Surri= Lq rughu wr suryh +l, u� A +uL . � . uL � �,/ lw lv vx!flhqw wr vkrz wkdw i+v, �
mvL ��m ? 3 iru v @ +uL . � . uL � �,1 Zh fdq uhzulwh +D146, e| xvlqj � L @ 3/ $F @ 4� $L / dqg
�@$L @ +uL . �,@+4� �O,=

m�m � �u�k� @ �!+uL . �,

�
uL . � . uL � �

4� �O
� �

�
? 3= +D1:8,
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Xvlqj wklv uhvxow/ wkh fkdudfwhulvwlf sro|qrpldo/ hydoxdwhg lq v @ uL . � . uL � �/ htxdov=

i+uL . � . uL � �, @ +uL . � . uL � �,

�
uL . � . uL � �� +4� !,

�
�

$L

�
. � � uL . �

�
. m�m

@ +uL . �,

�
+4� "L,+uL . �, . � � !

�
uL . �

4� �O
� �

��

.+uL � �,

�
+4� "L,+uL . �, . � � !+uL . �,

4� �O

�

@ +uL . �,

�
� .

�
4� 4

4� �O

�
+uL . �, . �!

�

.+uL � �,

��
4� 4

4� �O

�
+uL . �, . �

�

@ +uL . �,

��
4� 4

4� �O

�
uL .

�
5� 4

4� �O
. !

�
�

�

.+uL � �,

��
4� 4

4� �O

�
+uL . �, . �

�

@ +uL . �,

��
4� 4

4� �O

�
uL .

�
+5� "L,+4� �O,5 . +4� �O,�O � �5O

+4� �O,

�
�

�

.+uL � �,

��
4� 4

4� �O

�
+uL . �, . �

�

@ +uL . �,

��
4� 4

4� �O

�
uL .

�
+5� "L,+4� �O,5 . +4� �O,�O � �5O

+4� �O,

�
�

�

.+uL � �,

��
4� 4

4� �O

�
+uL . �, . �

�
=

Vlqfh uL lv lqghshqghqw ri "L / wklv h{suhvvlrq wdnhv lwv pd{lpxp iru "L @ 41 Xvlqj wkh idfwrulvdwlrq
+4� �O,

5 . �O+4� �O,� �5O @ +4� 4
5+4�

s
8,�O,+4� 4

5+4 .
s
8,�O,/ wklv jlyhv=

i+uL . � . uL � �, � +uL . �,

��
4� 4

4� �O

�
uL .

�
+4� �O,

5 . �O+4� �O,� �5O
+4� �O,

�
�

�

.+uL � �,

��
4� 4

4� �O

�
+uL . �, . �

�
? 3>

iru 4� 4
5+4 .

s
8,�O ? 3 / 4� �O ? +

s
8� 4,@+

s
8 . 4, � 3=6;51
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Wkh uhvxow +ll, u� A uL . � lv suryhg lq d vlplodu idvklrq1 Wkh fkdudfwhulvwlf sro|qrpldo/
hydoxdwhg lq v @ uL . �/ htxdov=

i+uL . �, @ +uL . �,

�
uL . � . uL � +4� !,

�
�

$L

�
. � � +uL � �,

�
. m�m

@ +uL . �, ^�. � � "L+uL . �, . �` . ^"L+uL . �,� �` +uL � �,

��$F
$L

^!+uL . �, . +uL � �,`

@ ^"L+uL . �,� �` ^uL � �� +uL . �,` . uL+�. �,� �!$F
$L

+uL . �,

@ +�. �, ^uL . � � "L+uL . �,`� �!$F
$L

+uL . �,

@ +�. �,+uL . �,

�
4� "L �

�!$F
+�. �,$L

�
? 3=

Wklv hvwdeolvkhv wkdw u� A uL . �1 Wklv frpsohwhv wkh surri ri Ohppd D161 �
Sduw +l, ri Wkhruhp 8 lv suryhg dv iroorzv1 Lq wkh devhqfh ri erqg srolf|/ �DL+3, @ ��� L dqg

htxdwlrqv +66,0+69, lq wkh wh{w suhglfwv iru h{lvwlqj jhqhudwlrqv +y � 3, wkdw=

+�. �,
C ^gX+y> 3,`

Cy
@

�
+u � �,h+u��,y

$K

�k
�FL+3, . �� L

l
>

zklfk vkrzv wkdw phpehuv ri |rxqjhu jhqhudwlrqv duh ehwwhu r� wkdq roghu jhqhudwlrqv li dqg rqo|
li �FL+3, . �� L A 31 Iurp htxdwlrq +5<, lq wkh wh{w zh �qg wkdw=

�FL+3, . ��L @

�
u� � +uL . � . uL � �,

u�

�
�� L A 3>

zkhuh zh kdyh xvhg sduw +l, ri Ohppd D16 wr ghwhuplqh wkh vljq1
Sduw +ll, ri Wkhruhp 8 fdq eh suryhg dv iroorzv1 Lw lv srvvleoh wr ghulyh wkdw=

�Q+4, @ +4� �O, �N+4, @ � +4� �O,�45�L�� L
u�k�

> +D1:9,

uL�uL+4, @ +uL . �,
k
�! �N+4, . �� L

l
@

�!+uL . �,+uL � �,�� L
u�k�

> +D1::,

�FL+4,� +4� $K,
k
�N+4,� ��L

l
@

�L ^"L+uL . �,� � � +�. �,` �� L
u�k�

� +�. �,�� L
�45

= +D1:;,

E| vxevwlwxwlqj +D1:9,0+D1:;, lqwr +D19:, +zlwk �EL+4, @ 3 lpsrvhg, zh rewdlq=

+�. �,gX+4>4, @
�5�� L

$Ku�k�
>

zkhuh �5 lv gh�qhg dv=

�5 � �L ^"L+uL . �,� � � +�. �,`� +�. �,u�k�

�45

��45$K�L+"F � "L,+4� �O, .
$K+uL . �,

�. �
�!+uL � �,=
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E| qrwlqj wkdw �+� . �,@�45 � 4 � $K @ +uL � �,@�/ �45$K @ � . � . � � +uL . �,@+4 � �O,/
! � 4� "L+4� �O,/ dqg xvlqj wkh gh�qlwlrq ri u�k� lq +D1:8,/ zh fdq uhzulwh �5 dv=

�5 � $K

�
�L

�
uL . �

4� �O
� �

�
.

�
"F � 4

4� �O

�
+uL . �,�L . ^4� "F+4� �O,` �+uL . �,

�

.$K

�
^4� "L+4� �O,`

�+uL � �,+uL . �,

�. �

�
+D1:<,

�$K+"F � "L, ^�L�O+uL . ��O, . �+4� �O,+uL � �,`� ^4� "L+4� �O,` �+uL . �,=

Wkh sduwldo ghulydwlyhv ri �5 zlwk uhvshfw wr "L dqg "F fdq eh fdofxodwhg iurp +D1:<,=

C�5
C"L

@ �+4� �O,

�
$K+uL � �,

�
4� uL . �

�. �

�
. +uL . �,

�
. $K�L�O+uL . ��O, A 3>

C�5
C"F

@ $K�L+4� �O, +uL . ��O, A 3>

Khqfh/ d orzhu erxqg iru �5 lv uhdfkhg iru "L @ "F @ 4/ vr wkdw +xvlqj �L � uL . � . uL � �,

�5 A $K+uL . � . uL � �,uL . ��O+uL . �,+uL � �,

�
$K

�. �
� 4

�

�

@

�
4� uL � �

�

�
+uL . � . uL � �,uL . ��O+uL . �,+uL � �,

�
4

�. �
� uL � �

�+�. �,
� 4

�

�

@

�
�. � � uL

�

�
+uL . � . uL � �,uL � ��O+uL . �,+uL � �,

�
uL

�+�. �,

�
=

Zh pxvw �uvw surylgh dq hvwlpdwh iru �+uL � �,1 Wkh prgho vroxwlrq vdwlv�hv=

j+uL, � +uL � �,

�
uL . �

4� �O
� �

�
� �+�. �, @ 3= +D1;3,

Lw iroorzv wkdw

C�+uL � �,

C�
@ uL � �. �

CuL
C�

@ +uL � �,

�
4� ��O

uL . ��O . uL � �

�
@

+uL � �,+5uL � �,

uL . ��O . uL � �
A 3=

Ixuwkhupruh/ iurp +D1;3, zh vhh wkdw olp �$4�+uL � �, @ �+�. �,+4� �O,@�O1 Khqfh

�+uL � �, ?
�+�. �,+4� �O,

�O
>

dqg

+�. � � uL,+uL . � . uL � �,uL � ��O+uL . �,+uL � �,
uL

�. �

A uL ^+�. � � uL,+uL . � . uL � �,� +4� �O,�+uL . �,`

@ uL ^+�. ��O � uL,+uL . �, . +�. � � uL,+uL � �,` =

Zh kdyh wr vkrz wkdw uL ? � . ��O / $K A 4 � �O1 Wr wklv hqg/ vxevwlwxwh uL ? �. ��O lqwr
+D1;3,1 Wklv |lhogv

j+�. ��O, @
�� ^5�O � 4` . �5

�
�5O . �O � 4

�
4� �O

� ���O

4:



� �� ^5�O � 4`� �5
�
4� 4

5

�
4 .

s
8
�
�O
� �
4� 4

5

�
4�s

8
�
�O
�

4� �O
A 3 + 4� �O ?

s
8� 4s
8 . 4

=

Ixuwkhupruh/ iru uL @ �/ +D1;3, vkrzv wkdw j+�, ? 3 iru � A 31 Wklv suryhv wkdw wkh odujhu urrw
ri +D1;3, pxvw eh ehwzhhq � dqg � . ��O1 Wklv lpsolhv wkdw �5 A 3 dqg frpsohwhv wkh surri ri
sduw +ll, ri Wkhruhp 81 �

43 Ghew srolf|

Wkh vlpxodwlrqv uhsruwhg lq Wdeoh 5 lq wkh wh{w duh shuiruphg dv iroorzv1 Lw lv dvvxphg wkdw wkh
srolf| pdnhu lv deoh dw wlph w @ 3 wr fkrrvh d sdwk ri ghew wkdw lv sdudphwhul}hg dv lq +D16:,1 Dw
wlph w @ 3/ wkh srolf| pdnhu pdnhv d glvfuhwh dgmxvwphqw wr lwv ghew srvlwlrq/ h1j1 e| surylglqj
d vxevlg| wr fdslwdo rzqhuv +lq zklfk fdvh �EL+3, A 3,1 Diwhu wkdw/ wkh jryhuqphqw  rz exgjhw
uhvwulfwlrq +htxdwlrq +W416,, dqg +D169, wrjhwkhu lpso| d sdwk iru oxps0vxp wd{hv/ �WL+w,/ zklfk
d�hfwv wkh zhoiduh ri suhvhqw dqg ixwxuh jhqhudwlrqv=

�WL+w, @ �EL+4, .

�
uL . �E

uL

��
�EL+3,� �EL+4,

�
^4�D+�E> w,` . +4� $F,��L =

Zlwk d srvlwlyh eluwk udwh Ulfdugldq htxlydohqfh grhv qrw krog dqg ghew kdv uhdo h�hfwv1 Htxdwlrq
+D168, lpsolhv wkdw wkh orqj0uxq uhvxowv rq wkh fdslwdo vwrfn dqg frqvxpswlrq duh htxdo wr=

�N+4, @
$F

k
+uL . � . uL � �,�� L � ^+uL � �,@^$N+4� � L,`` �EL+4,

l
! ^uL � �. $F+uL . �,`

>

�FL+4, @
+$F � !,

k
+uL . � . uL � �,��L � ^+uL � �,@^$N+4� �L,`` �EL+4,

l
! ^uL � �. $F+uL . �,`

=

Wkh wudqvlwlrq sdwk wdnlqj wkh hfrqrp| iurp wkh rog wr wkh qhz htxloleulxp lv jlyhq e| +D16:,
dqg +D16;, zklfk fdq eh zulwwhq dv=

�N+w, @ D+k�> w, �N+4,�
�

�$F+uL � �,

$L$N+4� � L,+u� . �E,

�k
�EL+3,� �EL+4,

l
W+k�> �E> w,>

�FL+w, @ �FL+3,^4�D+k�> w,` . D+k�> w, �FL+4,

�
�
+uL � �, ^�E . �+$F � !,@$L `

$N+4� � L,+u� . �E,

�k
�EL+3,� �EL+4,

l
W+k�> �E> w,>

zkhuh W +k�> �E> w, lv d vlqjoh wudqvlwlrq whup +vhh Ohppd D15,/ dqg wkh lqlwldo mxps lq frqvxpswlrq
lv htxdo wr +vhh +D166,,=

�FL+3, @ �
�
uL . � . uL � �

u�

�
�� L

.

�
uL � �

$N+4� � L,u�

���
u�

u� . �E

�
�EL+3, .

�
�E

u� . �E

�
�EL+4,

�
= +D1;4,

Wkh zhoiduh h�hfwv rq fxuuhqw dqg ixwxuh jhqhudwlrqv duh dovr d�hfwhg e| wkh suhvhqfh ri ghew
srolf|1 Wkh zhoiduh sdwk ri fxuuhqw jhqhudwlrqv lv vwloo jlyhq e| htxdwlrq +66, lq wkh wh{w/ exw wkh
fkdqjh lq wkh ydoxh ri wkh fdslwdo vwrfn dqg wkh Odsodfh wudqvirupv iru wkh udwh ri lqwhuhvw dqg

4;



wkh qxpehu ri �upv duh doo d�hfwhg e| wkh sdudphwhuv ri wkh ghew sdwk=

Oi�uL > �. �j �
�

uL . �

uL+�. �,

�
�
�
�� L � !k�

�. � . k�
�N+4,

.
!�$F+uL � �,+�. �,^ �EL+3,� �EL+4,`

$L$N+4� � L,+u� . �E,+�. � . k�,+�. � . �E,
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$L$N+4� �L,+u� . �E,+�. � . k�,+�. � . �E,

&
> +D1;6,

�DL+3, @
vN

4� �L
� �� L @

�EL+3,

$N+4� � L,
� ��L > +D1;7,

zkhuh vN lv d rqfh0r� vxevlg| wr fdslwdo rzqhuv dlphg dw frpshqvdwlqj wkhp iru wkh fdslwdo orvv
wkh| vx�hu dv d uhvxow ri wkh lqwurgxfwlrq ri wkh LWF1

Iru ixwxuh jhqhudwlrqv/ wkh +fkdqjh ri, xwlolw| gX+y> y, fdq eh zulwwhq dv lq +D1;8,0+D1;9,1
Zlwk wkh dlg ri htxdwlrqv +66,/ +D19;,0+D19<,/ dqg +D1;40+D1;7,/ lw lv srvvleoh wr vkrz wkdw wkh
srolf| pdnhu fdq ghylvh vhyhudo Sduhwr0lpsurylqj srolflhv1

Xqghu wkh hjdolwduldq srolf| wkh srolf| pdnhu pxvw vhohfw wkh uljkw sdwk iru ghew +ru/ htxlyd0
ohqwo|/ iru oxps0vxp wd{hv,/ lq rughu wr vsuhdg wkh h!flhqf| jdlqv +ru orvvhv, htxdoo| ryhu doo h{0
lvwlqj dqg ixwxuh jhqhudwlrqv1 Wkh srolf| pdnhu kdv wkuhh lqvwuxphqwv/ �EL+3, +zklfk lv uhjxodwhg
e| wkh rqfh0r� vxevlg| vN,/ �EL+4,/ dqg �E/ zlwk zklfk wr glvwulexwh wkh frpprq +hqgrjhqrxvo|
ghwhuplqhg, xwlolw| jdlq/ gX / wr doo jhqhudwlrqv +ru orvv/ li gX ? 3,1 Iluvw/ yhu| rog jhqhudwlrqv
pxvw eh jlyhq d vxevlg| vxfk wkdw wkh| jdlq lq qhw whupv=

gX @ gX+�4> 3, /
gX @

vN
4� � L

� �� L . uLOi�uL > �. �j. +�. �,+"F � "L,Oi �Q>�. �j>

zkhuh zh kdyh xvhg +66, +zlwk y $ �4,/ dqg +D1;7,1 Vhfrqg/ doo h{lvwlqj jhqhudwlrqv pxvw eh
htxdoo| zhoo0r�1 Lq whupv ri +66,/ wklv lpsolhv wkdw wkh jhqhudwlrq0vshfl�f whup pxvw eh qhxwudolvhg=

gX+y> 3, @ gX /
k
�FL+3,� �DL+3,

l
@ 3= +D1;8,

Wkh srolf| pdnhu kdv wkh lqvwuxphqwv wr lq xhqfh wkh lqlwldo mxps lq frqvxpswlrq1 Lq ylhz ri
+D1;4,/ dq dssursuldwh frpelqdwlrq ri �E/ �EL+3,/ dqg �EL+4, fdq eh xvhg wr hqvxuh wkdw +D1;8,
krogv1 Wklug/ wkh jhqhudwlrqv eruq lq wkh qhz vwhdg| vwdwh pxvw dovr jdlq gX =

+�. �,gX+4>4, @

3
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@ +�. �,gX= +D1;9,

Lq Wdeoh 6 zh kdyh uhsruwhg vxfk hjdolwduldq srolflhv iru gl�huhqw ydoxhv ri � L dqg �1
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