
Hqylurqphqwdo dedwhphqw dqg lqwhujhqhudwlrqdo

glvwulexwlrq= Pdwkhpdwlfdo dsshqgl{

D1 Odqv EryhqehujW

Wloexuj Xqlyhuvlw|/ RFIHE/ dqg FHSU

Ehq M1 Khlmgudy

Xqlyhuvlw| ri Jurqlqjhq dqg RFIHE

Pd| 5334

Wkh odwhvw yhuvlrq ri wklv dsshqgl{ fdq eh grzqordghg iurp
kwws=22zzz1hfr1uxj1qo2phghzhun2khlmgud2grzqordg1kwp

4 Prgho vroxwlrq dqg vwdelolw|

414 Frqvwuxfwlrq ri Iljxuh 4 dqg surri ri Sursrvlwlrq 4

Zh �uvw frqvwuxfw wkh skdvh gldjudp1 Gursslqj wlph lqglfhv/ wkh vwhdg|0vwdwh ri wkh prgho lq
Wdeoh 4 fdq eh zulwwhq dv=

F @ �3N
4��O �J> + bN @ 3 olqh,

F @
�+�. �, ^N .E`

u+N,� �
> + bF @ 3 olqh,

zkhuh zh zulwh u+N, � �3+4� �O,N��O / iurp zklfk wkh iroorzlqj uhvxowv fdq eh ghulyhg=

u+N, � 3> olp
N$3

u+N, @ 4> olp
N$4

u+N, @ 3>

uN+N, � ��O

�
u+N,

N

�
� 3> olp

N$3
uN+N, @ 4> olp

N$4
uN+N, @ 3=

Wkh bN @ 3 olqh lv frqfdyh wrzdugv wkh ruljlq +dv gudzq lq Iljxuh 4,=�
gF

gN

�
bN@3

@ u+N,> olp
N$3

�
gF

gN

�
bN@3

@ 4>

olp
N$4

�
gF

gN

�
bN@3

@ 3>

�
g5F

gN5

�
bN@3

@ uN+N, ? 3=

WFhqwHU/ Wloexuj Xqlyhuvlw|/ S1R1 Er{ <3486/ 8333 OH Wloexuj/ Wkh Qhwkhuodqgv1 Skrqh= .64046079905<451

Id{= .640460799063751 H0pdlo= d1o1eryhqehujCnxe1qo1
yGhsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Jurqlqjhq/ S1R1 Er{ ;33/ <:33 DY Jurqlqjhq/ Wkh Qhwkhuodqgv1

Skrqh= .6408306960:636/ Id{= .6408306960:53:/ H0pdlo= e1m1khlmgudChfr1uxj1qo1 Zh duh judwhixo wr Shwhu Eurhu

dqg dq dqrq|prxv uhihuhh iru khosixo frpphqwv1
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Wkh vorsh ri wkh bF @ 3 olqh fdq eh zulwwhq dv=�
gF

gN

�
bF@3

@
�+�. �, ^u+N,� �� uN+N, ^N .E``

^u+N,� �`5
=

Wkh Nh|qhv0Udpvh| fdslwdo vwrfn/ NNU/ lv lpsolflwo| gh�qhg e| u+NNU, @ �1 Khqfh/ wkh bF @ 3

olqh kdv d yhuwlfdo dv|pswrwh dw N @ NNU/ lv krul}rqwdo dw N @ 3/ dqg lv xszdug vorslqj iru
3 ? N ? NNU=�

gF

gN

�
bF@3

� 3> olp
N$3

�
gF

gN

�
bF@3

@ 3> olp
N$NNU

�
gF

gN

�
bF@3

@ 4>

�
g5F

gN5

�
bF@3

@
��+�. �,+u+N,� �,

^u+N,� �`7

k
5uN+N,+u+N,� �,

.
k
+u+N,� �,uNN+N,� 5 +uN+N,,5

l
+N .E,

l
A 3

zkhuh uNN+N, � �O+4 . �O,u+N,@N5 A 3/ dqg zh kdyh xvhg wkh idfw wkdw +u+N,� �,uNN+N,�
5u5N+N, ? 31 Khqfh/ wkh bF @ 3 olqh lv frqyh{ wrzdugv wkh ruljlq dv gudzq lq Iljxuh 41 Wkhuh lv
d xqltxh qrq0wulyldo htxloleulxp dw srlqw H3 zklfk olhv wr wkh ohiw ri wkh Nh|qhv0Udpvh| srlqw D1
+Wkh htxloleulxp dw srlqw F lv xqvwdeoh dqg fdq wkxv eh glvplvvhg iurp ixuwkhu frqvlghudwlrq1,

D yhu| vlpsoh h{suhvvlrq iru wkh htxloleulxp rxwsxw0fdslwdo udwlr fdq eh frpsxwhg e| htxdwlqj
wkh bF @ 3 dqg bN @ 3 olqhv=

^u+N,� �` ^\ �J` @ �+�. �, ^N .E` /�
+4� �O,

�
\

N

�
� �

� �
4� J

\

�
@ �+�. �,

�
N

\
.

E

\

�
,

$F+4� �O,

�
\

N

�5

� ^�$F . �+�. �,$E`

�
\

N

�
� �+�. �, @ 3>

zkhuh $E � E@\ dqg $F � F@\ 1 Wdnlqj wkh srvlwlyh urrw ri wklv txdgudwlf htxdwlrq |lhogv wkh
h{suhvvlrq iru wkh rxwsxw0fdslwdo udwlr dvvrfldwhg zlwk wkh Eodqfkdug0\ddul htxloleulxp1

�
\

N

�E\
@

�$F . �+�. �,$E .
k
^�$F . �+�. �,$E`

5 . 7�+�. �,$F+4� �O,
l4@5

5$F+4� �O,
=

Reylrxvo|/ vlqfh u � +4� �O,+\@N,/ zh dovr kdyh wkh h{suhvvlrq iru wkh htxloleulxp lqwhuhvw udwh=

uE\ @
�$F . �+�. �,$E .

k
^�$F . �+�. �,$E`

5 . 7�+�. �,$F+4� �O,
l4@5

5$F
=

Wkurxjkrxw wkh sdshu +dqg lq wkh uhpdlqghu ri wklv dsshqgl{, zh dvvxph wkdw wkh lqlwldo ghew lv
}hur +$E @ E @ 3,/ vr wkdw uE\ lv vlpsol�hg wr=

uE\ @
�$F .

�
�5$5

F . 7�+�. �,$F+4� �O,
�4@5

5$F
> +iru E @ 3,= +D14,

Vlqfh uE\ @ � . �+4 � $K,/ zkhuh $K � K@+K .N,/ lw iroorzv wkdw � ? uE\ ? � . � ehfdxvh
3 ? $K ? 41 Wklv odvw lqhtxdolw| fdq eh ghgxfhg iurp wkh dvvxpswlrq $J � 4 � $F ? �O

soxv wkh idfw wkdw +uE\ . �,+K@N,E\ � +ZQ@N,E\ @ ^�O � $J`+\@N,E\ 1 Wklv lpsolhv wkdw

5



+K@N,E\ A 3 dqg khqfh KE\ A 3 +ZQ � Z � W @ Z � J,1 Lq wkh vwhdg| vwdwh zh kdyh=
$F+4�$K, � +�.�,+N@\ ,E\ dqg +N@\ ,E\ � +4� �O,@uE\ 1 Lw lv wkxv vwudljkwiruzdug wr vkrz
wkdw � ? uE\ ? �. � lpsolhv wkh iroorzlqj lqhtxdolw| iru 4� $K =

4� �O ? $F+4� $K, ? +4� �O,+4 . �@�,=

Htxdwlrq +D14, fdq eh xvhg wr ghulyh wkh iroorzlqj uhvxowv iru wkh vwhdg|0vwdwh lqwhuhvw udwh +kroglqj
wkh vkduh ri jryhuqphqw vshqglqj/ 4� $F / frqvwdqw,1

3 ?
guE\

g�
@

$FuE\ . �+4� �O,

$F ^5uE\ � �`
@

uE\ . �+4� �O,@$F
uE\ . �+4� $K,

? 4> +D15,

guE\

g�
@

+4� �O,+�. 5�,

$F ^5uE\ � �`
A 4� $K A 3> +D16,

guE\

g�O
@ � �+�. �,

$F ^5uE\ � �`
? 3> +D17,

guE\

g$F
@ �guE\

g$J
@ ��+�. �,+4� �O,

$5
F ^5uE\ � �`

? 3> +D18,

zkhuh zh kdyh dovr xvhg wkh idfw wkdw +� . �,+N@\ ,E\ � $F+4 � $K, A +4 � �O, ehfdxvh
uE\ ? �. �1 Wkh surri iru guE\ @g� uxqv dv iroorzv=

guE\

g�
� +4� $K, @

+4� �O,+�. 5�,

$F ^5uE\ � �`
� +4� $K,

@

�
4

$F

��
N

\

�E\ %�
�. 5�

uE\ . �+4� $K,

�
+4� �O,

�
\

N

�E\
� +�. �,

&

@

�
4

$F

��
N

\

�E\ %
+�. 5�,uE\ � +�. �,

�
uE\ . �+4� $K,

�
uE\ . �+4� $K,

&

@

�
4

$F

��
N

\

�E\ �
��$K

uE\ . �+4� $K,

�
A 3=

Vlqfh 4 � $K � +uE\ � �,@�/ lw lv dovr vwudljkwiruzdug wr ghulyh wkh uhvxowv iru wkh vwhdg|0vwdwh
vkduh ri kxpdq zhdowk=

g$K
g�

@
4

�

�
4� $K � guE\

g�

�
? 3>

g$K
g�

@
4

�

�
4� guE\

g�

�
A 3>

g$K
g�O

@ � 4

�

guE\

g�O
A 3>

g$K
g$F

@ � 4

�

guE\

g$F
A 3=

Wkh olqhdul}hg prgho jlyhq lq Wdeoh 5 fdq eh zulwwhq lq whupv ri d vlqjoh pdwul{ htxdwlrq=%
b�F+w,
b�N+w,

&
@

%
u � � � +u�O . u � �,

� u$F
4��O

u

&%
�F+w,
�N+w,

&
+D19,

.

%
3 � u��

4��O

� u
4��O

3

&%
�J+w,
�E+w,

&
>

zkhuh u � uE\ / �F+w, � gF+w,@F/ �N+w, � gN+w,@N/ b�F+w, � bF+w,@F/ b�N+w, � bN+w,@N/ �E+w, �
ugE+w,@\ / dqg �J+w, � gJ+w,@\ +dqg zh kdyh xvhg g bF+w, @ bF+w, dqg g bN+w, @ bN+w,,1 Wkh 5 e| 5
pdwul{ ri frh!flhqwv iru wkh hqgrjhqrxv yduldeohv lv ghqrwhg e| � +zlwk w|slfdo hohphqw �lm, dqg
wkh 5 e| 5 pdwul{ ri frh!flhqwv iru wkh h{rjhqrxv yduldeohv lv uhsuhvhqwhg e| � +zlwk qrq0}hur
hohphqwv �N � �u@+4� �O,/ �F � �+u � �,@+4� �O,,1
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Zh ohw u� dqg �k� vwdqg iru wkh fkdudfwhulvwlf urrwv ri �/ dqg zh zlvk wr vkrz wkdw wkh
htxloleulxp H3 lq Iljxuh 4 lv vdggoh0srlqw vwdeoh/ l1h1 wkdw u� A 3 dqg k� A 31 Wkh fkdudfwhulvwlf
urrwv duh htxdo wr=

u� @
wu+�,

5

%
4 .

�
4� 7m�m

wu+�,5

�4@5
&
A wu+�,>

k� @ � wu+�,

5

%
4�

�
4� 7m�m

wu+�,5

�4@5
&
=

Wkh dgmxvwphqw vshhg ri wkh hfrqrp| lv uhsuhvhqwhg e| k�1 Wkh surri ri vdggoh0srlqw vwdelolw|
surfhhgv dv iroorzv1 Uhfdoo wkdw m�m @ �u�k� dqg wu+�, @ u� � k�1 Wkh ghwhuplqdqw ri � fdq eh
zulwwhq dv iroorzv=

m�m � �u�k� @ �u ^u�O$F . +�O � $J,+u � �,`

4� �O
? 3= +D1:,

Zh dvvxph lq wkh wh{w wkdw wkh oderxu lqfrph vkduh h{fhhgv wkh vkduh ri jryhuqphqw vshqglqj/
l1h1/ �O A $J/ vr wkdw wkh diwhu0wd{ vkduh ri oderxu lv srvlwlyh1 Khqfh/ wkh urrwv dowhuqdwh lq vljq/
dqg u� A 3 dqg k� A 31 Wklv frpsohwhv wkh surri ri Sursrvlwlrq 41 �

415 Surri ri Sursrvlwlrq 5

Lq rughu wr suryh wkh lqhtxdolwlhv frqfhuqlqj wkh fkdudfwhulvwlf urrwv/ zh gh�qh i+v, � mvL ��m1
Reylrxvo|/ vlqfh wkh v|vwhp lv vdggoh0srlqw vwdeoh/ i+v, lv d txdgudwlf ixqfwlrq zlwk urrwv v4 @

�k� ? 3 dqg v5 @ u� A 3/ dqg i+3, @ m�m ? 31 Wr suryh wkh lqhtxdolw| iru k� +A �. �� u,/ doo zh
qhhg wr vkrz lv wkdw i+�v, ? 3 iru �v � u � +�. �,1 E| vlpsoh vxevwlwxwlrqv zh rewdlq=

i+�v, @ �+�. �,� u$F ^u � �. u�O`

4� �O

@ �+�. �,�
�

�. �

4� $K

�
^�+4� $K, . u�O` @ ��O$Fu

5

4� �O
? 3>

zkhuh zh kdyh xvhg wkh idfw wkdw u� � @ �+4� $K, dqg u$F@+4� �O, @ +�. �,@+4� $K,1 Vlqfh
u� @ k� . wu+�,/ wkh lqhtxdolw| iru u� iroorzv gluhfwo| iurp wkh wudfh frqglwlrq=

u� @ k� . u � �. u A +�. �� u, . u � �. u @ �. u=

Wklv frqfoxghv wkh surri ri Sursrvlwlrq 51 �
Ri frxuvh/ vlqfh u� @ k�.wu+�,/ wkh xqvwdeoh urrw h{fhhgv wkh udwh ri lqwhuhvw/ l1h1/ u� A u dqg

d iruwlrul u� A u � �1

416 Prgho vroxwlrq

Zh xvh wkh Odsodfh wudqvirup whfkqltxhv slrqhhuhg e| Mxgg +4<;5/ 4<;8/ 4<;:,1 E| wdnlqj wkh
Odsodfh wudqvirup ri +D19, dqg xvlqj

Oi b�F> vj @ vOi �F> vj � �F+3, dqg Oi b�N> vj @ vOi �N> vj>

zh rewdlq wkh iroorzlqj h{suhvvlrq=

+vL��,

%
Oi �F> vj
Oi �N> vj

&
@

%
�F+3, . �FOi �E> vj
�NOi �J> vj

&
= +D1;,
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Gh�qh D+v, � vL ��/ vr wkdw mD+v,m � +v� u�,+v. k�,1 E| suh0pxowlso|lqj +D1;, e| dgm+D+u�,,/
zh duulyh dw wkh lqlwldo frqglwlrq iru wkh mxps lq frqvxpswlrq=

dgm^D+u�,`D+u�,

%
Oi �F> u�j
Oi �N> u�j

&
@

%
u� � �55 �45

�54 u� � �44

&%
�F+3, . �FOi �E> u�j
�NOi �J> u�j

&
@

%
3

3

&
= +D1<,

Vlqfh wkh fkdudfwhulvwlf urrwv ri � duh glvwlqfw/ udqn+dgm+D+u�,,, @ 4 dqg wkhuh lv h{dfwo| rqh
lqghshqghqw htxdwlrq ghwhuplqlqj wkh mxps lq frqvxpswlrq/ �F+3,1 Khqfh/ hlwkhu urz ri +D1<,
pd| eh xvhg wr �qg �F+3,=

+u� � �55,
k
�F+3, . �FOi �E> u�j

l
. �45�NOi �J> u�j @ 3> +D143,

�54
k
�F+3, . �FOi �E> u�j

l
. +u� � �44,�NOi �J> u�j @ 3= +D144,

Xvlqj hlwkhu +D143, ru +D144, wr holplqdwh �F+3, iurp +D1;,/ zh duulyh dw wkh jhqhudo shuihfw
iruhvljkw vroxwlrq ri wkh prgho lq whupv ri Odsodfh wudqvirupv1 Frqvlghu wkh �uvw urz ri +D1;, lq
frpelqdwlrq zlwk +D143,1 Diwhu vrph vlpsol�fdwlrq lw fdq eh zulwwhq dv iroorzv=

+v. k�,Oi �F> vj @ �F+3, . �FOi �E> vj. �45�N

%
Oi �J> vj � Oi �J> u�j

v� u�

&

.+u� � �55,�F

%
Oi �E> vj � Oi �E> u�j

v� u�

&
= +D145,

Wkh vhfrqg urz ri +D1;, fdq eh frpelqhg zlwk +D144,/ diwhu zklfk wkh iroorzlqj h{suhvvlrq lv
rewdlqhg=

+v. k�,Oi �N> vj @ �NOi �J> vj. +u� � �44,�N

%
Oi �J> vj � Oi �J> u�j

v� u�

&

.�54�F

%
Oi �E> vj � Oi �E> u�j

v� u�

&
= +D146,

Wkh orqj0uxq h�hfwv ri vkrfnv lq dedwhphqw vshqglqj + �J, dqg ghew + �E+4,, duh rewdlqhg iurp
+D145, dqg +D146, e| dsso|lqj wkh �qdo0ydoxh wkhruhp +Vslhjho/ 4<98/ s1 53,1

�F+4, � olp
v&3

vOi �F> vj @
��45�N �J. �55�F �E+4,

u�k�
> +D147,

�N+4, � olp
v&3

vOi �N> vj @
�44�N �J� �54�F �E+4,

u�k�
= +D148,

E| pdnlqj wkh dssursuldwh vxevwlwxwlrqv iru wkh �N/ �F dqg wkh �lm0whupv iurp +D19,/ zh �qg wkh
h{suhvvlrqv lq vhfwlrq 614 ri wkh wh{w e| vhwwlqj �E+4, @ 31

Wkh lqlwldo uhvsrqvhv ri wkh wlph udwhv ri fkdqjh ri wkh fdslwdo vwrfn dqg frqvxpswlrq duh
rewdlqhg e| dsso|lqj wkh lqlwldo0ydoxh wkhruhp +Vslhjho/ 4<98/ s1 53,1

b�N+3, � olp
v$4

vOi b�N> vj @ olp
v$4

v5Oi �N> vj +D149,

@ �N

k
�J+3,� +u� � �44,Oi �J> u�j

l
� �54�FOi �E> u�j @ �N �J+3, . �54 �F+3,>
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b�F+3, � olp
v$4

vOi b�F> vj @ olp
v$4

v
k
vOi �F> vj � �F+3,

l
@ �F

k
�E+3,� �44Oi �E> u�j

l
�
�
�N+u� � �44,�44

�54

�
Oi �J> u�j

@ �44 �F+3, . �F �E+3,=

E| pdnlqj wkh dssursuldwh vxevwlwxwlrqv/ zh �qg wkh h{suhvvlrqv lq vhfwlrq 6 ri wkh wh{w1
E| wdnlqj wkh Odsodfh wudqvirup ri htxdwlrq +W517, lq Wdeoh 5/ dqg lpsrvlqj wkh idfw wkdw wkh

txdolw| ri wkh hqylurqphqw lv d suhghwhuplqhg yduldeoh +vr wkdw �H+3, @ 3,/ zh rewdlq wkh iroorzlqj
h{suhvvlrq=

Oi �H> vj @
��N�HOi �N> vj. �J�HOi �J> vj

v. �H
= +D14:,

Khqfh/ wkh Odsodfh wudqvirup ri hqylurqphqwdo txdolw| lv olqnhg gluhfwo| wr wkh Odsodfh wudqvirupv
iru wkh fdslwdo vwrfn dqg sxeolf dedwhphqw1 Lw iroorzv lpphgldwho| iurp +W517, wkdw=

b�H+3, @ ��N�H �N+3,� �H �H+3, . �J�H �J+3, @ �J�H �J+3,>

+vlqfh �N+3, @ �H+3, @ 3, dqg=

��H+3, @ ��N�H
b�N+3,� �H

b�H+3, . �J�H
b�J+3,

@ ��N�H
b�N+3,� �5H�J

�J+3, . �J�H
b�J+3,= +D14;,

Lq rughu wr fdofxodwh wkh wudqvlwlrq sdwkv iru fdslwdo dqg frqvxpswlrq/ wkh lqwhuwhpsrudo sdwkv
ri �J+w, dqg �E+w, pxvw eh vshfl�hg1 Wkh fdvhv glvfxvvhg lq wkh wh{w duh edvhg rq wkh iroorzlqj
sdudphwhul}dwlrqv=

�J+w, @
�
4� h��Jw

�
�J> �E+w, @ e3 .

5[
l@4

�
4� h��lw

�
el> +D14<,

zlwk �J A 3 dqg �l A 31 Lq wkdw fdvh/ lw lv srvvleoh wr ghulyh wkh iroorzlqj h{suhvvlrqv=

Oi �J> vj � Oi �J> u�j
v� u�

@

�
4

+u� . �J,+v. �J,
� 4

u�v

�
�J> +D153,

Oi �E> vj � Oi �E> u�j
v� u�

@ � e3
u�v

.
5[
l@4

�
4

+u� . �l,+v. �l,
� 4

u�v

�
el= +D154,

Lw lv dovr xvhixo wr uhfrjql}h wkdw=

4

+v. k�,+v. �l,
@

4

�l � k�

�
4

v. k�
� 4

v. �l

�
>

4

+v. k�,v
@

4

k�

�
4

v
� 4

v. k�

�
> +D155,

iru l @ 4> 5> J1 Xvlqj +D14<,0+D155, lq +D146, dqg uhfrjql}lqj +D148,/ zh rewdlq wkh wudqvlwlrq
sdwk iru wkh fdslwdo vwrfn e| lqyhuwlqj wkh Odsodfh wudqvirupv=

�N+w, @ D+k�> w, �N+4,� �N

�
�44 . �J
u� . �J

�
�JW+�J> k

�> w,

.�54�F

5[
l@4

�
el

u� . �l

�
W+�l> k

�> w,= +D156,

Htxdwlrq +D156, frqwdlqv d vlqjoh dgmxvwphqw whup dqg wkuhh +whpsrudu|, vlqjoh wudqvlwlrq whupv/
derxw zklfk wkh iroorzlqj surshuwlhv fdq eh hvwdeolvkhg/ uhvshfwlyho|1

9



Ohppd D14 Ohw D+�4> w, eh d vlqjoh dgmxvwphqw ixqfwlrq ri wkh irup=

D+�4> w, � 4� h��4w>

zlwk �4 A 31 Wkhq D+�4> w, kdv wkh iroorzlqj surshuwlhv= +l, +srvlwlyh, D+�4> w, A 3 w 5 +3>4,/ +ll,
D+�4> w, @ 3 iru w @ 3 dqg D+�4> w, $ 4 lq wkh olplw dv w $ 4/ +lll, +lqfuhdvlqj, gD+�4> w,@gw � 3/
+ly, +vwhs ixqfwlrq dv olplw, Dv �4 $ 4/ D+�4> w, $ x+w,/ zkhuh x+w, lv d xqlw vwhs ixqfwlrq1

Surri= Surshuwlhv +l, dqg +ll, iroorz e| vlpsoh vxevwlwxwlrq1 Surshuw| +lll, iroorzv iurp wkh idfw
wkdw gD+�4> 3,@gw @ �4^4 � D+�4> w,` soxv surshuwlhv +l,0+ll,1 Surshuw| +ly, iroorzv e| frpsdulqj
wkh Odsodfh wudqvirupv ri D+�4> w, dqg x+w, dqg vkrzlqj wkdw wkh| frqyhujh dv �4 $ 41 Vlqfh
Oix> vj @ 4@v dqg OiD+�4> w,> vj @ 4@v� 4@+v. �4, wklv uhvxow iroorzv1 �

Ohppd D15 Ohw W +�4> �5> w, eh d vlqjoh wudqvlwlrq ixqfwlrq ri wkh irup=

W+�4> �5> w, �
+

h��5w�h��4w

�4��5
iru �4 9@ �5

wh��4w iru �4 @ �5>

zlwk �4 A 3 dqg �5 A 31 Wkhq W+�4> �5> w, kdv wkh iroorzlqj surshuwlhv= +l, +srvlwlyh, W+�4> �5> w, A

3 w 5 +3>4,/ +ll, W+�4> �5> w, @ 3 iru w @ 3 dqg lq wkh olplw dv w $ 4/ +lll, +vlqjoh0shdnhg,
gW+�4> �5> w,@gw A 3 iru w 5 +3> aw,/ gW+�4> �5> w,@gw ? 3 iru w 5 +aw>4,/ gW+�4> �5> w,@gw @ 3 iru
w @ aw dqg lq wkh olplw dv w $ 4/ dqg gW+�4> �5> 3,@gw @ 4/ +ly, aw � oq+�4@�5,@+�4��5, li �4 9@ �5

dqg aw � 4@�4 li �4 @ �5> +y, +srlqw ri lq h{lrq, g5W+�4> �5> w,@gw5 @ 3 iru w� @ 5aw

Surri= Surshuw| +l, iroorzv e| h{dplqlqj wkh wkuhh srvvleoh fdvhv1 Wkh uhvxow lv reylrxv li
�4 @ �51 Li �4 ? +A,�5/ wkhq �5 � �4 A +?,3 dqg h��4w A +?, h��5w iru doo w 5 +3>4,/ dqg
W+�4> �5> 3, A 31 Surshuw| +ll, iroorzv e| gluhfw vxevwlwxwlrq1 Surshuw| +lll, iroorzv e| h{dplqlqj
gW+�4> �5> w,@gw=

gW+�4> �5> w,

gw
�

+
�4h

��4w��5h
��5w

�4��5
iru �4 9@ �5

^4� �4w` h
��4w iru �4 @ �5=

Surshuw| +ly, lv rewdlqhg e| h{dplqlqj gW5+�4> �5> w,@gw5=

g5W+�4> �5> w,

g5w
�

+
�5
4
h��4w��5

5
h��5w

�5��4
iru �4 9@ �5

��4 ^5� �4w` h
��4w iru �4 @ �5=

Khqfh/ g5W+�4> �5> 3,@gw
5 @ �+�4 . �5, ? 3/ dqg olpw$4 g5W+�4> �5> w,@gw

5 @ 31 Wkh lq h{lrq
srlqw lv irxqg e| �qglqj wkh ydoxh ri w @ w� zkhuh g5W+�4> �5> w,@gw

5 @ 31 �
E| xvlqj +D14<,0+D155, lq +D145, dqg qrwlqj +D147,/ zh �qg wkh wudqvlwlrq sdwk iru frqvxpswlrq

e| lqyhuwlqj wkh uhvxowlqj Odsodfh wudqvirupv=

�F+w, @ �F+3, +4�D+k�> w,, . �F+4,D+k�> w, .

�
�45�N
u� . �J

�
�JW+�J> k

�> w,

��F

5[
l@4

�
�55 . �l
u� . �l

�
elW+�l> k

�> w,> +D157,

zkhuh wkh mxps lq frqvxpswlrq wkdw rffxuv dw lpsdfw fdq eh fdofxodwhg e| xvlqj +D144, lq
frpelqdwlrq zlwk +D14<,=

�F+3, @ �
�
�N+u� � �44,�J
u��54+u� . �J,

�
�J� �F

%
e3
u�

.
5[
l@4

�
el�l

u�+u� . �l,

�&
= +D158,

:



E| vhwwlqj e3 @ e4 @ e5 @ 3 dqg vxevwlwxwlqj �lm dqg �N/ wkh htxdwlrqv lq wkh wh{w duh rewdlqhg1
E| vxevwlwxwlqj +D146,/ +D14<,0+D155, lqwr +D14:, dqg lqyhuwlqj wkh Odsodfh wudqvirup/ zh

ghulyh wkh sdwk iru wkh hqylurqphqw=

�H+w, � ��N �N+4,D+�H> k
�> w, . �J �JD+�H> �J> w, +D159,

.

�
�N�N+�44 . �J,

u� . �J

�
�JW+�H> �J> k

�> w,

��N�F�54

5[
l@4

�
el

u� . �l

�
W+�H> �l> k

�> w,=

Qrwh wkdw �H+4, lv gh�qhg dv=

�H+4, @ ��N �N+4, . �J �J=

Wkh D+�H> �l> w, dqg W +�H> �4> �5> w, whupv lq +D159, duh/ uhvshfwlyho|/ pxowlsoh dgmxvwphqw dqg
pxowlsoh wudqvlwlrq whupv1 Wkh irupv dqg surshuwlhv ri wkhvh whupv duh fryhuhg lq Ohppd D16 wr
D18 ehorz1

Ohppd D16 Ohw D+�H> �l> w, eh d pxowlsoh dgmxvwphqw ixqfwlrq ri wkh irup=

D+�H> �l> w, �
+

4�
�
�lh

��Hw��Hh
��lw

�l��H

�
iru �l 9@ �H

4� +4 . �Hw,h��Hw iru �l @ �H>

zlwk �H A 3 dqg �l A 31 Wkhq D+�H > �l> w, kdv wkh iroorzlqj surshuwlhv= +l, +lqfuhdvlqj ryhu wlph,
gD+�H> �l> w,@gw A 3 ;w 5 +3>4,/ gD+�H> �l> w,@gw @ 3 +iru w @ 3 dqg lq wkh olplw dv w $ 4,/ +ll,
+ehwzhhq 3 dqg 4, 3? D+�H> �l> w, ? 4 ;w 5 +3>4, dqg D+�H> �l> 3, @ 4� olpw$4D+�H> �l> w, @ 3/
+lll, +lq h{lrq srlqw, g5D+�H> �l> w,@gw5 @ 3 iru w @ aw � oq+�H@�l,@+�H � �l, li �H 9@ �l dqg
aw � 4@�H li �H @ �l/ +ly, Dv �H $ 4/ D+�H> �l> w, $ D+�l> w,1

Surri= Surshuw| +l,= wkh ghulydwlyh ri D+�H> �l> w, zlwk uhvshfw wr wlph lv lwvhoi sursruwlrqdo wr d
vlqjoh wudqvlwlrq whup zlwk surshuwlhv fryhuhg lq Ohppd D15=

gD+�H> �l> w,

gw
� �H�lW+�H> �l> w, � 3>

zkhuh iru w 5 +3>4, wkh lqhtxdolw| lv vwulfw1 Khqfh/ D+�H> �l> w, lwvhoi lv lqfuhdvlqj ryhu wlph1
Surshuw| +ll, iroorzv iurp wkh idfw wkdw D+�H> �l> 3, @ 3 dqg olpw$4D+�H> �l> w, @ 4 soxv wkh idfw
wkdw gD+�H> �l> 3,@gw � 31 Surshuw| +lll, iroorzv iurp Ohppd D15 dqg=

g5D+�H> �l> w,

g5w
@ �H�l

�
gW+�H> �l> w,

gw

�
=

Ilqdoo|/ surshuw| +ly, iroorzv wulyldoo| e| ohwwlqj �H $ 4 lq wkh gh�qlwlrq ri D+�H> �l> w,1�

Ohppd D17 Ohw i+w, eh d ixqfwlrq zlwk wkh iroorzlqj Odsodfh wudqvirup I+v,=

I+v, � �H
+v. �H,+v. �4,+v. �5,

>

zlwk 3? �H> �4> �5 ? 41 Wkhq i+w, � 3;w 5 ^3>4,1

;



Surri= Xvh wkh frqyroxwlrq surshuw| ri wkh Odsodfh wudqvirup +Vslhjho/ 4<98/ s1 78,1 Gh�qh
J+v, � �H@+v.�H, dqg K+v, � 4@+v.�4,+v.�5,/ vr wkdw I+v, @ J+v,K+v,1 Wkh lqyhuvh Odsodfh
wudqvirupv ri J+v, dqg K+v, duh=

j+w, � �Hh
��Hw> k+w, � W+�4> �5> w,=

Wkhq wkh frqyroxwlrq surshuw| vwdwhv wkdw i+w, lv htxdo wr=

i+w, � O�4iJ+v,>K+v,j @

] w

3

j+�,k+w� �,g�=

Vlqfh j+�, � 3 dqg k+�, � 3 ;� dqg �H ? 4/ i+w, pxvw eh qrq0qhjdwlyh vlqfh lw uhsuhvhqwv wkh
glvfrxqwhg lqwhjudo ri d qrq0qhjdwlyh +vlqjoh wudqvlwlrq, ixqfwlrq1 �

Ohppd D18 Ohw W+�H> �4> �5> w, eh d pxowlsoh wudqvlwlrq ixqfwlrq ri wkh irup=

W+�H> �4> �5> w, �
+ �

�H
�H��4

�
^W+�4> �5> w,�W+�H> �5> w,` iru �4 9@ �H

�Hw5h��Hw@5 iru �4 @ �5 @ �H>

zlwk �H A 3/ �4 A 3/ dqg �5 A 31 Wkhq W+�H > �4> �5> w, kdv wkh iroorzlqj surshuwlhv= +l,
+srvlwlyh, W+�H> �4> �5> w, A 3/ +ll, W+�H> �4> �5> w, @ 3 iru w @ 3 dqg lq wkh olplw dv w $ 4/
+lll, +vlqjoh0shdnhg, gW+�H> �4> �5> w,@gw A 3 iru 3 ? w ? �w dqg gW+�H> �4> �5> w,@gw ? 3 iru w A �w/
gW+�H> �4> �5> w,@gw @ 3 +iru w @ 3/ w @ �w/ dqg w $ 4,/ +ly, Dv �H $ 4/ W+�H> �4> �5> w, $
W+�4> �5> w,1

Surri= Surshuw| +l, iroorzv dsso|lqj Ohppd D17/ ehfdxvh wkh Odsodfh wudqvirup riW+�H> �4> �5> w,

kdv wkh uhtxluhg irup1 Surshuw| +ll, iroorzv wulyldoo| e| vxevwlwxwlrq1 Surshuw| +lll, fdq eh suryhg
e| h{dplqlqj wkh iroorzlqj gl�huhqwldo htxdwlrq lq W+�H> �4> �5> w,=

gW+�H> �4> �5> w,

gw
@ �H ^W+�4> �5> w,�W+�H> �4> �5> w,` =

Wkh surshuwlhv ri W+�4> �5> w, duh fryhuhg lq Ohppd D151 W+�4> �5> w, kdv d vlqjoh pd{lpxp
dw aw � oq+�4@�5,@+�4 � �5,1 W+�H> �4> �5> w, lwvhoi kdv d pd{lpxp lq �w zkhuh W+�4> �5> �w, @

W+�H> �4> �5> �w, dqg �W+�H> �4> �5> �w, @ bW+�4> �5> �w, ? 31 Wkh pd{lpxp ri W+�H> �4> �5> �w, rffxuv
odwhu lq wlph wkdq wkdw ri W+�4> �5> �w,/ ru �w A aw dv bW+�4> �5> �w, ? 31

Wkdw wkh pd{lpxp lv xqltxh fdq eh suryhq e| frqwudglfwlrq1 Li wkhuh zhuh dqrwkhu pd{l0
pxp/ wkhuh zrxog dovr eh d plqlpxp iru zklfk W+�4> �5> wPLQ, @ �HW+�H> �4> �5> wPLQ, +vlqfh
bW+�H> �4> �5> wPLQ, @ 3, dqg �W+�H> �4> �5> �w, @ bW+�4> �5> wPLQ, A 31 Wklv lv lpsrvvleoh dv
wPLQ A aw dqg �W+�H > �4> �5> �w, ? 31 Ilqdoo|/ surshuw| +ly, iroorzv wulyldoo| e| ohwwlqj �H $ 4 lq
wkh gh�qlwlrq ri W+�H> �4> �5> w,1 �

5 Surri ri Sursrvlwlrqv 6 dqg 7

Lq rughu wr fkdudfwhul}h wkh sdwkv ri frqvxpswlrq dqg wkh fdslwdo vwrfn/ zh ghulyh h{suhvvlrqv
iru wkh sdwkv ri wkh wlph udwh ri fkdqjh ri wkhvh yduldeohv1 Lq vhfwlrqv 608 ri wkh sdshu qr erqg
srolf| lv xvhg1 Khqfh/ lq whupv ri +D14<, zh lpsrvh �E+w, @ e3 @ e4 @ e5 @ 31 Xvlqj +D146,
dqg +D14<,0+D155,/ zh fdq zulwh wkh wlph sdwk iru wkh udwh ri fkdqjh ri wkh fdslwdo vwrfn +l1h1/
lqyhvwphqw, dv iroorzv=

Oi b�N> vj � vOi �N> vj @

���N�J
u� . �J

��
u� � �44

u�
� �44 . �J

v. �J

� �
4

v. k�

�
�J= +D15:,

<



Vlploduo|/ xvlqj +D145, dqg +D14<,0+D155,/ zh fdq zulwh wkh wlph sdwk iru wkh udwh ri fkdqjh ri
frqvxpswlrq dv iroorzv=

Oi b�F> vj � vOi �F> vj � �F+3, @

� ��45�N�J
u�+u� . �J,

��
�44

k� . �44
.

u�

v. �J

��
4

v. k�

�
�J= +D15;,

Wkh vwdwhphqwv uhjduglqj joredo prqrwrqlflw| frqwdlqhg lq Sursrvlwlrq 6 fdq qrz eh suryhg zlwk
wkh dlg ri +D15:, dqg +D15;,1 Joredo prqrwrqlflw| h{lvwv surylghg wkh udwh ri fkdqjh lq wkh yduldeoh
grhv qrw fkdqjh vljq dorqj wkh dgmxvwphqw sdwk1 Zh �uvw vwdwh dqg suryh Ohppd D191

Ohppd D19 Ohw i+w, eh d ixqfwlrq zlwk wkh iroorzlqj Odsodfh wudqvirup I+v,=

I+v, � D4

+v. �4,
.

D5

+v. �4,+v. �5,
>

zlwk �4 A 3/ �5 A 3 dqg D4 A 31 Wkhq wkh vljq ri i+w, lv dv iroorzv= +l, D5 � 3 , i+w, � 3/ +ll,
D5 ? 3 dqg +�5 � �4,+D4@D5, . 4 ? 3 , i+w, � 3 ;w/ +lll, D5 ? 3 dqg +�5 � �4,+D4@D5, . 4 A 3

, i+w, � 3 ;w 5 ^3> �w`/ dqg i+w, � 3 ;w 5 ^�w>4,/ zkhuh �w @ +�4 � �5,
�4 oq^4 . +�5 � �4,D4@D5` li

�4 9@ �5 dqg �w @ �D4@D5 li �4 @ �51

Surri= Wkh lqyhuvh ri I+v, lv=

i+w, � D4h
��4w .D5W+�4> �5> w,>

zkhuh erwk h{srqhqwldo whupv duh qrq0qhjdwlyh1 Sduw +l, iroorzv wulyldoo| li D5 � 31 Sduwv +ll, dqg
+lll, duh ghulyhg e| �qglqj wkh frqglwlrqv xqghu zklfk i+w, fxwv wkh w0d{lv1 Vroylqj i+�w, @ 3/ |lhogv
wkh vroxwlrq �w @ +�4 � �5,

�4 oq^4 . +�5 � �4,D4@D5` li �4 9@ �5 dqg �w @ �D4@D5 li �4 @ �5 1
Khqfh/ �w ? 4 h{lvwv l� +�5 � �4,+D4@D5, . 4 A 31 �

Duphg zlwk wklv Ohppd/ Sursrvlwlrq 6 fdq eh suryhg1 Sursrvlwlrq 6+l, lv suryhg e| vkrzlqj
wkdw wkh whupv lq vtxduh eudfnhwv lq iurqw ri �J dsshdulqj lq +D15:, zkhq lqyhuwhg lpso| d ixqfwlrq
ri wlph wkdw fkdqjhv vljq iru w 5 ^3>4,1 Ohppd D19 lpsolhv wkdw wklv surshuw| fdq eh dvfhuwdlqhg
e| orrnlqj dw wkh Odsodfh wudqvirup gluhfwo|1 Lq whupv ri Ohppd D19/ wkh uhohydqw I+v, ixqfwlrq
kdv �4 @ k�/ �5 @ �J/ D4 @ +u� � �44,@u� A 3/ dqg D5 @ �+�44 . �J, ? 31 Iru wklv frq�jxudwlrq
lw lv vwudljkwiruzdug wr vkrz wkdw Ohppd D19+lll, krogv= dgmxvwphqw ri wkh fdslwdo vwrfn pxvw eh
qrq0prqrwrqlf1 Li �J $ 4/ wkhq I+v, $ ��44@+u�+v.k�,,/ zklfk lpsolhv prqrwrqlf dgmxvwphqw1
Sursrvlwlrq 6+ll, fdq eh yhul�hg e| rewdlqlqj wkh uhohydqw I+v, ixqfwlrq iurp +D15;,= �4 @ k�/
�5 @ �J/ D4 @ �44@+k� . �44, A 3/ dqg D5 @ u� A 31 Khqfh/ Ohppd D19+l, krogv= dgmxvwphqw ri
frqvxpswlrq pxvw eh prqrwrqlf1 �

Wkh surri ri Sursrvlwlrq 7 surfhhgv dv iroorzv1 Sduw +l, vwdwhv wkdw lw lv srvvleoh iru wkh
hqylurqphqw wr ghwhulrudwh lqlwldoo|1 E| xvlqj +D149, lq +D14;, zh rewdlq wkh frqglwlrq iru wkh
hqylurqphqw wr ghwhulrudwh lqlwldoo| +lq wkh devhqfh ri erqg srolf|,=

��H+3, @ ��N�H
b�N+3,� �5H�J

�J+3, . �J�H
b�J+3,

@ �N�H�N+u� � �44,Oi �J> u�j. �J�H�J �J ? 3>

vlqfh �J+3, @ 3 iru 3 ? �J ? 41 Lq ylhz ri +D14<,/ zh nqrz wkdw Oi �J> u�j @ �J@+u
�+u� . �J,,1

E| vxevwlwxwlqj wklv lq wkh h{suhvvlrq dqg vlpsoli|lqj/ zh rewdlq wkh lqhtxdolw| phqwlrqhg lq wkh
wh{w dqg Sursrvlwlrq 7=�

�N
�J+4� �O,

��
u� � �44

u�

��
u

u� . �J

�
A 4=

43



Wkh uhvxowv lq sduw +l, iroorz iurp wklv lqhtxdolw|1 D orz eluwk udwh +� vpdoo, hqvxuhv wkdw �44 �
u � � � �+4 � $K, lv forvh wr }hur vr wkdw +u� � �44,@u� lv forvh wr xqlw|1 D vorz lqwurgxfwlrq ri
wkh srolf| +�J vpdoo, hqvxuhv wkdw wkh whup u@+u� . �J, grhv qrw ydqlvk1

Wr suryh sduw +ll, ri Sursrvlwlrq 7/ zh pxvw vkrz wkdw wkh hqwluh sdwk ri �H+w, lv prqrwrqlf
li �J $ 41 Zh kdyh douhdg| ghprqvwudwhg wkdw wkh hqylurqphqw lpsuryhv lq wkh orqj0uxq1 Li
�J $ 4/ dqg lq wkh devhqfh ri erqg srolf|/ doo wudqvlwlrq whupv iurp htxdwlrq +D159, ydqlvk dqg
wkh hqylurqphqw lpsuryhv judgxdoo| dffruglqj wr wkh pxowlsoh dgmxvwphqw whup D+�H > k

�> w,/ wkh
surshuwlhv ri zklfk duh fryhuhg lq Ohppd D161 �

6 Furzglqj rxw ri wkh fdslwdo vwrfn

Lw lv srvvleoh wr suryh d qxpehu ri uhvxowv uhjduglqj wkh ghjuhh wr zklfk wkh fdslwdo vwrfn lv
furzghg rxw e| dedwhphqw1 Wkh uhvxowv duh vkrzq dv iroorzv1 Wkh ghfolqh lq wkh fdslwdo vwrfn lv
jlyhq e|=

 � u � �

u�O$F . +�O � $J,+u � �,
=

Lq fdofxodwlqj wkh h�hfwv rq  ri �/ �/ �O/ dqg $J/ lw pxvw eh wdnhq lqwr dffrxqw wkdw wkh vwhdg|0
vwdwh lqwhuhvw udwh u ghshqgv rq wkhvh sdudphwhuv +vhh +D15,0+D18,,1 Wkh frpsdudwlyh vwdwlf h�hfwv
duh=

g

g�
@

#
��O$F

^u�O$F . +�O � $J,+u � �,`5

$
gu

g�
A 3>

g

g�
@

��O$F ^u � �+gu@g�,`

^u�O$F . +�O � $J,+u � �,`5
? 3>

g

g$J
@

��O$F+gu@g$J, . +u � �, ^u � �. u�O`

^u�O$F . +�O � $J,+u � �,`5
A 3>

g

g�O
@

��O$F+gu@g�O,� +u � �, ^u � �. u$F `

^u�O$F . +�O � $J,+u � �,`5
? 3=

Fdslwdo furzglqj rxw lqfuhdvhv li wkh eluwk udwh ulvhv/ wkh udwh ri wlph suhihuhqfh idoov/ wkh lqlwldo
vkduh ri jryhuqphqw vshqglqj ulvhv/ ru wkh lqlwldo vkduh ri oderxu lqfrph idoov1

7 Lqwhujhqhudwlrqdo zhoiduh dqdo|vlv

Wkh zhoiduh lpsolfdwlrqv ri wkh gl�huhqw hqylurqphqwdo srolflhv fdq eh ghulyhg lq wkh pdqqhu
vxjjhvwhg e| Eryhqehuj +4<<6/ 4<<7,1 Wkh rswlpxp xwlolw| ohyho ri jhqhudwlrq y dw wlph w lv ghqrwhg
e| X+y> w,1 Lw lv rewdlqhg e| vxevwlwxwlqj wkh rswlpxp ydoxhv iru F+y> �, +zkhuh � uxqv iurp w wr4,
soxv wkh srolf|0lqgxfhg sdwk iru H+�, lqwr wkh xwlolw| ixqfwlrqdo=4 X+y> w, @ XQH+y> w,. �HXH+w,/

4Zh kdyh prgl�hg wkh xwlolw| ixqfwlrqdo xvhg lq Eryhqehuj dqg Khlmgud +4<<;, +yl}1 htxdwlrq +4,, vrphzkdw e|

pdnlqj lw orjdulwkplf lq .E�� dovr +udwkhu wkdq olqhdu,=

LE�c |� 

]
"

|

d*L}�E�c �� n �. *L}.E��o i T dE4n b�E|3 ��o _��

Vlqfh zh zrun zlwk wkh orj0olqhdul}hg prgho wklv fkdqjh grhv qrw d�hfw dq|wklqj vxevwdqwldo exw lw vlpsol�hv wkh

qrwdwlrq e| qrw kdylqj wr glvwlqjxlvk wkh lqlwldo ohyho ri hqylurqphqwdo txdolw| +ghqrwhg e| .f lq Eryhqehuj dqg

Khlmgud +4<<;,,1
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zkhuh XQH+y> w, lv wkh sulydwh frpsrqhqw ri zhoiduh/ dqg XH+w, lv wkh hqylurqphqwdo frpsrqhqw=

XQH+y> w, �
] 4

w

orjF+y> �, h{s^+�. �,+w� �,`g�> +D15<,

XH+w, �
] 4

w

orjH+�, h{s^+�. �,+w� �,`g�= +D163,

Wxuq wr wkh sulydwh frpsrqhqw ri zhoiduh �uvw1 Xvlqj wkh Hxohu htxdwlrq iru wkh krxvhkrog/ zh
fdq uhodwh F+y> �, wr F+y> w,=

F+y> �, @ F+y> w, h{s

�] �

w

+u+�,� �,g�

�
> � � w=

Vxevwlwxwlrq ri wklv uhvxow lq +D15<, |lhogv=

XQH+y> w, @
orjF+y> w,

�. �
.�+w,> +D164,

�+w, �
] 4

w

�] �

w

^u+�,� �`g�

�
h{s^+�. �,+w� �,`g�

@

] 4

w

�
u+�,� �

�. �

�
h{s^+w� �,+�. �,`g�= +D165,

Olqhdulvlqj wkh h{suhvvlrqv lq +D164, dqg +D165,/ zh �qg=

gXQH+y> w, @
�F+y> w,

�. �
. g�+w,> +D166,

g�+w, @

�
u

�. �

�] 4

w

�u+�,h�+��w,+�.�,g�= +D167,

Lq rughu wr shuirup wkh zhoiduh dqdo|vlv/ zh pxvw glvwlqjxlvk ehwzhhq ch{lvwlqj* djhqwv wkdw duh
douhdg| dolyh dw wkh wlph ri dqqrxqfhphqw ri wkh xqdqwlflsdwhg vkrfn/ dqg cixwxuh* jhqhudwlrqv
wkdw duh qrw |hw dolyh dw wkdw wlph1 Wkh wlph ri wkh dqqrxqfhphqw lv ghqrwhg e| w3 @ 31 Khqfh/
djhqwv zlwk d jhqhudwlrqv lqgh{ vpdoohu wkdq ru htxdo wr 3 +y � w3 @ 3, duh dolyh dw wkh wlph ri
wkh vkrfn1 Wkrvh zlwk dq lqgh{ odujhu wkdq 3 duh eruq odwhu +y @ w A w3 @ 3,1

714 H{lvwlqj Jhqhudwlrqv +� � f,

Iru h{lvwlqj jhqhudwlrqv/ wkh fkdqjh lq sulydwh xwlolw| lv gXQH+y> 3, @ �F+y> 3,@+� . �, . g�+3,1
Xvlqj +D167,/ dqg dsso|lqj wkh lqlwldo0ydoxh wkhruhp +Vslhjho/ 4<98/ s1 53,/ zh �qg g�+3, @

+u@+� . �,,Oi�u> � . �j1 Wkh mxps lq frqvxpswlrq lv d zhljkwhg dyhudjh ri wkh mxps lq kxpdq
zhdowk dqg wkh fkdqjh lq �qdqfldo zhdowk +dowkrxjk wkh fdslwdo vwrfn lv suhghwhuplqhg/ d rqfh0r�
wd{ rq fdslwdo rzqhuv ri �N +shu xqlw ri fdslwdo, lpsolhv �D+y> 3, @ �D+3, @ ��N iru y ? 3,1
Khqfh/ �F+y> 3, @ �KV �K+3,.+4��KV, �D+3,/ zkhuh �K+y> 3, @ �K+3,/ dqg �KV ghqrwhv wkh vkduh ri
kxpdq zhdowk lq wrwdo zhdowk ri dq djhqw ehorqjlqj wr jhqhudwlrq y wr eh ghwhuplqhg ehorz1 Wkh
kxpdq zhdowk whup �K+3, fdq eh holplqdwhg e| xvlqj wkh vroxwlrq iru wkh lqlwldo mxps lq djjuhjdwh
frqvxpswlrq/ �F+3, @ +4 � $K, �D+3, . $K �K+3,/ zkhuh 4 � $K � N@+N .K, @ +u � �,@�1 Wklv
lpsolhv wkdw �F+y> 3, fdq eh olqnhg wr �F+3, dqg �D+3, +� ��N,=

�F+y> 3, � �+4� �KV,�N . �KV

%
�F+3, . +4� $K,�N

$K

&
>

zkhuh wkh uhyhqxh ri wkh rqfh0r� fdslwdo wd{ +�NN+3,, jlyhv ulvh wr wkh +qhjdwlyh, mxps lq ghew
dw wlph w @ 3= �E+3, @ ��N+4 � �O,/ zkhuh uN@\ � 4 � �O1 Wkh kxpdq zhdowk vkduh �KV lv
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ghwhuplqhg e| xvlqj wkh vwhdg|0vwdwh lqirupdwlrq iru wkh rswlpdo vwhdg|0vwdwh frqvxpswlrq sur�oh
ri h{lvwlqj jhqhudwlrqv/ l1h1/ F+y> 3, @ F+y> y,h{s+�+u � �,y, iru y ? 31 Vlqfh doo jhqhudwlrqv duh
eruq zlwkrxw �qdqfldo zhdowk +D+y> y, @ 3,/ kxpdq zhdowk lv wkh vdph iru doo djhqwv +K+y> w, @ K,/
dqg frqvxpswlrq lv sursruwlrqdo wr wrwdo zhdowk +F+y> w, @ +� . �,+D+y> w, .K,,/ wkh iroorzlqj
h{suhvvlrq iru �KV lv rewdlqhg=

�KV � K

D+y> 3, .K
@ h+u��,y=

Wklv h{suhvvlrq lv lqwxlwlyho| fohdu1 Rog djhqwv +l1h1/ zlwk yhu| qhjdwlyh y, kdyh kdg d orqj wlph
wr dffxpxodwh �qdqfldo dvvhwv dqg khqfh ihdwxuh d uhodwlyho| orz vkduh ri kxpdq zhdowk lq wrwdo
zhdowk1 D yhu| |rxqj djhqw +y � 3, rzqv olwwoh ru qr �qdqfldo zhdowk dqg khqfh h{klelwv d kxpdq
zhdowk vkduh ri xqlw|1

Diwhu frpelqlqj doo wkh lqirupdwlrq/ zh rewdlq wkh iroorzlqj uhodwlrq=

+�. �,gXQH+y> 3, @ ��N .

�
h+u��,y

$K

�k
�F+3, . �N

l
. uOi�u> �. �j= +D168,

715 Ixwxuh Jhqhudwlrqv +� ' | : f,

Ixwxuh jhqhudwlrqv duh eruq zlwkrxw �qdqfldo zhdowk1 Khqfh wkhlu frqvxpswlrq dw eluwk lv jlyhq
e| F+w> w, @ +� . �,K+w,/ vr wkdw �F+w> w, @ �K+w,1 Kxpdq zhdowk fdq eh holplqdwhg e| xvlqj wkh
djjuhjdwh uhodwlrq �F+w, @ $K �K+w, . +4� $K, �N+w, . ^+4� $K,@+4� �O,` �E+w,1 Wklv hqdeohv xv wr
zulwh �F+w> w, lq whupv ri �F+w,/ �N+w, dqg �E+w,=

�F+w> w, @

%
�F+w,� +4� $K, �N+w,� ^+4� $K,@+4� �O,` �E+w,

$K

&
> w A 3= +D169,

Wkh iroorzlqj Ohppd fdq eh xvhg wr fdofxodwh wkh Odsodfh wudqvirup ri g�+w,1

Ohppd D1: Ohw [+w, eh d ixqfwlrq gh�qhg dv iroorzv=

[+w, �
] 4

w

}+�,h�+�.�,+��w,g�=

Wkhq Oi[> vj lv jlyhq e|=

Oi[> vj @

�Oi}> �. �j � Oi}> vj
v� +�. �,

�
=

Surri= [+w, vdwlv�hv wkh gl�huhqwldo htxdwlrq=

b[+w, @ �}+w, . +�. �,[+w,> [+3, @ Oi}> �. �j=

Wkh Odsodfh wudqvirup ri wkh gl�huhqwldo htxdwlrq dprxqwv wr=

vOi[> vj �[+3, @ �Oi}> vj. +�. �,Oi[> vj=

E| vxevwlwxwlqj wkh lqlwldo frqglwlrq [+3, @ Oi}> � . �j dqg jdwkhulqj whupv/ zh rewdlq wkh
uhtxluhg uhvxow1 �

Wkh Odsodfh wudqvirup ri g�+w, fdq eh rewdlqhg e| dsso|lqj Ohppd D1: wr +D167,=

Oig�> vj @

�
u

�. �

��Oi�u> �. �j � Oi�u> vj
v� +�. �,

�
= +D16:,
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E| frpelqlqj +D169, zlwk +D166,/ wdnlqj Odsodfh wudqvirupv/ dqg xvlqj +D16:,/ zh duulyh dw wkh
iroorzlqj h{suhvvlrq iru wkh Odsodfh wudqvirup ri sulydwh xwlolw| ri ixwxuh jhqhudwlrqv=

+�. �,OigXQH > vj @

#
Oi �F> vj � +4� $K,Oi �N> vj � ^+4� $K,@+4� �O,`Oi �E> vj

$K

$

.u

�Oi�u> �. �j � Oi�u> vj
v� +�. �,

�
= +D16;,

E| vxevwlwxwlqj wkh Odsodfh wudqvirupv iru �F+w,/ �N+w,/ �E+w,/ dqg �u+w, ^� ��O �N+w,`/ dqg lqyhuwlqj/
wkh hqwluh sdwk iru gXQH+w> w, lv rewdlqhg +zkhuh w dfwv dv wkh lqgh{ iru ixwxuh jhqhudwlrqv/ l1h1/
w A 3,1

Lq rughu wr ghulyh wkh uhvxowv lq vhfwlrqv 80: ri wkh sdshu/ wkh sdwk iru gXQH+w> w, lv zulwwhq
lq whupv ri gXQH+3> 3,/ gXQH+4>4,/ dqg dgmxvwphqw dqg wudqvlwlrq whupv olnh D+k�> w, dqg
W+�l> k

�> w,1 Wklv fdq eh suryhg dv iroorzv1 Wkh fuxfldo uhvxowv wkdw pxvw eh xvhg duh=

O�4
+
Oi �N> �. �j � Oi �N> vj

v� +�. �,

,
@ Oi �N> �. �j

�
�

�N+�44 . �J,

+u� . �J,+�. �. �J,

�
�JW+�J> k

�> w,

.
D+k�> w,

�. �. k�

%
�N+4, .

�N+�44 . �J,

+�. �. �J,+u
� . �J,

�J� �54�F

5[
l@4

�
el

+u� . �l,+�. �. �l,

�&

.�54�F

5[
l@4

�
el

+u� . �l,+�. �. �l,

�
W+�l> k

�> w,>

dqg=

�F+w,� +4� $K, �N+w,� ^+4� $K,@+4� �O,` �E+w,

@ �F+3, .
k
�F+4,� �F+3,� +4� $K, �N+4,

l
D+k�> w,

�
�
4� $K
4� �O

� %
�E+3, ^4�D+k�> w,` . �E+4,D+k�> w, .

5[
l@4

+�l � k�,W+�l> k
�> w,el

&

.�N

�
�45 . +4� $K,+�44 . �J,

u� . �J

�
�JW+�J> k

�> w,

��F

5[
l@4

�
�l . �55 . �54+4� $K,

u� . �l

�
elW+�l> k

�> w,=

E| vxevwlwxwlqj wkhvh uhvxowv lqwr wkh lqyhuwhg htxdwlrq +D16;,/ dqg jdwkhulqj frqvwdqw whupv/ dqg
whupv lqyroylqj D+k�> w, dqg W+�l> k

�> w,/ gXQH+w> w, fdq eh zulwwhq dv iroorzv=

gXQH+w> w, @ gXQH+3> 3, . ^gXQH+4>4,� gXQH+3> 3,` D+k
�> w,

.QH+�J, �JW+�J> k
�> w,�

5[
l@4

�QH+�l,elW+�l> k
�> w,> +D16<,

zkhuh zh kdyh xvhg wkh gh�qlwlrqv ri gXQH+3> 3,/ gXQH+4>4,/ QH+�J, dqg �QH+�l,=

+�. �,gXQH+3> 3, @
�F+3,� ^+4� $K,@+4� �O,` �E+3,

$K
� u�OOi �N> �. �j>
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+�. �,gXQH+4>4, @

%
�F+4,� +4� $K, �N+4,� ^+4� $K,@+4� �O,` �E+4,

$K

&

�
�

u�O
�. �

�
�N+4,>

+�. �,�QH+�l, �
�
+4� $K,+�l � k�,

$K+4� �O,
.

�Fu�54�O
+u� . �l,+�. �. �l,

.
�F+�l . �55 . �54+4� $K,,

$K+u� . �l,

�
>

+�. �,QH+�J, �
�

�N
u� . �J

��
�45 . +4� $K,+�44 . �J,

$K
.

u�O+�44 . �J,

�. �. �J

�
=

Lq vhfwlrq 8 qr erqg srolf| lv xvhg + �E+w, @ e3 @ e4 @ e5 @ 3,/ vr wkdw wkh wudqvlwlrq whupv
W+�l> k

�> w, glvdsshdu iurp wkh ydulrxv h{suhvvlrqv1 Lq vhfwlrq 9 ri wkh sdshu/ el dqg �l duh xvhg
dv lqvwuxphqwv wr uhglvwulexwh xwlolw| dfurvv jhqhudwlrqv/ dqg wkh prvw jhqhudo h{suhvvlrqv duh
uhohydqw1

8 Surri ri Sursrvlwlrq 8

Lq wkh devhqfh ri erqg srolf|/ wkh fkdqjh lq sulydwh zhoiduh h{shulhqfhg e| yhu| rog jhqhudwlrqv
+y $ �4, fdq eh zulwwhq dv=

+�. �,gXQH+�4> 3, @ uOi�u> �. �j=

Wkh surri ri Sursrvlwlrq 8 surfhhgv dv iroorzv1 Sursrvlwlrq 8+l, pdnhv xvh ri wkh iroorzlqj h{0
suhvvlrq iru Oi�u> �. �j=

Oi�u> �. �j � ��OOi �N> �. �j +D173,

@ � �O�N
�. �. k�

�
�44

u�+�. �,
� �44 . �J

+�. �. �J,+u
� . �J,

�
�J>

zkhuh zh kdyh xvhg +D146,/ +D14<,/ dqg +D153,1 Ghvljqdwlqj wkh whup lq vtxduh eudfnhwv e| �4/
zh revhuyh wkdw �4 A 3 li wkh srolf| lv lqwurgxfhg lqvwdqwdqhrxvo| +�J $ 4,=

olp
�
J
$4

�4 @
�44

u�+�. �,
A 3=

Khqfh/ li �J $ 4/ wkhq +� . �,gXQH+�4> 3, @ uOi�u> � . �j A 3 dv +�N ? 3, vr wkdw rog
jhqhudwlrqv xqdpeljxrxvo| jdlq1 Li wkh srolf| lv lqwurgxfhg judgxdoo| +�J ? 4,/ wkh vljq ri �4 lv
dpeljxrxv1 Iru d orz hqrxjk ydoxh ri �J/ �4 pd| ehfrph qhjdwlyh vr wkdw +�.�,gXQH+�4> 3, @

uOi�u> � . �j ? 3 dqg rog jhqhudwlrqv orvh dv d uhvxow ri wkh judgxdo lqwurgxfwlrq ri wkh srolf|1
Wkh uhohydqw frqglwlrq iru wklv fdvh wr rewdlq lv wkdw �J ? ��J/ zkhuh ��J lv wkh qrq0}hur ydoxh ri
�J iru zklfk �4 @ 3=

��J � u�+�. �,� �44+�. �. u�,

�44
=

Lw lv/ ri frxuvh/ srvvleoh wkdw ��J ? 3 lq zklfk fdvh �4 A 3 iru doo srvlwlyh ydoxhv ri �J1 Wklv
frpsohwhv wkh surri ri Sursrvlwlrq 8+l,1
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Lq rughu wr suryh Sursrvlwlrq 8+ll, zh zulwh �. �,gXQH+3> 3, @ �F+3,@$K . uOi�u> �. �j1 Zh
kdyh douhdg| hvwdeolvkhg wkh vljq frq�jxudwlrq ri Oi�u> �. �j1 Iurp +D158, zh nqrz wkdw=

�F+3, @ � �J+u
� � �44,

u�$F+u� . �J,
�J @ ��N+u� � �44,�J

u��54+u� . �J,
�J ? 3=

E| frpelqlqj wkh uhohydqw lqirupdwlrq/ +�. �,gXQH+3> 3, fdq eh zulwwhq dv=

+�. �,gXQH+3> 3, � ��N
u�

�
u� � �44
$K�54

�J
u� . �J

.
u�Ou��4

�. �. k�

�
�J=

Zh ghvljqdwh wkh whup lq vtxduh eudfnhwv e| �51 Lw lv srvvleoh wr vkrz wkdw �5 ? 3 uhjdugohvv ri wkh
vshhg dw zklfk wkh srolf| lv lqwurgxfhg1 E| xvlqj wkh uhodwlrqv +u� � �44,@�54 @ �45@+u

� � �55, @

�45@+k� . �44, dqg �45 @ �^u�O . �44`/ �5 fdq eh zulwwhq lq whupv ri wzr sduwv=

�5 �
� ��44�J
$K+k� . �44,+u� . �J,

�
. u�O

�
�44

+�. �,+�. �. k�,

� u�+�44 . �J,

+�. �. �J,+�. �. k�,+u� . �J,
� �J

$K+�44 . k�,+u� . �J,

�
=

Wkh �uvw whup lq vtxduh eudfnhwv lv xqdpeljxrxvo| qhjdwlyh/ vr wkdw d vx!flhqw frqglwlrq iru
�5 ? 3 lv wkdw wkh vhfrqg whup lq vtxduh eudfnhwv/ zklfk zh ghvljqdwh e| �6/ eh qhjdwlyh dovr1
Qrwh wkdw �6 fdq eh zulwwhq dv= �6 @ �J+�J�64.�65,@�66/ zkhuh �66 @ $K+�.�,+�.�.k�,+�.

�. �J,+u
� . �J,+�44 . k�, A 3 lv wkh srvlwlyh ghqrplqdwru1 Lw lv hdv| wr vkrz wkdw �64 dqg �65

duh erwk qhjdwlyh=

�64 � �44$K+�44 . k�,� +�. �,+�. �. k�, ? 3>

�65 � u� ^�44 � +�. �,`$K+�44 . k�, . �44+�. �,$K+�44 . k�,

� +�. �,5+�. �. k�, ? 3>

zkhuh zh kdyh xvhg wkh idfw wkdw �44 @ �+4 � $K, ? � . � dqg 3 ? $K ? 41 Khqfh/ �6 ? 3/ vr
wkdw wkh vx!flhqw frqglwlrq iru �5 ? 3 lv vdwlv�hg uhjdugohvv ri wkh pdjqlwxgh ri �J1 Lw kdv wkxv
ehhq hvwdeolvkhg wkdw +�. �,gXQH+3> 3, ? 31 Wklv frpsohwhv wkh surri ri Sursrvlwlrq 8+ll,1

Lq rughu wr suryh Sursrvlwlrq 8+lll, zh zulwh vwhdg|0vwdwh xwlolw| dv=

+�. �,gXQH+4>4, @

%
�F+4,

$K
� +4� $K, �N+4,

$K

&
.

�
u

�. �

�
�u+4,=

Xvlqj +D147,/ +D148,/ dqg �u+4, @ ��O �N+4, A 3/ wklv h{suhvvlrq fdq eh uh0zulwwhq dv=

+�. �,gXQH+4>4, @ � �N
u�k�

�
�45
$K

.
�44+4� $K,

$K
.

u�O�44
�. �

�
�J=

Zh ghvljqdwh wkh whup lq vtxduh eudfnhwv dv �71 E| vxevwlwxwlqj �45 @ �^u�O . �44`/ �7 fdq eh
uhzulwwhq dv=

�7 � ��44 � u�O

�
4

$K
� �44

�. �

�
? 3>

zkhuh zh kdyh xvhg wkh idfw wkdw 3 ? $K ? 4 dqg �44 @ �+4� $K, ? �. �1 Wklv frpsohwhv wkh
surri ri Sursrvlwlrq 8+lll,1
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Lq rughu wr suryh Sursrvlwlrq 8+ly,/ zulwh gXQH+3> 3,� gXQH+4>4, dv iroorzv=�
$K+�. �,+k� . �44,u

�k�

�N�44 �J

�
^gXQH+3> 3,� gXQH+4>4,`

@ +k� � �$K,+4� $K,� u�O

�
+k� � �$K,+4� $K, . �. �

+�. �. k�,

�
= +D174,

Sursrvlwlrq 5 ghprqvwudwhv wkdw k� A �$K1 Khqfh/ wkh �uvw whup rq wkh uljkw0kdqg vlgh lv srvlwlyh
exw wkh whup lq vtxduh eudfnhwv lv dovr srvlwlyh/ vr wkdw wkh wzr whupv zrun lq rssrvlwh gluhfwlrqv1
E| eulqjlqj doo whupv rq wkh vdph ghqrplqdwru zh fdq uhzulwh wkh uljkw0kdqg vlgh ri +D174, dv
�8@+�. �. k�,/ zkhuh �8 lv gh�qhg dv=

�8
+4� $K,

@+k� � �$K,+�. �. k�,�
�
+k� . �44,+k

� . �55,

�. �
� �

�
�

^++k� � �$K,+4� $K, . �. �,`

dqg zkhuh zh kdyh xvhg wkh uhodwlrqv u�O @ �+�45 . �44, dqg �45 @ �+4 � $K,+k� . �55,+k
� .

�44,@+�.�,1 Diwhu vxevwlwxwlqj �44 @ �+4�$K, dqg �55 @ �.�+4�$K, dqg vlpsoli|lqj/ zh fdq
vkrz wkdw �8 ? 3=

�8 @ +4� $K,+k� � �$K,

�
+�. �. k�,�

�
+k� � �$K, . +�. 5�,

�. �

�
�

++k� � �$K,+4� $K, . �. �,
l

@ �+4� $K,5+k� � �$K,

�
�.

+k� � �$K,+k� � �$K . �. 5�,

�. �

�
? 3=

Vlqfh wkh whup lq urxqg eudfnhwv rq wkh ohiw0kdqg vlgh ri +D174, lv qhjdwlyh/ �8 ? 3 lpsolhv wkdw
gXQH+3> 3, A gXQH+4>4,1 Wklv frqfoxghv wkh surri ri Sursrvlwlrq 8+ly,1

Lq rughu wr suryh Sursrvlwlrq 8+y, zh zulwh wkh xwlolw| ri wkh uhsuhvhqwdwlyh djhqw dw wkh wlph ri
wkh vkrfn dv �gXQH+3, @ �F+3, . �Oi�u> �j +wkh jhqhudwlrqv lqgh{ lv reylrxvo| qrw uhohydqw khuh,1
Zh kdyh douhdg| hvwdeolvkhg wkh vljq frq�jxudwlrq ri Oi�u> � . �j1 E| frpelqlqj wkh uhohydqw
lqirupdwlrq/ �gXQH+3, fdq eh zulwwhq dv=

�gXQH+3, � � �N�45�J �J

k�+�. k�,+�. �J,
? 3>

zkhuh zh kdyh xvhg u� @ �. k�1 Khqfh/ uhjdugohvv ri wkh vshhg dw zklfk wkh srolf| lv lqwurgxfhg
+�J,/ �gXQH+3, ? 3/ dqg wkhuh duh �uvw0rughu zhoiduh frvwv dvvrfldwhg zlwk wkh lqfuhdvh ri wkh
dedwhphqw dfwlylwlhv1 Wklv frpsohwhv wkh surri ri Sursrvlwlrq 8+y,1 �

9 Hqylurqphqwdo xwlolw| dqg wkh surri ri Sursrvlwlrq 9

914 Hqylurqphqwdo xwlolw|

Wkh hqylurqphqwdo frpsrqhqw ri wrwdo xwlolw| lv jlyhq lq htxdwlrq +D163,1 E| olqhdulvlqj +D163,/
dqg xvlqj Ohppd D1:/ wkh iroorzlqj h{suhvvlrq iru wkh fkdqjh lq hqylurqphqwdo xwlolw| fdq eh
rewdlqhg=

OigXH> vj @
Oi �H> �. �j � Oi �H> vj

v� +�. �,
= +D175,

4:



E| xvlqj wkh lqlwldo dqg �qdo ydoxh wkhruhpv/ uhvshfwlyho|/ rq htxdwlrq +D175, zh rewdlq=

gXH+3, @ Oi �H> �. �j> gXH+4, @
�H+4,

�. �
=

915 Sursrvlwlrq 9

Lq rughu wr suryh Sursrvlwlrq 9+l,/ zh zulwh/ e| hpsor|lqj +D14:,/ gXH+3, @ Oi �H> � . �j @

^��N�HOi �N> �.�j.�J�HOi �J> �.�j`@+�.�.�H,1 E| xvlqj +D173, dqg wkh Odsodfh wudqvirup
ri +D14<, wklv fdq eh uhzulwwhq dv iroorzv=

gXH+3, @ � �N�H
�. �. �H

�
�N�4

�. �. k�

�
�J.

�J�H
�. �. �H

�
�J

+�. �,+�. �. �J,

�
�J> +D176,

zkhuh �4 lv gh�qhg lq vhfwlrq 8 deryh1 Zh kdyh douhdg| ghprqvwudwhg wkdw �4 A 3 li wkh srolf| lv
lqwurgxfhg vx!flhqwo| txlfno| +l1h1/ li �J A ��J,1 Khqfh/ vlqfh �N ? 3/ gXH+3, A 3 lq wkdw fdvh1

Hqylurqphqwdo xwlolw| fdq ghfuhdvh lqlwldoo| rqo| li wkh srolf| lv lqwurgxfhg vorzo| +�J ? ��J vr
wkdw �4 ? 3, dqg dedwhphqw lv qrw yhu| h�hfwlyh dw fohdqlqj xs wkh hqylurqphqw +�J@�N vpdoo,1
Lq whupv ri +D176,/ d vx!flhqw frqglwlrq iru wkh lqlwldo juhhq zhoiduh wr ghwhulrudwh lv wkhuhiruh=

�4 ? �
�
�J
�N

��
�. �. k�

�. �

��
�J

�. �. �J

��
4� �O

u

�
=

Wklv frpsohwhv wkh surri ri Sursrvlwlrq 9+l,1
Wkh surri ri Sursrvlwlrq 9+ll, lv lpphgldwh=

gXH+4, @
�H+4,

�. �
@

4

�. �

�
�J � �N�N�44

u�k�

�
�J A 3=

Lq rughu wr suryh Sursrvlwlrq 9+lll,/ zh rqo| qhhg wr frqvlghu wkh fdvh ri dq deuxsw lqwurgxfwlrq
ri wkh srolf| +�J $ 4, +vlqfh gXH+3, lv odujhvw iru dq lqvwdqwdqhrxv lqwurgxfwlrq ri wkh srolf|,1
Zh fdq zulwh=

+�. �, ^gXH+4,� gXH+3,` @

�
�J � �N�N�44

u�k�

�
�J

�
�

�H
�. �. �H

��
�J � �N�N�44

u�+�. �. k�,

�
�J

@ �J

�
4� �H

�. �. �H

�
�J� �N�N�44

u�k�

�
4� �H

�. �. �H

k�

�. �. k�

�
�J A 3=

Wkh orqj0whup h�hfw rq hqylurqphqwdo xwlolw| h{fhhgv wkh vkruw0whup h�hfw erwk ehfdxvh wkh
hqylurqphqw uhjhqhudwhv vorzo| dqg ehfdxvh wkh hfrqrplf v|vwhp kdv d �qlwh wudqvlwlrq vshhg1
Rqo| li erwk �H dqg k� whqg wr lq�qlw|/ gr wkh wzr h�hfwv frlqflgh1 Wklv frpsohwhv wkh surri ri
Sursrvlwlrq 9+lll,1 �

Lq rughu wr suryh Sursrvlwlrq 9+ly,/ zh xvh +D14:, dqg wkh Odsodfh wudqvirup ri +D14<, +vhwwlqj
el @ 3 dqg �J $ 4, wr ghulyh=

Oi b�H> vj @
�Hv

v. �H

k
��NOi �N> vj. �JOi �J> vj

l
@

�H
v. �H

�
�J .

�N+��N,�44
u�

4

v. k�

�
�J=

Vlqfh wkh whup lq vtxduh eudfnhwv lv srvlwlyh +dv �N ? 3,/ Ohppd D19 lpsolhv wkdw �H+w, ulvhv
prqrwrqlfdoo|1�

4;



: Frpsdudwlyh vwdwlf h�hfwv iru wkh rswlpdo dedwhphqw vkduh

Lq wkh wh{w ehorz htxdwlrq +54, wkh frpsdudwlyh vwdwlf h�hfwv rq wkh rswlpdo vkduh ri dedwhphqw
vshqglqj duh glvfxvvhg1 Wkhvh uhvxowv fdq eh rewdlqhg dv iroorzv1 Zh dvvxph wkdw wkh srolf| lv
lqwurgxfhg lqvwdqwdqhrxvo| +�J $ 4,1 Wkh �uvw0rughu frqglwlrq iru dq lqwhuqdo rswlpxp lv=

�gX+3, @

� ��5�O
+4� �O,k�+�. k�,

.
�H�J�H
�. �H

�
�J @ 3= +D177,

Htxdwlrq +D1:, lpsolhv wkdw u�k� @ �5�O$F@+4 � �O,/ dqg wkh wudfh frqglwlrq vkrzv wkdw u� @

�. k�1 Khqfh/ +D177, fdq eh vroyhg iru wkh rswlpdo vkduh ri sulydwh frqvxpswlrq=

a$F � �. �H
�H�J�H

= +D178,

Wkh frpsdudwlyh vwdwlf h�hfwv rq a$J ri �J/ �N/ �H/ dqg �H fdq eh rewdlqhg e| gl�huhqwldwlqj
+D178, zlwk uhvshfw wr wkhvh yduldeohv=

ga$F
g�H

� �ga$J
g�H

@
��

�H�J�
5
H

? 3>

ga$F
g�J

� �ga$J
g�J

@
�+�. �H,

�H�
5
J�H

? 3>

ga$F
g�H

� �ga$J
g�H

@
�+�. �H,

�5H�J�H
? 3>

ga$F
g�N

� �ga$J
g�N

@ 3=

Zlwk lq�qlwh olyhv dqg deuxsw srolf| lqwurgxfwlrq/ wkhuh lv qr h�hfw rq wkh fdslwdo vwrfn1 Wklv
h{sodlqv zk| �N grhv qrw d�hfw wkh rswlpdo vkduh ri dedwhphqw1

; Uhglvwulexwlrq lvvxhv

;14 Doo fxuuhqw jhqhudwlrqv htxdoo| zhoo r�

Lq vxe0vhfwlrq 914 ri wkh sdshu zh glvfxvv d Sduhwr0lpsurylqj srolf| zklfk lqyroyhv wkh qhxwudo0
lvdwlrq ri lqwhujhqhudwlrqdo lqhtxlw| ri h{lvwlqj jhqhudwlrqv rqo|1 E| lpsrvlqj d rqfh0r� fdslwdo
wd{/ doo h{lvwlqj jhqhudwlrqv fdq eh pdgh wr jdlq wr wkh vdph h{whqw/ zklovw ixwxuh jhqhudwlrqv
uhds dgglwlrqdo ehqh�wv gxh wr wkh judgxdo lpsuryhphqw ri wkh hqylurqphqw1 Lq vxe0vhfwlrq 914/
�N lv wkh rqo| erqg0srolf| lqvwuxphqw dydlodeoh wr wkh srolf| pdnhu1

Lw iroorzv iurp htxdwlrq +D168, wkdw wkh qhxwudolvdwlrq ri jhqhudwlrqdo h�hfwv iru h{lvwlqj jhq0
hudwlrqv uhtxluhv �F+3, . �N @ 3/ ru=

�N @ � �F+3,> �E+3, @ +4� �O, �F+3,= +D179,

Exw wkh mxps lq frqvxpswlrq lq lwv wxuq ghshqgv rq wkh sdudphwhuv ri wkh erqg sdwk1 E| vhwwlqj
�J $ 4 dqg e4 @ e5 @ 3 lq +D158, zh rewdlq=

�F+3, @ �
�
�N+u� � �44,

u��54

�
�J�

��F
u�

�
�E+3,= +D17:,

E| xvlqj +D179, dqg +D17:, zh �qg wkh h{suhvvlrqv iru �F+3,/ �E+3,/ dqg �N=

�F+3, @ ��N @ �E+3,@+4� �O, @ � �J@$F = +D17;,

4<



Wkh erqg0lqgxfhg frqvxpswlrq mxps holplqdwhv doo wudqvlwlrqdo g|qdplfv iurp wkh frqvxpswlrq0
fdslwdo v|vwhp1 Lq whupv ri Iljxuh 5 ri wkh sdshu/ wkh erqg srolf| vkliwv wkh PNU fxuyh wr
lqwhuvhfw wkh qhz LV fxuyh lq d srlqw yhuwlfdoo| ehorz wkh lqlwldo htxloleulxp H3 +l1h1 dw srlqw G,1
Khqfh/ wkh pdfurhfrqrplf yduldeohv vdwlvi|=

�N+w, @ �\ +w, @ �u+w, @ �Z +w, @ 3> �F+w, @ � �J@$F > +D17<,

dqg wkh hqylurqphqw hyroyhv dffruglqj wr=

�H+w, @ �J �JD+�H> w,= +D183,

E| xvlqj htxdwlrq +D17<, lq +D168, dqg +D16;,/ dqg htxdwlrq +D183, lq +D175, zh rewdlq wkh
h{suhvvlrqv iru/ uhvshfwlyho|/ qrq0hqylurqphqwdo dqg hqylurqphqwdo xwlolw|=

gXQH+y> 3, @ gXQH+w> w, @ �
�J

+�. �,$F
>

gXH+w, @
�J �J

�. �

�
4�

�
�. �

�. �. �H

�
h��Hw

�
>

iru y � 3 dqg w � 31 Wkh wrwdo zhoiduh jdlq wr suhvhqw jhqhudwlrqv htxdov=

+�. �,gX+y> 3, @

�
� 4

$F
.

�H�J�H
�. �. �H

�
�J> iru y � 3=

E| vhwwlqj $J vxfk wkdw gX+y> 3, @ 3/ zh rewdlq wkh h{suhvvlrq iru wkh rswlpdo vkduh ri dedwhphqw
zklfk pdnhv doo suhvhqw jhqhudwlrqv htxdoo| zhoo r� +dqg wkxv doo ixwxuh jhqhudwlrqv vwulfwo| ehwwhu
r�,=

$SLF @
�. �. �H
�H�J�H

=

;15 Doo fxuuhqw dqg ixwxuh jhqhudwlrqv htxdoo| zhoo r�

Wkh vlpxodwlrqv xqghuo|lqj Wdeoh 7 lq wkh wh{w duh shuiruphg dv iroorzv1 Wkh srolf| pdnhu xvhv
wkh sdwk ri ghew dv sdudphwhul}hg lq +D14<,1 Wklv lpsolhv wkdw wkh sdwkv iru wkh fdslwdo vwrfn/
frqvxpswlrq/ dqg wkh hqylurqphqw duh jlyhq e| +D156,0+D159,1 Wkh sdwkv iru sulydwh xwlolw| duh
jlyhq lq +D168, dqg +D16<, dqg wkh sdwk iru hqylurqphqwdo xwlolw| lv jlyhq lq +D175,1 Wrwdo xwlolw|
lv wkh vxp ri sulydwh dqg hqylurqphqwdo xwlolw|1 Wkh uhtxluhphqwv iru wkh hjdolwduldq srolf| duh
wkdw doo jhqhudwlrqv jdlq wr wkh vdph h{whqw1 Ghqrwlqj wklv frpprq jdlq e| �/ wkh uhtxluhphqwv
duh vxppdul}hg e|=

gX+y> 3, @ gX+w> w, @ �> y � 3> w � 3=

Wkh lqvwuxphqwv dw wkh glvsrvdo ri wkh srolf| pdnhu duh d rqfh0r� wd{ rq fdslwdo rzqhuv dw wkh
wlph ri wkh vkrfn +�N,/ soxv wkh sdudphwhuv lq xhqflqj wkh vkdsh ri wkh dqwlflsdwhg sduw ri wkh
erqg sdwk +�l dqg el/ l @ 4> 5,1 Wkh ydoxhv iru wkhvh sdudphwhuv duh frpsxwhg dv iroorzv1

Dv lq wkh suhylrxv vxe0vhfwlrq/ wkh fdslwdo ohy| �N lv xvhg wr holplqdwh wkh lqwhujhqhudwlrqdo
lqhtxlw| iru h{lvwlqj jhqhudwlrqv1 Zlwk wkh pruh jhqhudo erqg srolf| xvhg khuh/ htxdwlrq +D17;,
ehfrphv=

�F+3, @ ��N @ �E+3,@+4� �O, @ � �J@$F �
�

�F
u� � �44

� 5[
l@4

el�l
u� . �l

= +D184,
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Vlploduo|/ wkh orqj0uxq h�hfwv rq frqvxpswlrq dqg wkh fdslwdo vwrfn fdq eh h{suhvvhg dv iroorzv=

�F+4, @ �
�J

$F
.

�
�N�44

+u� � �44,k�

� 5[
l@4

el+u� . �l � �44,

u� . �l
> +D185,

�N+4, @

�
�N�44$F

+4� �O,+u� � �44,k�

� 5[
l@4

el+u
� . �l � �44,

u� . �l
+D186,

@
$F

4� �O

%
�F+4, .

�J

$F

&
=

E| xvlqj wkh Odsodfh wudqvirupv ri wkh erqg sdwk dqg wkh lpsolhg vroxwlrq sdwkv iru fdslwdo dqg
frqvxpswlrq/ htxdwlrq +D16;, fdq eh zulwwhq dv iroorzv=

OigXQH> vj @ s3

�
4

v

�
. sK

�
4

v. k�

�
.

5[
l@4

s[l

�
4

v. �l

�
> +D187,

zkhuh s3/ sK/ dqg s[l duh gh�qhg dv iroorzv=

s3 � 4

+�. �,$K

%
�F+4,� +4� $K,

%
�N+4, .

�E+4,

4� �O

&&
� u�O

+�. �,5
�N+4,>

sK � 4

+�. �,$K

%
�F+3,� �F+4, . +4� $K, �N+4,� �F

5[
l@4

�
el ^�55 . �l . �54+4� $K,`

+u� . �l,+�l � k�,

�&

.
u�O

+�. �,+�. �. k�,

%
�N+4,� �F�54

5[
l@4

el
+u� . �l,+�l � k�,

&
>

s[l � 4

+�. �,$K

��
4� $K
4� �O

�
el . �F

�
el ^�55 . �l . �54+4� $K,`

+u� . �l,+�l � k�,

��

.
u�O�F�54el

+�. �,+�. �. �l,+u
� . �l,+�l � k�,

>

+l @ 4> 5,>zkhuh �F+3,/ �F+4,/ dqg �N+4, duh gh�qhg/ uhvshfwlyho|/ lq +D184,/ +D185,/ dqg +D186,1
Lq d vlplodu idvklrq/ wkh Odsodfh wudqvirup ri hqylurqphqwdo xwlolw| fdq eh zulwwhq dv iroorzv=

OigXH> vj @ h3
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zkhuh h3/ hK / hD/ dqg h[l duh gh�qhg dv iroorzv=

h3 � �J �J� �N �N+4,

�. �
>

hK � ��H�N
+k� � �H,+�. �. k�,

%
�N+4,� �F�54

5[
l@4

el
+u� . �l,+�l � k�,

&
>

+�. �. �H,hD � ��J �J.

�
�N

k� � �H

�%
k� �N+4,� �F�54�H

5[
l@4

el
+u� . �l,+�l � �H,

&
>

54



h[l � ��N�H�F�54el
+�. �. �l,+u

� . �l,+�l � k�,+�l � �H,
> +l @ 4> 5,=

E| frpelqlqj +D187, dqg +D188,/ wkh Odsodfh wudqvirup ri wkh sdwk ri wrwdo xwlolw| lv rewdlqhg=

OigX> vj @ ^s3 . �Hh3`
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Dq hjdolwduldq srolf| lv vxfk wkdw doo jhqhudwlrqv hqmr| wkh vdph xwlolw| fkdqjh/ l1h1 doo whupv
lqyroylqj wlph0yduldwlrq duh vhw wr }hur=

sK . �HhK @ �HhD @ s[l . �Hh[l @ 3> +l @ 4> 5,=

Wkh frpprq jdlq wr doo jhqhudwlrqv lv wkhq jlyhq e|=

� � s3 . �Hh3=

Ydoxhv iru � duh uhsruwhg lq Wdeoh 71 Ilqdoo|/ dq rswlpdo hjdolwduldq srolf| lv vxfk wkdw � @ 31

Uhihuhqfhv

Eryhqehuj/ D1 O1 +4<<6,1 Lqyhvwphqw surprwlqj srolflhv lq rshq hfrqrplhv= Wkh lpsruwdqfh
ri lqwhujhqhudwlrqdo dqg lqwhuqdwlrqdo glvwulexwlrqdo h�hfwv1 Mrxuqdo ri Sxeolf Hfrqrplfv/
84=6�871

Eryhqehuj/ D1 O1 +4<<7,1 Fdslwdo wd{dwlrq lq wkh zruog hfrqrp|1 Lq ydq ghu Sorhj/ I1/ hglwru/
Kdqgerrn ri Lqwhuqdwlrqdo Pdfurhfrqrplfv1 Edvlo Eodfnzhoo/ R{irug1

Eryhqehuj/ D1 O1 dqg Khlmgud/ E1 M1 +4<<;,1 Hqylurqphqwdo wd{ srolf| dqg lqwhujhqhudwlrqdo
glvwulexwlrq1 Mrxuqdo ri Sxeolf Hfrqrplfv/ 9:=4�571

Mxgg/ N1 O1 +4<;5,1 Dq dowhuqdwlyh wr vwhdg|0vwdwh frpsdulvrqv lq shuihfw iruhvljkw prghov1 Hfr0
qrplfv Ohwwhuv/ 43=88�8<1

Mxgg/ N1 O1 +4<;8,1 Vkruw0uxq dqdo|vlv ri �vfdo srolf| lq d vlpsoh shuihfw iruhvljkw prgho1 Mrxuqdo
ri Srolwlfdo Hfrqrp|/ <6=5<;�64<1

Mxgg/ N1 O1 +4<;:,1 Wkh zhoiduh frvwv ri idfwru wd{dwlrq lq d shuihfw0iruhvljkw prgho1 Mrxuqdo ri
Srolwlfdo Hfrqrp|/ <8=9:8�:3<1

Vslhjho/ P1 +4<98,1 Odsodfh Wudqvirupv1 PfJudz0Kloo/ Qhz \run1
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