
Wkh klulqj vxevlg| fxp �ulqj wd{ lq d vhdufk prgho ri

xqhpsor|phqw= Pdwkhpdwlfdo dsshqgl{

Ehq M1 KhlmgudW

Xqlyhuvlw| ri Jurqlqjhq dqg RFIHE
Mhqq| H1 Oljwkduwy

Lqwhuqdwlrqdo Prqhwdu| Ixqg

Vhswhpehu 5334

QRW LQWHQGHG IRU SXEOLFDWLRQ LQ WKH MRXUQDO
+Wr eh sodfhg rq wkh zhe lq gxh frxuvh,

D14 Krxvhkrogv

Wkh fxuuhqw0ydoxh Kdplowrqldq iru wkh krxvhkrog*v rswlpl}dwlrq sureohp lv +gursslqj wkh wlph
lqgh{ zkhuh lw lv reylrxv,=

KK � orj

%
F � +X . O,4.4@�

4 . 4@�

&
. �D

k
uD.Z +4� wO,O. vXX � W �F

l
.�O ^iX � vO` >

zkhuh D dqg O duh wkh vwdwh yduldeohv/ �D dqg �O duh wkh fruuhvsrqglqj fr0vwdwh yduldeohv/ dqg F

dqg X duh wkh frqwuro yduldeohv1 +Vhh Wdeoh D14 iru d olvw ri doo yduldeohv xvhg,1
Wkh �uvw0rughu frqglwlrqv duh wkh frqvwudlqwv/

bO � iX � vO> +D14,

bD � uD.Z +4� wO,O. vXX � W �F> +D15,

wkh wudqvyhuvdolw| frqglwlrqv +vhh Fkldqj +4<<5/ s1 585,,/

3 @ olp
�$4

�D+�,D+�,h
�+w��,> +D16,

3 @ olp
�$4

�O+�,O+�,h
�+w��,> +D17,

dqg=

CKK

CF
@ 3=

4

[
@ �D> +D18,

CKK

CX
@ 3=

+X . O,4@�

[
@ vX�D . i�O> +D19,

WGhsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Jurqlqjhq/ S1R1 Er{ ;33/ <:33 DY Jurqlqjhq/ Wkh Qhwkhuodqgv1

Skrqh= .6408306960:636/ Id{= .6408306960:53:/ H0pdlo= e1m1khlmgudChfr1uxj1qo1
yIlvfdo D�dluv Ghsduwphqw/ Lqwhuqdwlrqdo Prqhwdu| Ixqg/ :33 4<wk Vwuhhw/ Q1Z1/ Zdvklqjwrq G1F1 53764/

Xqlwhg Vwdwhv ri Dphulfd1 Skrqh= .40535095608688/ Id{= .405350956074<</ H0pdlo= moljwkduwClpi1ruj1
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b�D � ��D @ �CKK

CD
@ �u�D> +D1:,

b�O � ��O @ �CKK

CO
@

+X . O,4@�

[
�Z +4� wO,�D . v�O= +D1;,

E| frpelqlqj +D18, dqg +D1:, zh rewdlq wkh Hxohu htxdwlrq iru ixoo frqvxpswlrq=

b[

[
@ u � �= +D1<,

Wklv lv htxdwlrq +8, lq wkh sdshu1 Lq d vpdoo rshq hfrqrp| wkhuh lv rqo| d zhoo0gh�qhg vwhdg|
vwdwh li u @ �/ vr wkdw b�D @ b[ @ 3 lq wkdw fdvh1 Frpelqlqj +D19, dqg +D1;, zh rewdlq=

b�O @ +v. i . �,�O � ^Z +4� wO,� vX ` �D= +D143,

D vwdqgdug uhvxow iurp rswlpdo frqwuro wkhru| hqvxuhv wkdw wkh fr0vwdwh yduldeohv duh wkh vkdgrz
sulfhv ri wkh fruuhvsrqglqj vwrfnv/ l1h1 iru shulrg w zh kdyh=

�O+w, @
C�+w,

CO+w,
> �D+w, @

C�+w,

CD+w,
> +D144,

dqg iru odwhu shulrgv �l+�, lv wkh lpsxwhg ydoxh ri vwrfn l 5 iD>Oj dw wlph � dorqj wkh rswlpdo
sdwk1 D surri iru wkhvh uhvxowv lv irxqg lq Oìrqdug dqg Orqj +4<<5/ ss1 4850486,1 Khqfh/ vlqfh
�O lv wkh xwlolw| ydoxh ri wkh pdujlqdo mre dqg �D lv wkh pdujlqdo xwlolw| ri zhdowk/ wkh prqhwdu|
ydoxh ri wkh pdujlqdo mre lv=

�O+�, � �O+�,

�D+�,
> iru � 5 ^w>4,= +D145,

Xvlqj +D1:, dqg +D145, dqg qrwlqj wkdw b�D @ 3/ zh fdq uhzulwh +D143, dv iroorzv=

b�O @ +v. i . u,�O � ^Z +4� wO,� vX ` = +D146,

E| lqwhjudwlqj +D146, zh rewdlq wzr htxlydohqw h{suhvvlrqv iru �O+w,=

�O+w, �
]
4

w

^Z +�,+4� wO,� vX ` h{s

�
�
] �

w

^v. i+�, . u`g�

�
g� +D147,

@

]
4

w

^Z +�,+4� wO,�ZU+�,` h
+v.u,+w��,g�> +D148,

zkhuh ZU+�, � vX . i+�,�O+�, lv wkh uhvhuydwlrq zdjh1 Htxdwlrqv +D147,0+D148, duh uhsruwhg lq
htxdwlrqv +9,0+:, lq wkh sdshu1

Qh{w zh ghulyh wkh forvhg0irup vroxwlrq iru ixoo frqvxpswlrq1 Iluvw zh qrwh wkdw wkh krxvhkrog
olihwlph exgjhw frqvwudlqw fdq eh zulwwhq dv=]

4

w

F+�,hu+w��,g� @ D+w,� ]+w, +D149,

.

]
4

w

^Z +�,+4� wO,O+�, . vXX+�,` hu+w��,g�>

zkhuh ]+w, lv wkh suhvhqw ydoxh ri oxps0vxp wd{hv=

]+w, �
]
4

w

W +�,hu+w��,g�=
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E| frpelqlqj +D18,0+D19, dqg +D145, zh fdq zulwh oderxu pdunhw sduwlflsdwlrq dv=

X+�, . O+�, @ ZU+�,
�> ZU+�, � vX . i+�,�O+�,> +D14:,

zkhuh ZU+�, lv wkh uhvhuydwlrq zdjh1 Wklv lv htxdwlrq +<, lq wkh sdshu1 Uhfdoo wkdw=

[+�, � F+�,� ^X+�, . O+�,`4.4@�

4 . 4@�
= +D14;,

E| xvlqj +D14;, dqg +D14:,/ wkh suhvhqw ydoxh ri jrrgv frqvxpswlrq fdq eh zulwwhq dv=]
4

w

F+�,hu+w��,g� @

]
4

w

[+�,hu+w��,g�

.

�
�

4 . �

�]
4

w

ZU+�,
4.�hu+w��,g�= +D14<,

Wkh Hxohu htxdwlrq iru ixoo frqvxpswlrq/ +D1<,/ fdq eh vroyhg wr |lhog=

[+�, @ [+w,h+��u,+w��,= +D153,

Frpelqlqj +D149,/ +D14<,/ dqg +D153, |lhogv=

[+w, @ �
k
D+w, . �K+w,� ]+w,

l
> +D154,

zkhuh �K+w, lv jurvv kxpdq zhdowk=

�K+w, �
]
4

w

\I +�,h
u+w��,g�> +D155,

dqg zkhuh \I +�, lv ixoo lqfrph=

\I +�, � Z +�,+4� wO,O+�, . vXX+�,�
�

�

4 . �

�
ZU+�,

4.�= +D156,

Qrwh wkdw lq wkh sdshu zh zrun gluhfwo| zlwk diwhu0wd{ kxpdq zhdowk +K � �K � ],1 Htxdwlrq
+D154, lv htxdwlrq +;, lq wkh sdshu1 Htxdwlrqv +D155,0+D156, duh frpelqhg wr |lhog htxdwlrq
+43, lq wkh sdshu1 Zh �uvw vwdwh dqg suryh wkh iroorzlqj sursrvlwlrq1 Wklv sursrvlwlrq |lhogv
htxdwlrqv +44,0+45, lq wkh sdshu1

Sursrvlwlrq D14 Jurvv kxpdq zhdowk fdq eh h{suhvvhg lq whupv ri wkh prqhwdu| vkdgrz sulfhv
ri zrun dqg xqhpsor|phqw1

�K+w, � �O+w,O+w, . �X+w,>

zkhuh �O+w, lv gh�qhg lq +D147, dqg �X+w, lv gh�qhg dv=

�X+w, �
�

4

4 . �

�]
4

w

ZU+�,
4.�hu+w��,g�=

Surri1 Iurp wkh gh�qlwlrqv ri �O dqg �X zh �qg +ljqrulqj wkh wlph lqgh{,=

g

g�

k
hu+w��, +�OO. �X,

l
@ hu+w��,

k
b�OO. �O bO� u+�OO. �X, . b�X

l
= +d,
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Wkh whup lq vtxduh eudfnhwv rq wkh uljkw0kdqg vlgh ri +d, fdq eh zulwwhq dv=

^=` @ +v. i . u,�OO� ^Z +4� wO,� vX `O. �O ^iX � vO`

�u ^�OO. �X ` . u�X � Z 4.�
U

4 . �

@ i�O+O. X,� ^Z +4� wO,� vX `O� Z 4.�
U

4 . �

@ +vX . i�O,+O. X,�Z +4� wO,O� vXX � Z 4.�
U

4 . �

@ �Z +4� wO,O� vXX .

�
�

4 . �

�
Z 4.�

U @ �\I > +e,

zkhuh xvh lv pdgh ri +D14:,1 E| vxevwlwxwlqj +e, lqwr +d, dqg lqwhjudwlqj zh rewdlq=

�O+w,O+w, . �X+w, @

]
4

w

\I +�,h
u+w��,g� � �K+w,> +f,

zkhuh zh kdyh xvhg wkh idfw wkdw=

olp
�$4

hu+w��, ^�O+�,O+�, . �X+�,` @ 3= +g,

Wklv frpsohwhv wkh surri ri wkh sursrvlwlrq1 �

D15 Ilupv

Wkh fxuuhqw0ydoxh Kdplowrqldq iru wkh rswlpl}dwlrq sureohp lv +djdlq gursslqj wlph lqgh{hv,=

KS � $3O� �Y Y �ZO. +�O . vY , ^tY � vO` > +D157,

zkhuh O lv wkh vwdwh yduldeoh/ �O lv wkh fr0vwdwh yduldeoh/ dqg Y lv wkh frqwuro yduldeoh1 Wkh
�uvw0rughu frqglwlrqv fdq eh zulwwhq dv=

CKS

CY
@ 3= � �Y . +�O . vY ,t @ 3> +D158,

b�O � u�O @ �CKS

CO
@ � ^$3 �Z ` . v+�O . vY ,> +D159,

3 @ olp
�$4

k
�O+�,O+�,h

u+w��,
l
= +D15:,

Htxdwlrq +D158, lv htxdwlrq +49, lq wkh sdshu1 Wkh fr0vwdwh yduldeoh �O+�, uhsuhvhqwv wkh
shfxqldu| ydoxh ri dq dgglwlrqdo mre wr wkh �up dw wlph � 1 E| lqwhjudwlqj +D159, iruzdug dqg
lpsrvlqj wkh whuplqdo frqglwlrq +D15:, zh rewdlq=

�O+w, @

]
4

w

^$3 �Z +�,� vvY ` h
+v.u,+w��,g�= +D15;,

Wklv lv htxdwlrq +4;, lq wkh sdshu1 Ilqdoo|/ zh vwdwh dqg suryh wkh iroorzlqj sursrvlwlrq +wkdw
jlyhv ulvh wr htxdwlrq +4:, lq wkh sdshu,1

Sursrvlwlrq D15 Wkh ydoxh ri wkh �up lv htxdo wr wkh vkdgrz ydoxh ri wkh qxpehu ri rffxslhg
mrev1

DS +w, � �O+w,O+w,
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Surri1 Iluvw zh qrwh wkdw=

� g

g�

k
hu+w��,�OO

l
@ hu+w��,

k
u�OO� b�OO� �O bO

l
@ hu+w��, ^$3O� �Y Y �ZO. vY +tY � vO,`

@ hu+w��,
k
$3O� �Y Y �ZO. vY bO

l
> +d,

zkhuh xvh kdv ehhq pdgh ri +D14,/ +D158,/ dqg +D159,1 Lqwhjudwlqj erwk vlghv ri +d, iru � 5 ^w>4,

|lhogv=

�
]
4

w

g�O+�,O+�,h
u+w��, @

]
4

w

k
+$3 �Z +�,,O+�,� �Y Y +�, . vY bO+�,

l
hu+w��,g�

�O+w,O+w, @ DS +w,> +e,

zkhuh zh kdyh xvhg +D15:, lq wkh �qdo vwhs1 Wklv frpsohwhv wkh surri ri wkh sursrvlwlrq1 �

D16 Edujdlqlqj

Wklv vxevhfwlrq lv wkh rqo| sodfh zkhuh zh qhhg wr lqwurgxfh dq lqgh{ l wr lqglfdwh wkdw zh duh
vwxg|lqj d sduwlfxodu sdlulqj ehwzhhq dq xqhpsor|hg zrunhu dqg d surgxfwlrq �up1 Iroorzlqj
vwdqgdug sudfwlfh lq wkh vhdufk olwhudwxuh/ zh dvvxph wkdw wkh zdjh/ Zl/ uhvxowv iurp edujdlqlqj
ehwzhhq wkh �up dqg wkh zrunhu dqg lv vhw lq rughu wr pd{lpl}h wkh iroorzlqj h{suhvvlrq=

KZ
l � �

�lO+w,
�� �

�lO+w, . vY
�4��

>

zkhuh � dqg 4� � duh/ uhvshfwlyho|/ wkh edujdlqlqj zhljkwv ri wkh zrunhu dqg wkh �up/ dqg zkhuh
�lO+w, dqg �lO+w, duh rewdlqhg iurp/ uhvshfwlyho|/ +D147, dqg +D15;, e| vxevwlwxwlqjZ +�, @ Z l+�,1
Wkh �uvw0rughu frqglwlrq ghwhuplqlqj wkh fxuuhqw zdjh/ Z l+w,/ lv=

gKZ
l

gZ l+w,
@

�
�KZ

l

�lO+w,

�#
C�lO+w,

CZ l+w,

$
.

�
+4� �,KZ

l

�lO+w, . vY

��
C�lO+w,

CZ l+w,

�
@ 3= +D15<,

Vlqfh C�lO+w,@CZ
l+w, @ 4� wO dqg C�lO+w,@CZ

l+w, @ �4 zh fdq vlpsoli| +D15<, wr=

�+4� wO,
�
�lO+w, . vY

�
@ +4� �,�lO+w,= +D163,

E| xvlqj +D163, dqg lwv wlph ghulydwlyh +dqg dvvxplqj bwO @ bvY @ 3/ vr wkdw wkhuh duh qr dqwlfl0
sdwlrq h�hfwv, zh jhw=

�+4� wO,
�
b�lO+w,� +v. u,+�lO+w, . vY ,

�
@ +4� �,

k
b�
l

O+w,� +v. u,�lO+w,
l

�+4� wO,
�
Z l+w,� uvY � $3

�
@ +4� �,

�
vX . i+w,�lO+w,�Z l+w,+4� wO,

�
= +D164,

E| vroylqj +D164, iru wkh zdjh udwh zh rewdlq=

Z l+w, @ � ^$3 . uvY ` . +4� �,

%
vX . i+w,�lO+w,

4� wO

&
= +D165,

Vlqfh doo surgxfwlrq �upv duh lghqwlfdo wkh| doo fkrrvh wkh vdph zdjh1 Wkh lqgh{ l fdq wkxv eh
gursshg iurp +D165,1 Wklv |lhogv htxdwlrq +54, lq wkh sdshu1
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Dq dowhuqdwlyh h{suhvvlrq iru wkh zdjh htxdwlrq fdq eh ghulyhg dv iroorzv1 Iluvw zh qrwh wkdw
lq wkh v|pphwulf htxloleulxp +zlwk doo pdwfkhv lghqwlfdo, zh fdq xvh +D14:,/ +D163,/ dqg +D158,
wr zulwh wkh wd{0dgmxvwhg uhvhuydwlrq zdjh dv=

ZU @ vX .

�
�+4� wO,

4� �

�
�Y �> +D166,

zkhuh zh kdyh xvhg wkh idfw wkdw i@t @ �1 Htxdwlrq +D166, lv vwdwhg lq irrwqrwh 44 lq wkh
sdshu1 E| vxevwlwxwlqj +D166, lqwr +D165, +djdlq qrwlqj v|pphwu|, zh rewdlq=

Z @ +4� �,

�
vX

4� wO

�
. � ^$3 . uvY . �Y �` = +D167,

Wklv lv htxdwlrq +55, lq wkh sdshu1

D17 Prgho vroxwlrq

D1714 Wudqvlwlrqdo g|qdplfv

Lq rughu wr lqyhvwljdwh wkh g|qdplfdo surshuwlhv ri wkh prgho/ zh �uvw ghulyh wkh nh| h{suhvvlrqv
iru wkh oderxu pdunhw1 E| xvlqj +D158, +dqg lwv wlph ghulydwlyh, lq +D159, +dqg qrwlqj wkdw bvY @ 3,
zh rewdlq wkh iroorzlqj h{suhvvlrq=

� bt

t
@ v. u � ^$3 . uvY �Z `

t

�Y
= +D168,

Wkh pdwfklqj ixqfwlrq lpsolhv wkdw t @ ��� vr wkdw � bt@t @ � b�@�1 Htxdwlrq +D168, fdq wkxv eh
uhzulwwhq dv=

�

#
b�

�

$
@ v. u �

�
$3 . uvY �Z

�Y

�
���= +D169,

E| xvlqj +D167, zh fdq holplqdwh wkh zdjh udwh iurp +D169, dqg rewdlq d qrqolqhdu gl�huhqwldo
htxdwlrq lq �=

�

#
b�

�

$
@ v. u .

��
4� �

�Y

��
vX

4� wO
� $3 � uvY

�
. ��

�
���= +D16:,

Wklv lv wkh xqqxpehuhg htxdwlrq vwdwhg lq wkh surri ri Sursrvlwlrq 4 lq wkh sdshu1 Wkh
nh| wklqj wr qrwh lv wkdw � lv wkh rqo| hqgrjhqrxv yduldeoh dsshdulqj lq +D16:,1 Lw iroorzv iurp
+D16:, wkdw=

�

#
C b�

C�

$
@ v. u . �4��

�
� . +4� �,

�
Z � +$3 . uvY ,

��Y

��
= +D16;,

E| hydoxdwlqj +D16;, durxqg wkh vwhdg| vwdwh zh �qg=

�

#
C b�

C�

$
@ �4��

�
� . �

�
$3 . uvY �Z

��Y

��
A 3= +D16<,

Khqfh/ htxdwlrq +D16:, lv dq xqvwdeoh gl�huhqwldo htxdwlrq lq � dqg wkh rqo| hfrqrplfdoo| vhqvleoh
vroxwlrq lv wkdw � lv htxdo wr lwv +frqvwdqw, vwhdg|0vwdwh ydoxh1 +Qrwh wkdw $3 . uvY A Z iroorzv
iurp wkh srvwxodwhg h{lvwhqfh ri d vwhdg| vwdwh lq +D169,,1 Zh ghqrwh wklv vwhdg|0vwdwh ydoxh e| ��1
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Iroorzlqj dq| +xqdqwlflsdwhg dqg shupdqhqw, vkrfn wr dq| ri wkh h{rjhqrxv yduldeohv lq +D16:,/
� lpphgldwho| mxpsv wr lwv qhz vwhdg|0vwdwh ydoxh1 Vlqfh t dqg i ghshqg rqo| rq �/ wkhuh lv qr
wudqvlwlrqdo g|qdplfv lq wkhvh yduldeohv hlwkhu1 E| +D158,/ +D163,/ +D166,/ dqg +D167, lw iroorzv
wkdw wkhuh lv qr wudqvlwlrqdo g|qdplfv lq �O/ �O/ ZU/ dqg Z hlwkhu1 Zh vxppdul}h wkh uhvxowv
rewdlqhg vr idu lq wkh iroorzlqj sursrvlwlrq +Sursrvlwlrq 4 lq wkh sdshu,1

Sursrvlwlrq D16 Lq wkh devhqfh ri dqwlflsdwlrq h�hfwv/ wkhuh lv qr wudqvlwlrqdo g|qdplfv lq �/
t/ i / �O/ �O/ ZU/ dqg Z 1 Wkhvh yduldeohv mxps wr wkhlu qhz vwhdg|0vwdwh ydoxhv iroorzlqj dq|
xqdqwlflsdwhg dqg shupdqhqw vkrfn wr dq| ri wkh sdudphwhuv +v/ u/ $3/ �Y / �, ru srolf| yduldeohv
+vX / vY / wO,1

Surri1 Vhh wh{w1 �
Qh{w zh wxuq wr wkh g|qdplfv ri wkh xqhpsor|phqw udwh1 Wkh xqhpsor|phqw udwh lv gh�qhg

lq wkh xvxdo idvklrq dv wkh sursruwlrq ri mre vhhnhuv lq wkh oderxu irufh=

x � X

X . O
= +D173,

E| gl�huhqwldwlqj +D173, zlwk uhvshfw wr wlph dqg qrwlqj wkdw X . O @ Z�
U zh jhw=

bx

x
@

bX

X
� �

#
bZU

ZU

$
= +D174,

Vlqfh 4�P @ X . O zh fdq zulwh wkh xqhpsor|phqw  rz dv=

bX @ � bO� bP @ vO� iX � bP> +D175,

zkhuh xvh lv pdgh ri +D14,1 E| xvlqj +D175, dqg qrwlqj wkdw O@X @ +4 � x,@x/ bP@+4 �P, @

�� bZU@ZU/ dqg 4�P @ X . O zh rewdlq=

bX

X
@ v

�
4� x

x

�
� i .

�

x

#
bZU

ZU

$
= +D176,

E| frpelqlqj +D174, dqg +D176, zh rewdlq=

bx @ v� +v. i,x. +4� x,�

#
bZU

ZU

$
= +D177,

Lw iroorzv iurp Sursrvlwlrq D16 wkdw wkhuh lv qr wudqvlwlrqdo g|qdplfv lq ZU iru xqdqwlflsdwhg
dqg shupdqhqw vkrfnv lq wkh sdudphwhuv ru srolf| yduldeohv/ l1h1 bZU @ 31 Htxdwlrq +D177, lv d
vwdeoh gl�huhqwldo htxdwlrq zklfk ghwhuplqhv d xqltxh vwhdg|0vwdwh xqhpsor|phqw udwh/ x�=

x� @
v

v. i�
> +D178,

zkhuh i� lv wkh vwhdg|0vwdwh mre �qglqj udwh1 E| pdqlsxodwlqj +D173, dqg qrwlqj wkdw X.O @ Z�
U

zh fdq zulwh wkh xqhpsor|phqw udwh dv iroorzv=

x @
+X . O,� O

X . O
@

Z�
U � O

Z�
U

@ 4�Z��
U O= +D179,

Htxdwlrq +D179, fodul�hv wkh g|qdplfdo ehkdylrxu ri wkh xqhpsor|phqw udwh1 Li oderxu vxsso| lv
h{rjhqrxv +vr wkdw � @ 3, wkhq X . O @ 4 dqg x @ X @ 4 � O1 Vlqfh wkh vwrfn ri hpsor|hg
zrunhuv +O, lv suhghwhuplqhg/ wkh vdph krogv iru wkh xqhpsor|phqw udwh lq wkdw fdvh1 Iroorzlqj

:



dq| +srolf| ru sdudphwhu, vkrfn/ wkh g|qdplfv ri wkh xqhpsor|phqw udwh pluuruv wkdw lq wkh vwrfn
ri hpsor|phqw1 Pdwwhuv duh gl�huhqw li oderxu vxsso| lv hqgrjhqrxv +vr wkdw � A 3,1 Lq wkdw fdvh/
d qrq0}hur lpsdfw h�hfw rq wkh xqhpsor|phqw udwh lv pdgh srvvleoh e| wkh fkdqjh lq oderxu irufh
sduwlflsdwlrq1 Lqghhg/ dv lv vkrzq lq +D179,/ dq lqfuhdvh lq wkh uhvhuydwlrq zdjh/ ZU/ ohdgv wr
dq lqfuhdvh +dw lpsdfw, lq wkh xqhpsor|phqw udwh ehfdxvh krxvhkrogv h{sdqg wkhlu oderxu irufh
sduwlflsdwlrq exw fdqqrw lpphgldwh orfdwh d mre gxh wr wkh pdwfklqj iulfwlrq1 Iroorzlqj lwv lpsdfw
mxps/ wkh xqhpsor|phqw udwh judgxdoo| pryhv wr lwv vwhdg|0vwdwh htxloleulxp gh�qhg lq +D178,1

Qrwh wkdw d xvhixo h{suhvvlrq iru wkh gl�huhqwldo htxdwlrq iru wkh vwrfn ri hpsor|phqw lv
rewdlqhg e| xvlqj X . O @ Z�

U lq htxdwlrq +D14,=

bO @ iZ�
U � +v. i,O= +D17:,

Vwhdg|0vwdwh hpsor|phqw/ O�/ dqg mre0vhhnlqj dfwlylwlhv/ X�/ duh wkxv htxdo wr=

O� @

�
i�

v. i�

�
+Z �

U,
� > X� @

�
v

v. i�

�
+Z �

U,
� > +D17;,

Wkhvh h{suhvvlrqv duh irxqg lq htxdwlrq +5<, lq wkh sdshu1

D1715 Judsklfdo dssdudwxv

Wkh vwhdg|0vwdwh h�hfwv rq wkh oderxu pdunhw kdyh ehhq looxvwudwhg judsklfdoo| lq wkh wh{w1 Wkh
zdjh vhwwlqj +ZV, htxdwlrq lv gh�qhg lq +D167, dqg lv xszdug vorslqj lq +Z> �, vsdfh1 Dq lqfuhdvh
lq vX / wO/ vY / $3/ ru �Y ohdgv wr dq xszdug vkliw lq wkh ZV fxuyh1 Vlqfh wkhuh lv qr wudqvlwlrqdo
g|qdplfv lq �O +vhh Sursrvlwlrq D16,/ zh fdq xvh +D158, dqg +D159, wr ghulyh wkh iroorzlqj
h{suhvvlrq iru wkh ydfdqf| fuhdwlrq +YF, fxuyh=

$3 . uvY �Z

v. u
@

�Y
t+�,

= +D17<,

Wklv lv htxdwlrq +59, lq wkh sdshu1 Vlqfh t3+�, ? 3 lv iroorzv iurp +D17<, wkdw wkh YF fxuyh
lv grzqzdug vorslqj1 Dq lqfuhdvh lq vY ru $3 dqg d ghfuhdvh lq �Y doo ohdg wr dq xszdug vkliw lq
wkh YF fxuyh1

D1716 Vwhdg|0vwdwh h�hfwv ri rT

Wkh h�hfwv ri dq xqdqwlflsdwhg dqg shupdqhqw fkdqjh lq vY fdq eh frpsxwhg dv iroorzv1 Iluvw
zh gl�huhqwldwh wkh ZV dqg YF fxuyhv +jlyhq lq/ uhvshfwlyho|/ +D167, dqg +D17<,, wr jhw=

ugvY � gZ

v. u
@

��Y
t

g�

�
> +D183,

gZ @ � ^ugvY . �Y g�` > +D184,

zkhuh � � ��t3+�,@t+�,1 Vroylqj +D183,0+D184, |lhogv=

g��

gvY
@

+4� �,u��

��Y �
� . � +$3 . uvY �Z �,

A 3> +D185,

gZ �

gvY
@ �u

�
�Y �

� . � +$3 . uvY �Z �,

��Y �
� . � +$3 . uvY �Z �,

�
A 3= +D186,

E| uhzulwlqj +D185,0+D186, zh rewdlq htxdwlrqv +5:,0+5;, lq wkh sdshu1 E| xvlqj +D178, zh
rewdlq wkh h�hfw rq wkh vwhdg|0vwdwh xqhpsor|phqw udwh=

gx�

gvY
@ �x�i 3+��,

v. i�

�
g��

gvY

�
? 3> +D187,

;



zkhuh i 3+��, A 31 E| xvlqj +D166, zh �qg wkh h�hfw rq wkh vwhdg|0vwdwh uhvhuydwlrq zdjh=

gZ �

U

gvY
@

��Y +4� wO,

4� �

�
g��

gvY

�
A 3> +D188,

vr wkdw lw iroorzv iurp +D14:, wkdw oderxu irufh sduwlflsdwlrq lqfuhdvhv=

g+X . O,�

gvY
@ � +Z �

U,
��4

�
gZ �

U

gvY

�
A 3= +D189,

Wkh orqj0uxq h�hfw rq wkh hpsor|phqw vwrfn iroorzv iurp wkh vwhdg|0vwdwh yhuvlrq ri +D179, +ru/
htxlydohqwo|/ iurp +D17;,,=

gO�

gvY
@ +4� x�,

g+X . O,�

gvY
� +X . O,�

gx�

gvY

@ +Z �

U,
�

�
+4� x�,

�
���Y +4� wO,

+4� �,Z �

U

�
. x�

�
i 3+��,

v. i�

���
g��

gvY

�
A 3> +D18:,

zkhuh xvh lv pdgh ri +D187,0+D189,/ dqg +D14:,1 Wkh hpsor|phqw vwrfn ulvhv xqdpeljxrxvo|
ehfdxvh wkh xqhpsor|phqw udwh idoov dqg oderxu pdunhw sduwlflsdwlrq ulvhv1 Vlqfh X� � x�+X.O,�

lw iroorzv wkdw wkh orqj0uxq h�hfw rq wkh ohyho ri xqhpsor|phqw lv=

gX�

gvY
@ x�

g+X . O,�

gvY
. +X . O,�

gx�

gvY

@ x� +Z �

U,
�

�
���Y +4� wO,

+4� �,Z �

U

� i 3+��,

v. i�

��
g��

gvY

�
: 3= +D18;,

Wkh orqj0uxq h�hfw rq X lv dpeljxrxv ehfdxvh wkh xqhpsor|phqw udwh idoov exw wkh oderxu pdunhw
sduwlflsdwlrq ulvhv1 Li � lv vpdoo +odujh, wkh udwh h�hfw grplqdwhv +lv grplqdwhg e|, wkh sduwlflsdwlrq
h�hfw vr wkdw wkh ohyho ri xqhpsor|phqw idoov +ulvhv,1 Wkh orqj0uxq h�hfw rq ydfdqflhv lv rewdlqhg
e| qrwlqj wkdw Y � � ��X� vr wkdw=

gY �

gvY
@ ��

gX�

gvY
. X�

g��

gvY

@ x� +Z �

U,
�

�
�����Y +4� wO,

+4� �,Z �

U

.

�
4� i 3+��,��

v. i�

���
g��

gvY

�
A 3> +D18<,

zkhuh wkh vljq iroorzv iurp wkh idfw wkdw wkh whup lq urxqg eudfnhwv rq wkh uljkw0kdqg vlgh lv
srvlwlyh=

4� i 3+��,��

v. i�
@ 4�

�
i�

v. i�

��
i 3+��,��

i�

�

@ 4�
�

i�

v. i�

�
+4� �, A 3>

vlqfh 4 � � � i 3+��,��@i� dqg 3 ? � ? 4 +vhh deryh,1 Ydfdqflhv lqfuhdvh xqdpeljxrxvo|1 Wkh
lqfuhdvh lv odujhu/ wkh kljkhu wkh oderxu vxsso| hodvwlflw|1 E| xvlqj htxdwlrq +D158, zh rewdlq wkh
orqj0uxq uhvxow rq �O=

g��O
gvY

@ +4� �,

�
u

v. u

��
� +$3 . uvY �Z �,

��Y �
� . � +$3 . uvY �Z �,

�
� 4 ? 3= +D193,

Iurp +D163, lw iroorzv wkdw=

g��O
gvY

@
�+4� wO,

4� �

�
g��O
gvY

. 4

�

@

�
u�+4� wO,

v. u

��
� +$3 . uvY �Z �,

��Y �
� . � +$3 . uvY �Z�,

�
A 3= +D194,
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D18 Zhoiduh dqdo|vlv

Lq wklv vhfwlrq zh frqgxfw wkh zhoiduh dqdo|vlv1 Lq wkh �uvw vxevhfwlrq zh vroyh wkh �uvw0ehvw vrfldo
sodqqlqj surjudpph1 Lq wkh vhfrqg vxevhfwlrq zh vwxg| vhfrqg0ehvw lvvxhv1

D1814 Wkh �uvw0ehvw rswlpxp

Wkh vrfldo sodqqhu pd{lpl}hv wkh olihwlph zhoiduh ri wkh uhsuhvhqwdwlyh djhqw zklfk lv jlyhq e|=

�+w, �
]
4

w

orj

%
F+�,� ^X+�, . O+�,`4.4@�

4 . 4@�

&
h�+w��,g�= +D195,

Wkh djjuhjdwh uhvrxufh frqvwudlqw idflqj wkh srolf| pdnhu lq wkh vpdoo rshq hfrqrp| lv jlyhq e|
wkh fxuuhqw dffrxqw dqg wkh qdwlrqdo vroyhqf| frqglwlrq=

bDI +w, @ uDI +w, . $3O+w,� �Y Y +w,�F+w,> +D196,

olp
�$4

DI +w,h
u+w��, @ 3> +D197,

zkhuh DI +w, lv wdnhq dv jlyhq +wkh sodqqhu grhv qrw ghidxow rq iruhljq ghew li wkhuh lv dq|,1 Wkh
gl�huhqwldo htxdwlrq iru wkh vwrfn ri oderxu lv jlyhq lq +D14,1 Lw fdq eh uhzulwwhq +e| qrwlqj wkdw
iX @ tY , dv=

bO+�, @ t

�
Y +�,

X+�,

�
Y +�,� vO+�,> +D198,

zkhuh O+w, lv wdnhq dv jlyhq1 Wkh fxuuhqw0ydoxh Kdplowrqldq iru wkh vrfldo sodqqlqj sureohp lv=

K5� � orj

%
F+�,� ^X+�, . O+�,`4.4@�

4 . 4@�

&
. �O

�
t

�
Y

X

�
Y � vO

�

.�I ^uDI +w, . $3O+w,� �Y Y +w,�F+w,` > +D199,

zkhuh �O dqg �I duh wkh fr0vwdwh yduldeohv iru/ uhvshfwlyho|/ O dqg DI 1 Wkh frqwuro yduldeohv duh
F/ X / dqg Y 1 Wkh vwdwh yduldeohv duh O dqg DI 1 Wkh nh| �uvw0rughu frqglwlrqv fkdudfwhul}lqj wkh
vrfldo rswlpxp duh=

CK5�

CF
@ 3=

4

[
@ �I > +D19:,

CK5�

CX
@ 3=

+X . O,4@�

[
@ ��O�

5t3 +�, > +D19;,

CK5�

CY
@ 3= �O ^t +�, . �t3 +�,` @ �I�Y > +D19<,

b�O � ��O @ �CK5�

CO
@

+X . O,4@�

[
� $3�I . v�O> +D1:3,

b�I � ��I @ �CKS

CDI
@ �u�I > +D1:4,

zkhuh � � Y@X 1 Lq wkh vpdoo rshq hfrqrp| zh pxvw kdyh wkdw u @ � vr wkdw lw iroorzv iurp
+D1:4, wkdw b�I @ 3 dqg iurp +D19:, wkdw b[ @ 3 + dw sur�oh iru ixoo frqvxpswlrq,1 E| frpelqlqj
+D19:, dqg +D19;, zh rewdlq wkh iroorzlqj h{suhvvlrq iru wkh rswlpdo vhdufk h�ruw=

+X . O,4@� @ �Oi+�,�> �O � �O
�I

> +D1:5,
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zkhuh zh kdyh xvhg wkh idfw wkdw � � ��t3+�,@t+�, dqg i+�, @ �t+�,1 Xvlqj wkh gh�qlwlrq ri �O/
htxdwlrqv +D19<, dqg +D1:3, fdq eh uhzulwwhq dv=

�Y
t+�,

@ �O+4� �,> +D1:6,

b�O @ ^v. �. i+�,�` �O � $3= +D1:7,

E| xvlqj +D1:6, dqg lwv wlph ghulydwlyh lq +D1:7, +dqg dvvxplqj wkdw � lv frqvwdqw, zh rewdlq dq
xqvwdeoh qrqolqhdu gl�huhqwldo htxdwlrq lq �=

�

#
b�

�

$
@ v. �. i+�,�� $3+4� �,t+�,

�Y
= +D1:8,

Dv lq wkh pdunhw vroxwlrq/ lw lv rswlpdo wr kdyh d frqvwdqw � lq wkh vrfldo rswlpxp1 Lw iroorzv
iurp +D1:6, wkdw �O lv dovr wlph0lqyduldqw1

Lq rughu wr ghulyh wkh h!flhqf| surshuw| ri wkh pdunhw vroxwlrq zh pdwfk wkh frqglwlrqv iru
wkh �uvw0ehvw vrfldo rswlpxp zlwk wkh fruuhvsrqglqj rqhv iru wkh pdunhw vroxwlrq1 Wkh odwwhu duh
vxppdul}hg e|=

b[ @ 3> +D1:9,

X . O @ ^vX . i+�,�O`
� > +D1::,

�Y
t+�,

@ �O . vY > +D1:;,

�O . vY @
+4� �,

k
$3 . �vY �

�
vX

4�wO

�l
v. �. �i+�,

= +D1:<,

Htxdwlrq +D1:9, lv rewdlqhg iurp +D1<, e| vhwwlqj u @ �/ +D1::, lv wkh vdph dv +D14:,/ dqg
+D1:;, lv wkh vdph dv +D158,1 Wkh ghulydwlrq ri +D1:<, zduudqwv vrph frpphqw1 Lw lv rewdlqhg
e| vxevwlwxwlqj +D165, +lq v|pphwulf htxloleulxp, lqwr +D159, +zlwk b�O @ 3 lpsrvhg, dqg qrwlqj
+D163, +dovr lq v|pphwulf htxloleulxp,1

Olnh lq wkh vrfldo rswlpxp/ wkh pdunhw vroxwlrq vhohfwv d  dw wlph sur�oh iru ixoo frqvxpswlrq1
Htxdwlrqv +D1:5, dqg +D1::, frlqflgh li �O @ ��O dqg vX @ 31 Htxdwlrqv +D1:6, dqg +D1:;, pdwfk
xs li �O+4� �, @ �O. vY @ +4� �,�O@^�+4� wO,`/ ru/ lq ylhz ri wkh hduolhu frqglwlrq/ li � @ � dqg
wO @ 31 Ilqdoo|/ wkh vwhdg|0vwdwh yhuvlrq ri +D1:7, pdwfkhv zlwk +D1:<, li � @ � dqg vY @ 31 Zh
vxppdul}h wkh uhvxowv lq wkh iroorzlqj sursrvlwlrq1 +Sursrvlwlrq 5 lq wkh sdshu,1

Sursrvlwlrq D17 Wkh pdunhw vroxwlrq lv h!flhqw li wkh iroorzlqj frqglwlrqv krog=

� @ �> wO @ vY @ vX @ 3=

Wkh �uvw ri wkhvh frqglwlrqv lv wkh vr0fdoohg Krvlrv frqglwlrq ^diwhu Krvlrv +4<<3,`1 Zlwk d
Free0Grxjodv pdwfklqj ixqfwlrq � lv d frqvwdqw dqg wkh Krvlrv frqglwlrq lv d nqlih0hgjh frqglwlrq1

D1815 Wkh vhfrqg0ehvw rswlpxp

Lq wklv vhfwlrq zh vwxg| wkh rswlpxp ydfdqf| vxevlg|2 �ulqj wd{ lq wkh suhvhqfh ri suh0h{lvwlqj
glvwruwlrqv1 Zh fdoo wklv wkh vhfrqg0ehvw rswlpdo vY 1 Zh zrun gluhfwo| zlwk wkh ghfhqwudol}hg
+pdunhw, htxloleulxp1 Lq wkh pdunhw htxloleulxp wkhuh lv qr wudqvlwlrq lq [/ �/ i+�,/ t+�,/ Z / dqg
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ZU1 Khqfh/ olihwlph xwlolw| ri wkh uhsuhvhqwdwlyh djhqw lv htxdo wr=

�+w, �
]
4

w

orj[+�,h�+w��,g�

@
orj[+�,

�
,

��+w, @ orj �. orj
k
D+w, . �K+w,� ]+w,

l
> +D1;3,

zkhuh zh kdyh xvhg +D154, lq wkh �qdo vwhs1 Pd{lpl}lqj zhoiduh lv wkxv htxlydohqw wr pd{lpl}lqj
wrwdo zhdowk/ 
+w, � D+w, . �K+w,� ]+w,1 Uhfdoo wkh iroorzlqj gh�qlwlrqv=

�K+w, �
]
4

w

k
Z +�,+4� wO,O+�, . vXX+�,�

�
�

4 . �

�
ZU+�,

4.�
l
hu+w��,g�> +D1;4,

DS +w, @

]
4

w

k
\ +�,� �Y Y +�,�Z +�,O+�, . vY bO+�,

l
hu+w��,g�> +D1;5,

]+w, @

]
4

w

k
vXX+�, . vY bO+�,� wOZ +�,O+�,

l
hu+w��,g�> +D1;6,

D+�, � DS +�, .DI +�,= +D1;7,

Wrwdo zhdowk fdq eh uhzulwwhq e| xvlqj +D1;4,0+D1;7,=


+w, @ DI +w, .

]
4

w

�
$3O+�,� �Y Y +�,�

�
�

4 . �

�
Z 4.�
U

�
h�+w��,g�> +D1;8,

zkhuh DI +w, lv wkh suh0h{lvwlqj vwrfn ri qhw iruhljq dvvhwv1 Diwhu vrph pdqlsxodwlrq zh fdq uhzulwh
wkh whup lq vtxduh eudfnhwv rq wkh uljkw0kdqg vlgh ri +D1;8, dv=

^=` @ +$3 . �Y �,O+�,� �Y �Z
�
U �

�
�

4 . �

�
Z 4.�

U = +D1;9,

E| xvlqj +D14, zh fdq zulwh bO @ iZ�
U � +v. i,O1 Vroylqj wklv gl�huhqwldo htxdwlrq |lhogv=

O+�, @
k
4� h+v.i,+w��,

l� i

v. i

�
Z�

U . h+v.i,+w��,O+w,> +D1;:,

zkhuh O+w, lv wkh lqlwldo vwrfn ri hpsor|phqw1 Htxdwlrq +D1;:, lv wkh vdph dv htxdwlrq +63, lq
wkh sdshu1 +Lq wkh wh{w ri wkh sdshu zh dgg dvwhulvnv wr pdnh vxuh wkh uhdghu lv uhplqghg ri wkh
idfw wkdw yduldeohv olnh i dqg ZU dozd|v dwwdlq wkhlu uhvshfwlyh vwhdg|0vwdwh ydoxhv,1 E| xvlqj
+D1;9, dqg +D1;:, zh fdq uhzulwh +D1;8, dv=


+w, @ DI +w, .

�
4

�

���
$3 . �Y �

v. i . �

�
^iZ�

U . �O+w,`� �Y �Z
�
U �

�
�

4 . �

�
Z 4.�

U

�
= +D1;;,

Uhfdoo +iurp +D166,, wkdw wkh uhvhuydwlrq zdjh fdq eh zulwwhq dv=

ZU @ vX .
�+4� wO,

4� �
�Y �= +D1;<,

Htxdwlrqv +D1;;,0+D1;<, h{suhvv 
+w, lq whupv ri suhghwhuplqhg yduldeohv +DI +w, dqg O+w,,/ srolf|
sdudphwhuv +vY / vX / dqg wO, dqg wkh oderxu pdunhw wljkwqhvv yduldeoh +�,1 Wkh vhfrqg0ehvw rswlpdo
ydfdqf| vxevlg|2 �ulqj wd{ lv frpsxwhg e| vhwwlqj g
+w,@gvY @ 3 dqg qrwlqj +D185,1
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D181514 H{rjhqrxv oderxu vxsso|

Zh �uvw orrn dw d vshfldo fdvh ri wkh prgho iru zklfk oderxu vxsso| lv h{rjhqrxv +vr wkdw � @ 3,1
Htxdwlrq +D1;;, uhgxfhv wr=


+w, @ DI +w, .

�
4
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���
$3 . �Y �

v. i . �

�
^i . �O+w,`� �Y �

�
= +D1<3,

Wklv lv wkh xqqxpehuhg htxdwlrq vwdwhg lq wkh surri ri Sursrvlwlrq 6 lq wkh sdshu1 E|
gl�huhqwldwlqj +D1<3, zlwk uhvshfw wr � zh rewdlq=
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t
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�
> +D1<4,

zkhuh 4� � � �i 3+�,@i+�,/ i+�, � �t+�,/ dqg zh kdyh dvvxphg wkdw wkh hfrqrp| lv lqlwldoo| lq wkh
vwhdg| vwdwh +vr wkdw O+w, @ O� @ i@+v. i,1 Wkh whup lq vtxduh eudfnhwv rq wkh uljkw0kdqg vlgh
ri +D1<4, fdq eh vlpsol�hg dv iroorzv=
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zkhuh zh kdyh xvhg +D1:;,0+D1:<, +wr holplqdwh �Y @t, lq jrlqj iurp wkh �uvw wr wkh vhfrqg olqh1
E| vxevwlwxwlqj +D1<5, lqwr +D1<4, zh rewdlq=

�

�
g
+w,

g�

�
@

�
tX�

v. �i . �

�
��

+� � �,$3 � +4� �,

�
v. �i . �

v. i . �

��
�vY �

�
vX

4� wO

���
> +D1<6,

zkhuh X� @ v@+v . i,1 Wklv lv wkh htxdwlrq vwdwhg lq Sursrvlwlrq 6 lq wkh sdshu1 Wkh
vhfrqg0ehvw rswlpdo ydfdqf| vxevlg| 2 �ulqj wd{/ avY / lv vxfk dv wr uhqghu wkh whup lq vtxduh
eudfnhwv rq wkh uljkw0kdqg vlgh ri +D1<6, htxdo wr }hur=
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= +D1<7,

Wklv h{suhvvlrq lv lqwhusuhwhg wkrurxjko| lq wkh wh{w1 Vhh htxdwlrq +65, lq wkh wh{w1

D181515 Hqgrjhqrxv oderxu vxsso|

Zlwk hqgrjhqrxv oderxu vxsso| +� A 3, zh qhhg wr zrun zlwk +D1;;, dqg uhfrjql}h wkh hqgrjhqhlw|
ri wkh uhvhuydwlrq zdjh/ ZU1 E| gl�huhqwldwlqj +D1;;, zlwk uhvshfw wr � dqg vlpsoli|lqj zh rewdlq=
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zkhuh � lv gh�qhg dv=
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= +D1<9,

Wkh ghulydwlrq ri wkh vhfrqg whup rq wkh uljkw0kdqg vlgh ri +D1<8, lv h{dfwo| wkh vdph dv iru wkh
fdvh ri h{rjhqrxv oderxu vxsso|/ h{fhsw wkdw qrz O� @ iZ�

U@+v. i, dqg X� @ vZ�
U@+v. i, +vhh

+D17;, deryh,1 Wkh whup lqyroylqj � uhsuhvhqwv wkh zhoiduh h�hfw rshudwlqj yld wkh uhvhuydwlrq
zdjh1

E| xvlqj +D166,/ wkh whup lq vtxduh eudfnhwv rq wkh uljkw0kdqg vlgh ri +D1<9,/ zklfk zh ghqrwh
e| �4/ fdq eh uhzulwwhq dv iroorzv=
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zkhuh zh kdyh xvhg wkh idfw wkdw i+�, @ �t+�, lq jrlqj iurp wkh vhfrqg wr wkh wklug olqh1 Zh
ghqrwh wkh whup lq vtxduh eudfnhwv rq wkh uljkw0kdqg vlgh ri +D1<:, e| �51 Zh fdq uhzulwh �5 fdq
eh zulwwhq dv iroorzv=
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zkhuh zh kdyh xvhg +D1:;,0+D1:<, wr jr iurp wkh �uvw wr wkh vhfrqg olqh dqg zkhuh !3 lv gh�qhg
dv=
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E| xvlqj +D1<:,0+D1<;, lq +D1<9, zh rewdlq wkh �qdo h{suhvvlrq iru �=
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Lq irrwqrwh 46 ri wkh sdshu zh dujxh wkdw hyhq li � @ � dqg vY @ vX @ 3/ d srvlwlyh oderxu
lqfrph wd{ udwh lpsolhv wkdw zhoiduh lqfuhdvhv zlwk wkh lqwurgxfwlrq ri d klulqj vxevlg| fxp �ulqj
wd{1 Wklv uhvxow iroorzv e| xvlqj +D1<8, dqg +D1433,=
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Pdfurhfrqrplf yduldeohv= Sulfhv=
F frqvxpswlrq �O ydoxh ri mre wr krxvhkrogv
P ohlvxuh �O ydoxh ri mre wr �up
O hpsor|phqw Z jurvv zdjh udwh
X xqhpsor|phqw ZU uhvhuydwlrq zdjh
Y ydfdqflhv u zruog lqwhuhvw udwh
[ ixoo frqvxpswlrq
\I ixoo lqfrph

Zhdowk frpsrqhqwv= Ilvfdo yduldeohv=
D �qdqfldo dvvhwv vX xqhpsor|phqw vxevlg|
DI qhw iruhljq dvvhwv vY vxevlg| rq qhw �up klulqjv
DS vkduhv lq surgxfwlrq �upv W oxps0vxp wd{hv
�K jurvv kxpdq zhdowk wO wd{ rq oderxu lqfrph

] suhvhqw ydoxh ri oxps0vxp wd{hv

Pdwfklqj yduldeohv= Vwuxfwxudo sdudphwhuv=
i mre0�qglqj udwh krxvhkrogv � hodvwlflw| ri wkh t+�, ixqfwlrq
t zrunhu0�qglqj udwh +i @ �t, � edujdlqlqj srzhu krxvhkrog
v mre0ghvwuxfwlrq udwh � udwh ri wlph suhihuhqfh
� oderxu pdunhw wljkwqhvv +Y@X, � lqwudwhpsrudo oderxu vxsso| hodvwlflw|

Wdeoh D14= Qrwdwlrq xvhg

Uhihuhqfhv

Fkldqj/ D1 F1 +4<<5,1 Hohphqwv ri G|qdplf Rswlpl}dwlrq1 PfJudz0Kloo/ Qhz \run1

Krvlrv/ D1 M1 +4<<3,1 Rq wkh h!flhqf| ri pdwfklqj dqg uhodwhg prghov ri vhdufk dqg xqhpsor|phqw1
Uhylhz ri Hfrqrplf Vwxglhv/ 8:=5:<�5<;1

Oìrqdug/ G1 dqg Orqj/ Q1 Y1 +4<<5,1 Rswlpdo Frqwuro Wkhru| dqg Vwdwlf Rswlpl}dwlrq lq Hfr0
qrplfv1 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1
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