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A.1 A dynamic model of rent-seeking

Basic assumptions:

Diamond-Samuelson overlapping-generations model with (human) capital accumulation

and endogenous growth.

Two generations each of unit size. The population is thus of size 2.
No bequests so generations are disconnected

Monopolization after rent seeking activities is certain (no risk).

The young (superscript y) consume goods ac;{t (i = 1,2), buy units of the existing capital
stock from the old, &/, or a newly produced investment good, z/, from the investment
goods sector (both at 'nominal’ price Q;), engage in time-consuming lobbying activities,

and enjoy schooling (to augment their human capital stock acquired at birth).

Timing of decisions during youth:

— Rent-seeking phase at the start of youth.

— Consumption and saving decisions.

— Education phase during the period (human capital installed at the start of the second
period).

o

2, and

The old (superscript o) sell their capital goods to the young, consume goods, x
work a fraction A of the time endowment (we set 0 < A\ < 1 due to economic ageing and

exogenous retirement).

A.1.1 Individual agents

Continuum of agents indexed by 7.

Lifetime utility function of an agent of type n:

AY(n) =ncf(n) + Blncf 4 (n), (A.1)

where ¢/ (n) and ¢} ;(n) are defined as:

9

e o1 M/(-1/0)
tn) = [aal ()77 + (1= a)at, (m)' 7|

i

. /U} 1/(1-1/0)

where o is the substitution elasticity between the two goods.
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e Budget constraint during youth:

Pyyat (n) + Pagy,(n) + Qe [/ () + K/ (n)] = I{ (n), (A.2)

where

I} () = Wihi(n) [1 — ex(n) — Le(n)] + se(n)II7. (A.3)

— W, is the wage rate on standardized efficiency units of labour.
— ¢e4(n) is time spent lobbying.

— l¢(n) is time spent on formal schooling.

hY(n) = hy is the average human capital level in the economy at the start of time ¢

(the young are standing on the shoulders of the old generation).

e Human capital accumulation function:

L(n)'~*

1-0

01 (n) = hY(n) [1 "y ] L 6,50, 0<0<1. (A.4)

e Budget constraint during old-age:

Priy12] 400 () + Popy123 4400 () = I 1 (), (A.5)

with:

tr1(n) = AWiahf () + [(1 — 0)Qus1 + R | [/ (n) + K ()] (A.6)

— By investing in period ¢, and owning z(n) + k7(n) at the start of old-age, the then
old individuals receive a rental income in period ¢ + 1 equal to R}, ;. The remaining

capital stock they can sell at price Q¢4+1 (to the then young).
— Wiy is the future wage rate on standardized efficiency units of labour.

— During old-age only a fraction A of time is available for working (economic ageing

renders people economically useless after a while): 0 < A < 1
A.1.2 Firms
e Consumption good 7 is produced with physical and human capital according to:
o 1—d.
Xip = QGHK, %,

where ; (> 0) and ¢; are constants.

— Diminishing returns to both factors, i.e. 0 < ¢; < 1.
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— We can have the same technology for goods 1 and 2 (but we state the most general

model here).

— Both factors are perfectly mobile across sectors.

e The total and marginal cost functions are:

TCY (Wi, RY, X, ) = MC¥(Wy, RF) X4,

¢’L l_d)i 1
MCI(Wt,Rt ( ) _¢) 57

() ()T L
s ¢Z~ 1- ¢, Q;
_ k

with:

=, wE = ——. (A.7)

e The derived demands for units of physical and human capital are obtained by employing

Shephard’s Lemma:

OMCT(Wy, RY) ¢ MCT (W, RF)
Hit=——"7—7—"X1 =
’ oW, ’ W,
OMCT(Wy, RY) (1— ;) MC}(Wy, Rf)
Kit=——"o—"Xi1 = .
R} R}

Xit,

Xit.

e By substituting the production function and rearranging the resulting expression we find:

Wy = ¢, MC¥(Wy, RV, %,
Rf‘ - ( ¢Z)M0x(Wt7Rt )Q K’zt )

with:

e Profit in sector 7 is:
I, = Py Xy — MC¥(Wy, RY) X

e For good X» (which is always produced competitively) we find that Pa; = MC% (W, RF).

By using X5 as the numeraire commodity we find that:

P, = Pg,tmcg(wt,rf) & mcg(wt,rf) =1.

A-3



In summary, factor demands can be written as:

1- 1-
wy = ¢ymet (we, rf)QI’ﬁ,td)l = ¢292“2,t¢27

= (1= gy)med (we, )k = (1 — ) Qi o2,

Since good 3 is produced competively, Po; = MC%(W;, RF) and we find (by eliminating

ko, from the factor demands) that:

)
-\ ¢ 1— ¢, Qy

For good z1 we find (by eliminating x1; from the factor demands) that real marginal cost

equals:

®1 k 1-¢,
. wy T 1
mcy (wtarf) = (gbl) (1 _t¢1> Qil

Hence, if z; is also produced competitively we find that p; = Py ¢/ Pay = mcf (w, rf)

The total stock of efficiency units of labour is:

H, = /77 " [Ah?(n) + 1 —e(n) —i(n)] hty(n)}dF (n)-

— Units of ‘old” and ‘young’ human capital are perfect substitutes.
The investment good is also produced with units of physical and human capital:
Zy=Q.HY KLY
The representative firm hires these inputs (from their owners) to maximize profit:
I} = QZ — WiH,, — Rf K.,
which gives:

RF = (1 - ¢)QuQ.HY K-},
Wy = vQuLHY, KLY

Again using consumption good zo as the numeraire commodity we find:

rf = (1—y)qunr.y,
Wy = thQz“i;wa
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with:

qt = —.
Py

e Total cost and marginal cost functions are:

b E o\ 1%
rewaa= (3] (%)

MC*(Wy, RF, Z,)

e Since the investment good is produced competitively we have that:

k Wi ¥ Tf 1=y 1
Q¢ = MC*(Wy, RY) < qr = mc*(wg, 7)) = <> ( ) o

’QD 1_7;Z) Qz

A.1.3 Loose ends

e Physical capital accumulation:

K1 =2+ (1 - 0)K,.

e Stock of human capital available for productive use:
Hy=hi [1+X—& -1,

with:

Ny Ny
g = / e(dF(m), b= / L(m)dF(n).

nL nL

e Equilibrium in the investment goods market:

Zy = / . z{ (n)dF(n).

nrL

e Equilibrium in the market for used capital goods:

[ wara = - .
nL

e Equilibrium condition in the physical capital rental market:

Ky =K+ Koy + K. .
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e Equilibrium condition in the human capital rental market:

Hy=Hy;+ Hoy + H. .

A.1.4 Model solution

e We employ two-stage budgeting to solve the individual’s utility maximization problem.
e Given the structure of preferences, we know that:

X{ () = Prgat ,(n) + Pagab ,(n) = Pyaci(n),

Xf+1(77) = Pl,t+1$(1),t+1<77) + P2,t+1$g,t+1(77) = PV,t+IC?+1<77):

where X} (n) is ‘full’ consumption and Py is the true price index:

1/(1=0)
Pys=[a”Pl7 + (1 - a)UPQ{;C’] .

)

e Useful results from duality theory:

— The expenditure functions are Ef(n) = Pyyc/(n) and EP (1) = Pygy1¢f,,(n) so
we can recover the Hicksian demands for the underlying goods in the usual fashion
(Shephard’s Lemma):

OE{(n) _ 0Py, OB, (n) 0P
y _ 9k _ ity o _ 981 _ OFvien
xi,t(n) P, P ci (n), wz,t+1(77) P11 OPisi1 g1 (n)-

— The indirect (sub)utility functions are V;¥(n) = X (n)/ Py and V&, (n) = X211 (n)/ Py
and the Marshallian demands for the underlying goods in the usual fashion (Roy’s
Identity):

_ OVP(m)/oPy, 0Py X[(n) %1(n)/OP; i1 OPyyy1 X7 (n)

x! = = , xf = — = )
0 (1) ovy(n)/oX!(n)  OPi:s Py a1 () OV (n)/0XP 1 (n)  OPity1 Prin
e Budget constraints for young and old:

Pycl () + Qe [2{ () + K (n)] = Wihi (n) [1 — e(n) — Le(n)] + s¢(m)ITT,
Pyiacyr(n) = AWeprhfy 1 (n) + [(1 = 0)Quyr + Riy | [ (n) + K (n)].-

e Define the ‘nominal’ interest rate as:

(1—=06)Qt+1+ Rfﬂ

o, (A.15)

1+ Ry, =



Solve the old-age budget constraint for [z (n) + kY (n)]:

_ Pyipic? 1 (n) — AWiphf, 1 (n)

Qt [Zizf/ (77) + k}z (77)] 1+ R?«H

Substitute into the youth budget constraint to get the consolidated budget constraint in

nominal terms:

Py et 1(n)

Pyicf(n) + Tt e
t+1

= HW{(n),
where human wealth during youth is:

HWY () = Wehi] (n) [1 = ex(n) — ()] + —

The remaining constraint:

B l 1-0
) = e 140,502

where we have used the initial condition hY(n) = h;.

(A.16)

(A.17)

Since there is no uncertainty (monopolization is for sure) we can solve the optimization

problem in one go. In particular, the agents chooses ¢ (1), ¢/, 1(n), l:(n), and e,(n) [and
thus also h?_;(n)] to maximize (A.1) subject to the budget constraint (A.16) and the

human capital accumulation identity (A.17).

Note: we continue to use ‘nominal’ terms (and use the numeraire, Po; = 1, right at the

end).

The Lagrangian is:

LY =Inc/(n) + Blncyy (n) + py | se(MITT, + Wihe [1— er(n) — (n)]

Wi le(n)t—0 Pyip1cf1(n)
h 1 BLASTPAR R of Y _ ot

First-order conditions:

oLy 1
= s — P =0,
ocl(n) — cf(p M
oLy _ p _ pe Py —0
802’“(77) C§+1(77) 1+ RYyy 7
oLy Wi 0| w3
= —1+ ——A! Wihy = 0,
8lt(77) o (1 + R?_i_l)Wt Qb t(77) thit



LY Osi(n) .-
= ", ———= —W;h,| =0.
der(n) M M dey(m)

Substituting the first two into the budget constraint (A.16) we find:

1
PV,tC?(n) = mHW{g(’?)a
Pviictn(m) B
_l_

HWY (n).
1+ Ry 1 ¢ (1)

B

Clearly, it follows from the third first-order condition that every agent chooses the same

amount of schooling:

Ap Wit r/@

A.18
(+ Ry )W (A.18)

L(n) =1l =1 = [

For the success function, s;(n) = ne;(n)¢/E;, we find from the fourth first-order condition
that:

— m 1/(1—¢)
nee(n)°! ; s S
ny,—=—=— =W;h = = | ——= A.19
ey E, th er(n) Wihy E; ( )
It follows that total rent-seeking effort F; and wasted labour é; amount to:
Ny 8H71nt e/(1=e) rny
Bo= [Mntiraro = [t | [ pasdar)
nL Wil Ey nL
N ey, VA=
etzm/ er(n)dF(n) = { = ] ./‘ "/ U=dF ().
nL Wil Ey n
Solving the first of these expressions for E; gives:
1—¢
5H’1”t]5 /nH .
By = |—= /=egp A.20
=[] | [ eare (A20)
Using (A.20) in (A.19) we find that e;(n) and s¢(n) can be written as:
,,71/(1—5)
et(n) = st(n)eér, si(n) = - ) (A.21)
[T = dF ()
where é; is given by:
eIl
e — =LAy A.22
= (A.22)
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e Optimal choices can be written as follows:

Pycf(n) = 71+BHW7J( ),
Pyiyic? 1 (n) B

. HWY (1),

1 + Rt+1 1 +6 t(n)

Q1 [/ (n) + k()] = se(m)IIT, + Wihy [1 — ey(n) — 1i] —

B

1+

1
1+B

[St(ﬁ)ﬂﬁ + Wil [1 — er(n) — lt]]

HW(n) = s¢(n)IT + Wihe [1—e(n) = i) + ————

Note that:

nL

l_[ AL r/
sl R W]

[ o + R ar ) = 2+ (1= ), = K,

where we have used (A.10), (A.13), and (A.14).

Using (A.22) aggregate saving can be rewritten as:

QiK1 =

ﬁ m 7
m (]. 76)H1’t+Wtht [1 *lt]
1 AWﬂl— +¢119
1+ﬁ1+Rt+1 ‘1-46

>\Wt+1 -

1+ Rt+1

HW{ (n),

1T AWy

1+B81+

1+¢

It follows (by using (A.10)) that the demand for new capital goods is:

15}
- P
QtZt 115
1L AW
1+ 81+RE,

o

1-0
t

l
+ ¢,

1-0

[(1 — )1, + Wihs [1 — zt]}

] —Q(1-0)K

Aggregate demands for composite consumption goods:

Prac = 1 Hwy
Vit = 173
Pyiiacf I5;

La d R HWY
I+Ry, 145

A-9
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Rt+1

I’
‘1-0|’

(A.23)

l19
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e Aggregate human wealth of the young (after using (A.22)):

l1—0
1+ ¢, .

)\Wt—&-l t
1-0

HWY = (1 — &)1 he[1—1 —_
Wi = (1 -l + Wihy | t]+1+R?+1

h

e Demand in sector 1 originates from the young and the old.
— The young cohort’s demand for good 1:

y _ 0Py 0Py 1 HWY _ Py HW}
MT 0P, T 0P 1+ B Py a'PL 4 (1—a) P 148

By holding HW? constant this is interpreted as a Marshallian demand curve.

— The old cohort’s demand for good 1:
oz"Pl_’t" 0

7Pl 7+ (1—a)7 Py

10 = AWihS + [(1 —8)Qu+ Rﬂ K.

o __
X1, =

— Total demand is thus:

a’ P77 HWY
X1t = Lt [ W,

+ 1?7 .
e ol (e A

e The monopolist in sector 1 has the following profit function:
Iy, = | Py — MCT(Wi, RE)| X,

and the monopoly price is set according to the usual markup rule:

€t
Pl = p MCY(Wy, Ry),  piy = —"—>1,
Edr— 1
m _ 0Xip Py a7(PR)T 4 o(1— )7 (P57
dit — 8P1,t Xl,t aa(Plnft)l—o + (1 _ a)U(P2C7t)170' ’
(P +o(1-a)’ o1
ot (pP)ir + (1 - ) ’
= ()7 +o(l — )
Lt (c—1(1-a)y
with:
1t
P = 5 (A.24)
Py,

)
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e For future use we note that:

m 47T+ (1-a)
ML= o T =)y

e Using the expression for MC¥(W;, RF) derived above we find:

m o .m T k
by = Ml,tmcl(wtvrt)v

where mc¥ (wy, 7F) is real marginal cost in the monopolistic sector (see above):

ol k 1-¢y
"  (wy T 1
meitwerd) = (5)(+25) o

o It follows that €], can be written as:

af i mef (w k) 1704— (1—-a)°
m o E;,iy?t_l 1 t,rt g (0%

egtt " K l1—0o :
ol ( gft’_lmc1 (wy, r} )) +(1—-a)°
e In real terms the factor demand are:

k= (1= ¢)ymed (we, rF) k07,

k 1-
wy = ¢ymey (wy, ry )91“1,t¢1-

e Aggregate profit equals:
I = Xu (P~ MCE(Wa, BY))
= (4 — 1) MCT(Wy, RY) X1 4,

- [HWY
_“tL+B+Qy (A.25)

where Z; is an auxiliary term:

a? (py)' 7

a (py)' ™7 +o(l - )

—_—
—
—

(A.26)

t

e Properties:

— in the competitive case, P1; = MCT(Wy, RF) (so that piy = 1) and Z; = 0 for all ¢.
— in the monopoly case, 0 < Z; < 1.

— since u7?, depends on py* so does Z;!
I
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e We find (after using (A.22)) that:

oW L 7 AWipr - 11=°
.= — | (1=, + Wih, (1 —1 —hs |1
1+B+t 1+B(( e)IIy + Wih | t]+1+R?+1t +¢61_9
AW Ry + [(1—5) 0, + R K. (A.27)

Aggregate profit positively affects total wealth and vice versa, so current profit depends

in part on itself because young agents consume part of it.

e By solving (A.25) and (A.27) for I}, and 4% + ¢ we find:
= _ AW - 110
Iy, = L Wik [l =]+ by (14 ¢,
14 8-(1-9)=, the [1 =] 1+ Ry, t( S
+ (1+ 8) [\Wihe + [(1 - 8) Qi + RE| K ] , (A.28)
and:
HW?+IO— Wﬁ[l—l]+Mﬁ 1+¢ L
148 "t 148-(1-0)zF | " STt Ry ‘1-6
+(1+P) [Ath}t + [(1 —8) Qi+ Rﬂ Kt} ] . (A.29)
e It follows that II7"; and }{TW; + I¢ are both proportional to the growing variables h; and
K.

e Demand for good 2 originates from the young and the old.

— The young cohort’s demand for good 2:

dPyy , 0Py 1 HWY (1—a)7P/ HW
cf = = :
Py ' 0Py 1+5 Puy  aoPl7 +(1—a) Py 7 1+8

Yo
X5 =

— The old cohort’s demand for good 2:

(1- OC)UP{,tU o
APl 7+ (1—a) Py "
10 = AWy + [(1 —8)Q + Rﬂ K.

o

2t =

— Total demand for good 2 is thus:

Xot =

(1-a)7h7 {HW?

+ I"} .
a?Pl, 7+ (1—a)' Py [1+8
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A.1.4.1 Verify Walras Law

e Spending at time ¢:

PV,t [C% + C?]—I—Qt [Zt + (1 — 5)Kt] = Wtilt [1 — € — lt]—FHTt—i-)\Wth?—l- (1 — (S)Qt + Rf K.

e Simplifying:

Pyy e} + ¢+ QuZy = Wihy [1 — & — U] + IIT, + AW, 1Y + RE K.

e But PVJg [Cg -+ C?] = Pl,tXI,t -+ PQ,tXQ’t and H; = ?Lt [1 — € — lt] + )\hto so we get:

P X+ Py Xoy + Qi Zy = WeHy + 11T, + R{K;.

e But H?,Lt = (Pl,t - MCaf(Wt,Rf))XLt, Pg’t = MC%(Wt,Rf), and Qt = MCZ(Wt,Rf) SO we
get:

MC%(Wy, RO X1, + MC%(Wy, R Xo, + MC*(Wy, R¥)Z, = Wi H; + RFK,

Right-hand side: total factor income. Left-hand side: total spending on consumption and

investment goods evaluated at the true marginal cost of producing these goods.

A.1.4.2 Checking market equilibrium conditions

In the numerical model (for debugging purposes) we conduct some consistency checks by com-

puting the same quantity in two different ways.

e Market for good 1 (demand and supply):

Xit _ N ! ((1 )T 1 — gy 4 20 E %“))
he  a%p 7+ (1—a) |1+8 hy 1+ 741
K
+ Aw + [(1—5)%4‘7’?} Bt],
t
Xt 1-¢
Ht = Qlul,t’il,t L
e Market for good 2 (demand and supply):
Xoe ___(—of : <(1—s)7”n?t+wt [L—1])+ Awt“(lﬂ”l))
hy agpi?f_i_(l — ) 1+ 06 hy 14741

K,
+)\wt+ [(1—5)qt+rf} }—lt],
t
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Xoy
H,

_ 1—¢,
= QQU?JKZIE .

e Market for investment goods (demand and supply):

Qt% _ Hﬁﬂ (1—e) W]—St -] - 1 —il_ . )\Wt+11—(i_1r‘t|‘+?t+1) . 5)%;1&7
Iii = uzthzﬁi;w.
o Aggregate output:
Y; X1 Xoy Zy

A A A A

A.1.5 The dynamic rent-seeking equilibrium

e Summary of the model: see Table A.2
e There are 23 endogenous variables and 23 equations so all should be swell.

e Insight #1: if x1 and x9 are identical from the production side then the real monopoly

price is constant (with or without rent seeking)!

— Suppose that ¢; = ¢y = ¢ and Q] = Oy =L
— Then (TA4.7) and (TA4.10) together imply that:

mei, = (wt)q51 < t )1¢1 i.
’ o) 1—¢ 1

— But (TA4.8) and (TA4.11) together imply that:

) ()
C \ by 1— ¢y Qy

— Hence, since ¢ = ¢ and 2y = 2y we find that:

x
meyy =1, Kip = Koy

It follows from (TA4.18) that p; is a constant (i.e, depends only on the structural
parameters o and o). This result also holds if ¢; = ¢, but Q; # Q9 since in that

case mc{ ; = 2/ (a constant).

o Insight #2: if 21 and x2 are be identical from the production side then we can aggregate
the model further.
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— We know that:

= () -
Tot (1—a)p: Uy

so that it follows from (TA4.23) that:

e 1—u, o a%(I—uy)
! 14 ((1—5)1%)0 a% + (1 —a)py’
e g
L amw(US) g e -w
9 = = .

1+ (%)“ a? + (1 —a)7pf
— We can thus aggregate total consumption as:

Ct = pt1t + Toyt

1-9 1-9
=prur kg b+ uglokg,

= [pru1 ¢ + u2y] Qxl‘ii;(ﬁ

_a’pr+ (1 —a)7pf
a7+ (- )7y

(1— uz)mei;qb
where 0, = Q1 = Qs and Ky = K1t = Ko

A.1.5.1 Parameterization

e Assert that a steady-state growth equilibrium exists and calibrate it. We calibrate the

parameterize the competitive version of the model. We adopt a two-step approach:

— Step 1: parameterize a one-sector version of the model to generate plausible values

for k*, v*, B, 2, etcetera.

— Step 2: use these plausible value to parameterize the two-sector version of the model

One-sector model
e Assumptions: ¢; = ¢y =9 = ¢, Q1 = Qe =Q, = Q.

e Dynamic model:

K, 1 A 1
1 _ [ﬁwt n—i]— Wi 1 (14 v441)
hy 1+p L+7m
I°
Tt+1 = %ma

I _[ AP Wit ]1/
A+ rw]
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wy = ¢yt7
= (1— ), =5,
yr = Qﬁt_¢
K
Kt = —
t Ht’

where 7,1 = (b1 — ht)/he is the growth rate (of initial human capital). The endogenous
variables determined at time ¢ are K11, 7,41, K¢, Hy, and [;. The predetermined variables

are K; and h; (so k; is a jumping variable).

e Steady-state model:

S el et ] (a0

v (l*)H’ (A.31)
“1-0 y

l= [ﬁfr] ’ (A.32)

W= ey, (A.33)

rt=(1—- ) (k") " =3, (A.34)

v =0 (A.35)

where we have used the fact that (Kii1/ht)* = (1 +7441) Kis1/hes1)* = (1 +9*) (1 + A —

[*)k* in the first equation.

e We fix the following parameters a priori:

— Efficiency parameter of human capital: ¢ = 0.75.
— Annual physical capital depreciation rate: §, = 0.06.

— Fraction of work time during old-age: A = 0.5. In terms of the setting sketched in

Figure 1 this means that people retire at age 65.

Each adult period is of length T' = 30 in years.
e We postulate the following targets for the calibration:

— Annual real interest rate: r, = 0.05.

— Annual real growth rate: v, = 0.025.

The output intensity: y*(=Y/H)* = 1.00.

— The time-share of education during youth is [* = 0.10. In terms of Figure 1 this

means that people finish college at age 23.
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e Each period lasts for 30 years so we find:

— The interest factor:

= (1+7r,)T —1=23.3219.
— The growth factor:

7= (147,)" — 1 =1.0976.
— The depreciation factor:

§=1—(1-6,)" =0.8437.

Since (r* + d)k* = (1 — ¢)y* and y* = 1 we find the physical-human capital ratio:

K= — —6.0014-102.

e Since y* = Qo(k*)1~? = 1 we choose Qq:

Q=(k )V =2.0204.

The wage rate is:
w* = ¢y* = 0.75.

e From equation (A.32) we find an expression for ¢,:

1 * *
b =1+

e Using this expression in combination with equation (A.31) we find the value for 6 and ¢,:
14 r*)0*
o—1- U o195, g, = 5.2008.
A(Y*)

Finally we solve equation (A.30) for 5:

Aw*/(1+1%) + (14 A — I*)k*

= 0.7182.
w1 —=0)/(1+~*) = (1 + A= 1*)s*

5 pr—
This is an feasible value (as 0 < 8 < 1 is required for discounting).

Two-sector model
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e Assumptions: ¢; = ¢y = ¢ > 1, Q1 = Qo = Q, # Q,. The investment goods sector is

relatively capital-intensive.

e Dynamic model:

K 1 [ AWt 1
1+ — = —— | Bw [1 = ;| — 1+ ,
( 7t+1)Qt Tt 145 B t[ t] 1+ riey ( ’Yt+1)
ll*@
_ t
Ti+1 = %71 — 0
I, = [ AP Wi i1 }1/9
(14 repn)wy
k
ri+(1—=96
14 71 = t+1 ( >Qt+1’
qt
wy = ¢Qukin,”)

wy = ¢thzHi}w,
rF=(1— ¢)Qn Y,

rf = (1 - )gunr.y,

Kt = Ukyt + (1 — up) Koy,

1+XN—-1
z = <t+1> (L +vpp1)ke1 — (1 = 0)ry,

1+A—1

1 K;

k= —mm— ——

PTIN—U hy
yr = (1 - Ut)Qxlﬁi«;d) + Qtthz"fi;d)

1=

2 = thzK,Z’t

e Steady-state model:

N E (e [511+ i 1 +A ’ e

. (l*)1—9

V= e T (A.37)

\ 1/6

ﬁ;{lf;] , (A.38)
()" = (r* +0)q", (A.39)
w* = ¢Q, (k3)' 7, (A.40)
w* =g (k1) (A.41)
(r")" = (1= )% (53)77, (A.42)
(rF) = (1= ¢)q" Q. (57) 7Y, (A.43)
K" =u"k] + (1 —u")k], (A.44)
ZF = (v + )K", (A.45)
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Y= (1 =) (1) 4 g (kD) Y (A.46)

xT

2 =urQ, (k)Y (A.47)

Targets: key endogenous variables same as in the one-sector model. Hence:
y* =1, 2*=0.1165 [*=0.1000, ~£*=6.0014-10"2,
~*=1.0976, w*=0.75, r*=3.3219, p"=q"=1.

Fixed parameters: 3, d, A, 6, and ¢,.

We fix ¢ = 0.8 and choose the following free parameters: v, €., and €2, such that all

targets are met.

Steps:

By combining (A.40) and (A.42) we find x}:

. 1;¢(w

7)* — 4.5011-10"2.
.

From (A.40) and (A.42) we can find the unit-cost function for z. By imposing the
target p* = 1 we find:

. w* ) (T’k)* 1-¢ 1 B

— It follows that total consumption is:

f=1-2=(1—-u)Q )7 e 1—uf=09424.

€T

— From (A.41) and (A.43) we can find the unit-cost function for z. By imposing the

target ¢* = 1 we can write {2, in terms of the unkonw parameter 1::

) R e )

— By combing (A.41) and (A.43) we find £} in terms of the unkonw parameter :

— Investment is:




= & Y =3.7084 - 107 1.
— The value for 1 implies that:
Q, = 4.2651.

e In summary, the structural parameters for the two-sector model are reported in panel (a)
of Table A.1.

A.1.5.2 Visualization: A specific distribution function for n

For the visualizations we use the uniform distribution for #:

e Density and distribution functions:

1 n—ng
fn)=———  Flp)=—"- (forn, <n<npy).
) N — ML ) Mg — L ( r 2
o Weight:
/ 0= g () = 1-¢ Grelfi=e) _ =)/
. 2—¢e)(ng —ng) L'H L
e Rent-seeking time:
elI™ (9 — _ 1/(1—¢)
es() = 1t (2—¢)(ng —nz) U
= W, 1—¢ QB0 e
e Total rent-seeking effort:
5“’1"tr[ 1—¢ (2-e)/(1—¢) _(2-e)/(1—2) ] -
E, = L _
t [Wtht 2—e)(ny —np) L e }
e Share function:
w(n) = 1) _ @ —e)(nm —ne) 0!/
e\ E, 1—¢ (Ea/=a) _ E=a/=e)
e Hence:
() = 2t
et\n) = WtEtSt mn)-
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e Cumulative share for 7 in the interval ny <n < n;:

(2—¢)/(1—2) _ 77(2—5)/(1—5)

1

mo_ _ ™M 0

St = / ss AP () = o= e
o N —nyg

A.1.6 Inequality measures

e The individual lifetime utility function at birth is:
A{(n) =Inc{(n) + Blnciyy ()

e Aggregate consumption spending by the old (at time ¢):

Py c? K
Vit Awy 4 (1 + ) g =
ht ht

e Aggregate consumption spending by the young (at time ¢):

PV’tCi/_ 1
h, 147

sy wi 1 (1 + Yep1)
well =]+ (1 —e)=—=— + \—/—— "~
[ 4 =+ ) hy 1+rip

e Aggregate saving (equals investment) by the young (at time ¢):

Qtf_(t+1 _ B
hy 1+p

] A w1+ y)
hy 1+8 141

[wt[l -]+ (1 —¢)

e Individual consumption spending by the old (at timet):

Py c? K,
V,t_ct (77) _ )\wt + (1 + Tt)qt t_(77)

ht ht

e Individual consumption spending by the young (at time ¢):

Py e (n) 1 ™ w1 (14 Ye41)
i = 1—1 1—g) bt R T ewd)
Ry 1+ wifl = U]+ s:(n)(1 —¢) Ry + 1+ 711

where s¢(n) is dependent on the distribution of #:

B 771/(1—6)
st(n) = fnm{ nt/(1=e)dF (n)
L

e Aggregate saving (equals investment) by the young (at time ¢):

@Kip1(n) B Y A w1 (1 +v44q)

[1—1] +s:(n)(1 —¢)

e 148" hel 1+ Tdmn
where K;11(n) = 2/ (n) + kI (n).
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e By combining these results we find for the old:

Py[cf(n) — ] Ki(n) — K
EEREL B2 B — 1 _—
3 (1+7)q P
e For the young we find:

Pylci (n) — ] 1 T
J = = —1|(1 — —
qt[Ki11(n) — Ky1] B T
i — (] — o) 1t
2 gl — -2 3

e Further notes on welfare computations:

— Let shock-time be t = 0.

— Following an unanticipated and permanent shock the effect on the shock-time old is

computed differently from the way later old-age consumption is treated.

— For the shock-time old we find that:

P e} l(‘
V,tft (77) _ )\wt + (1 + Tt)qt 5(77)
ht ht
with:
qe—1[K+(n) — K] B T
— — _ —11(1 — it
o gl — 11—

— So, for example, if the rent-seeking technology is opened up at time ¢ then, obviously
we have that 77", _; = 0 so that we find that K;(n) = K; (no inequality at all).
— For the post-shock-time old-age consumption we find that ¢;41(n) can be linked to

ci(n) according to the Euler equation:

Pyt

——c = BPyc)(n),
1+ 741 t+1(77) BPyci(n)

so that utility at birth for the shock-time young is:

B(1+ 7’t+1)Pv,tC?(77)]

AY(n) =Inl(n) + BIn [
PV7t+1

=1+ f)Inc/(n) +fn [5(1 - ”*”PW}

Pyt

— Note that the Euler equation in scaled variables is given by:

() (L4+re1)Prye ¢f(n)

his1 (L4 v 1)Prisr

This expression has been used in the Dynare files.
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A.2 Proofs

A.2.1 Useful Result 1

Part (a). For the general model factor demands can be written in real terms (for i = 1,2) as:

= (1— ¢,)MC¥ (wy, rf) Qi ",
1—a.
wy = d)Z-MC'f(wt,rf)Qmm %

By solving the second equation for x;; and substituting the resulting expression into the first

equation we find:

N ,rk 1-9; w é; 1
o= (25)  (5) o

In the competitive sector 2 we find Py; = MC%(W;, RF) so that:

N ’l“k 1—¢, W (o5 1
Mcz(wtﬁf):<1_t¢2) <¢;> 9—2:1.

For sector 1 we find:

d)l k 17¢1 1
vt (2)"(25) "
itwor) = {3, 1— ¢ 0

It follows readily that, for ¢ = ¢ = ¢ and Q; = Q9 = (2, we obtain:

Mczlt(wtarf) = 1a R1,t = R2,t-
If 1 = ¢ = ¢ but Q; # Q9 we find that:

MC’f(wt,'rk) = o #1, K1t =Koy

Part (b). For the general model the price is set according to equation (AT2.18). For ¢; =
by = ¢ and Q1 = Qy = Q, we find that MCY(wy,rF) = 1 so that:

0P +o(1—a)
(c—-1)(1—-a)e

Pt =

Since a and o are both time-invariant constants it follows readily that p; = p* for all . To prove
that p > 1 we note that relative monopoly price satisfies the implicit relationship ®(p*, a, o) = 0,
with:

l—0o

a \7p
P = —
(p,cv,0) p+<1a>

1l—0c o-1°
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Table A.1: Structural parameters in the competitive three-sector growth equilibrium

(a) Coefficients

I3 time preference parameter c 0.7182
Pa annual pure rate of time preference (percent) i 1.1092
A proportion of working time in old-age 0.5000
D1 = @y human capital efficiency parameter consumption goods 0.8000
P human capital efficiency parameter investment good c 0.3708
da annual capital depreciation rate (percent) 6.0000
) capital depreciation factor i 0.8437
Q1 = scale factor production function consumption goods ¢ 1.7430
Q. scale factor production function investment good c 4.2651
0 curvature parameter of the learning function ¢ 0.2125
?, scale parameter of the learning function ¢  5.2998
T length of each adult period in years 30

(b) Steady-state equilibrium growth path

K* capital intensity: 0.0600
Ki/hy)* physical-human capital ratio: 0.0840
* time share of schooling during youth 0.1000
y* growth factor 1.0976
i x 100% annual growth rate (percent) i 2.5000
r* real interest factor 3.3219
i x 100% annual real interest rate (percent) i 5.0000
w* wage rate 0.7500
(rk)* rental rate on capital 4.1656
y* output intensity 1.0000
x] =5 consumption intensity in each consumption sector 0.4417
z* investment intensity 0.1165
q* relative price of the investment good 1.0000
uj] = uj human capital share in each consumption sector 0.4712
ul human capital share in the investment sector 0.0576
K capital intensity in the investment sector 0.3055
K] = K5 capital intensity in each consumption sector 0.0450

Note The parameters labelled ‘c’ are calibrated as is explained in the text. The ones labelled

‘i’ are implied by other parameters and variables. The remaining parameters are postulated a
priori. Note that p, = 87T =1, 7% = (147 /T =1, 4% = (14+4")/T =1, and 6 = 1 —(1—8,)7.
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Table A.2: Rent-seeking and growth in the three-sector model (TY scenario)

K 1 T Awg (1 + ’7t+1):|
1+ —_—= l—¢)=—+ 1—1) — AT2.1
(a2 = g (80 - 9T 4 pu 1 - 1 - 22 (AT2.1)
it = A 1
T t _ [wt (1— 1)+ Wi ( +’Yt+1)]
hy  1+B8—-(1-¢)= L+ 74
(1+ B)= K\ K
n Y ( 1-6 ) il AT2.2
T+ 8-(l—oF "™ (L=0)a+rs hi ( )
_ T
Wil = e—— (AT2.3)
hy
I
Vi1 = d)el Iy (AT24)
A
[0 = _AMelri1 (AT2.5)
(14 repq)wy
k
+(1-9
| 4rpyy = et H 1 =0 (AT2.6)
at
wy = ¢1mcff7t(21/<;};¢1 = %QM;% = wCIth/‘Gi;w (AT2.7)-(AT2.9)

rF = (1= dy)med Qury )t = (1 6y) ks % = (1 — )qeQn)
(AT2.10)-(AT2.12)

Kt = U1 k1t + Ukt + Uz thot (AT2.13)
T+ XA—ép1— I
zt = ( I ea— (I + v 1)k — (1 = 0)Re (AT2.14)
1 K,
= - ;= AT2.15
S W —" ) ( )
Yt = DeT1¢ + T2t + G2 (AT2.16)
o, 1—0o
== (AT2.17)
a’p, 7 +o(l —a)°
o’py " +o(l-a)
= AT2.1
P o D1 _ap (AT2.18)
a’pi? 1 1 < T Awiq (1 + ’Yt+1)>
Tt = - l—e)=— 4w (1—-104)+
th 1,t aa-p%—o' 4 (1 _ OZ)U 1 + A\ — e — lt 1 + B ( ) ht t( t) 1 + i1
K
+ Awy + ((1 —0)qt + rf) ht] (AT2.19)
¢
Ty = Ul,tﬂlff};% (AT2.20)
T = uz Moty , (AT2.21)
2= sy Qi (AT2.22)
IT=wuis +ugt + uzy (AT2.23)

Notes The endogenous variables are Ky1/hiy1, Vi1 €t W{'}t/ﬁt, li, 7oy qu, TF, Wi, 214 = X140/ Hy,
T2t = X2,t/Ht7 &t = Zt/Hta Uit = Hl,t/Ht7 Uzt = HQ,t/th Uzt = Hz,t/Ht7 Kt = Kt/Ht,
Kig = Kig/Huiy, ko = Koy /Hay, ki = Koy /Hyp, mef y, Ey, pr, and y = Yy /Hy. Of these, only
K/h; is predetermined at time ¢. A-25




By differentiation we find that:

so ®(p, v, 0) is increasing. We also find that:

1 a \°
o(1 S PR
(1, e, 0) 01[ (104) } <0,

from which it follows that p > 1.
Part (c). By differentiating ®(p, o, o) with respect to « we find:

o 0®(p,a,0) @ a \7' pte
“ Oa -1 \l-«a (

It follows readily that dp* /0o = —®, /P, > 0.
Part (d). By differentiating ®(p, v, 0) with respect o we find:

0Bl A (Y o] 25 (1) (25)

The first term on the right-hand side is positive but the second term is negative for a >
Evaluated at o = % this term vanishes and ®, > 0. It then follows readily that dp/do =
—®,/®, < 0.

Part (e). The proportionality factor Z; is defined in equation (AT2.17). Its time-invariance,

DO

= = =%, follows immediately from the fact that p, = p* for all ¢.

A.2.2 Useful Result 7?7

7777 To be added
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A.2.3 Analytical results

e The competitive steady-state growth model is listed in Table 2 in the paper. Equations
(T2.1)-(T2.10) and (T2.12) can be linearized around the initial steady state to obtain:

=0 -00
*__ T* 7:;*
01+ )
~k\* __ r ~x ~
(71 ) - 7,*+5T +q
" = (1 - @)k,

- ULKE (1—wu
* ;*z K,Z—l- =
~k 7* ~ % ~ %
= —|—/<.'/
'y*+67
=l (1 - )R

e The dimensionality of the model can be reduced quite substantially.

— Equations (TAx.4) and (TAx.6) imply:

W () =

— Equations (TAx.5) and (TAx.7) imply:

- ~k ~
W' = ()" =R

— Hence:

Y
S
I
R
N ¥

— Equations (TAx.4) and (TAx.5) then imply:

7= =9y

— Equations (TAx.3) and (TAx.6) then imply:

NGRS

,r.*

~ %
Ky
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— Equations (TAx.1) and (TAx.2) then imply:

. . 1—0w(r*+5)~*
—(1— .
ol ( 0)l 7 T Koy

— We are left with a system, determining (&, @, 2*) in terms of £*:

R* = RE+ uZ(H”;*_ ) Uy
ok ’Y* 1_9¢(T*+5) R R

i oyt 48 6 147 Fo
= (- PR

e In matrix notation:

it 1
A iy | =] 1 | &
z* 0
where A is given by:
1 wlmanz) 1 6 O
e 12
— 1 40 _
N I N
1— 1 1 1 1—¢ 1 -1

o We easily find:

— The determinant:

Al =012 (1 = —d91) — 1

wt(s = 52) 10w +0))
YE+d 0 147r* '

) 1 —012 —012
A1 N Y+ 09 — 1 1 1
i 921 (p=1)012+1 —d12621
I 1 _ui(ki=r}) _ui(ki=r})
_ 1 * 10 Y(r*+9) . .
~ Al v mjw(ﬁf&) ! u*(ln*fﬁ*) wr(rE k%) 1* _gp(r4s
L TS 0 14r* (Y —1) =+l = ~/3+51Tﬂw(1:; :



— The solution:

R ) 1— 61
Ala, | = 1Al Y+ 021 K"
z | 61+ (¥ —1)d12+1
r I(kI—K3)
1 1 _ u K/N* K
= A v+ At
A v 1-6 1!)(7’*-&-5’)y i +Z§(H§—N;)
L v 406 0  1+4r* +(1/}_1) K* +1

e For future use we note that:

o=t ()

TR T gy

A.3 Alternative timing: proceeds to the old

Rent-seeking activities during youth give a payoff during old-age.

Budget constraint during youth:

Pyicf(n) + Q¢ [2/ () + k{ (n)] = Wihi(n) [1 — er(n) — I:(n)] -

Budget constraint during old-age:

Py (n) = AWesrhfy () + se Iy + [(1 = 0)Quyr + REy | [ () + K (n)].

Consolidated budget constraint in nominal terms:

Pyiyicfi1(n)

Pycf(n) + TR
t+1

— HWY,

where human wealth during youth is:

AWipah? 1 (n) + se(m) T4

HWY = Wil (1) [L = ex(n) — ()] + e
t+1

e Lagrangian:

, st (11 =
LY = e () 4+ Bln ey (n) + e | =+ Wike [ = ea(n) = ()]
t+1
MVt - li(n)' = Pyii1cfq(n)
+1+R?+1 t[ o 1-0 et () L+ Ry
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e First-order conditions:

oLy 1
— —— — Py =0,
ocf(m) — ) T
oLy _ p _ pe Py —0
8c§+1(77) C§+1(77) 1+ RYy 7
oLy [ Wi —0]
= Wi+ ——— Aol hy =0,
8lt(77) /.Lt t 1+R?+1 gb t(77) t
8@’ _ |: H?’Lttll 0st(n) _ Wtht] —0
der(n) 1+ Ry, der(n)

Substituting the first two expressions into the life-time budget constraint (A.48) we find:

Pycf(n) = 118 HW{(n),
Pv,t+1cf+1(77) B B Yy
1+ R}, +BHW ()

Saving during youth:

Qt [2{ (n) + K/ (n)] = Wihi(n) [1 — es(n) — Ie(n)] — Pyect (n).

Simplify:

; 1 AWiahg (n) + se(n)T

Qulzt () + K ()] = 5 Wik (n) [1 = ex(n) = bn)] =1~ L+ R

e For the success function s;(n) = ney(n)¢ /Ry we find:

m
€ Hl,t—f—l n

Wihi 1+ Ry, Ry

. %1 mei(n)=

B 1/(1—¢)
= Wil ~ et(n) = [ ]

e It follows that total rent-seeking effort E; and wasted labour é; amount to:
/(1—¢)
i el ) nn
Bi= [ ey drm - 0/ 0dF (),
. Wihi Ey (1 + R}, ) .
1/(1—e)
Uhzs 5HTt+1 Ubzs "
& = / er(n)dF(n) = = ’ - /U= dF (n).
n WihEy(1 4+ R}, ) n
e Solving for R; gives:
1—¢

el
Wih (1 + R?Jrl)

E =

¢ n
[ / =9 gp ()
nrL
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Solving for e;(n) gives:

ey, /(1-2)
Wihi(1 + RY, 1) f:LH nt/(=2)dF (n)

et(n)

Solving for e; gives:

_ €HTH_1
Wihi(1+ R}, )

€t

(A.49)

We need to find an expression for II7" ;.

e Demand in sector 1 originates from the young and the old.
— Young demand for good 1:

a’ Py HWY
P+ (1— ) P 1+

[ —
Xl,t -

— Old demand for good 1:

a"Pf’t" 1o
04‘71’311,1?7 +(1- oz)"PiZ” b
0 = AW, + 117, + [(1 —8) Qi + Rﬂ K.

o

X7, =

— Total demand is thus:

a’ Py HWY
X1t = o Pl 1 (1- a)gpl—a 1+
1Lt 2,t

+1g).

e Aggregate profit equals:

HWY
e == trof. A.
r==i |1pg+ i) (A.50)

where Z; is defined above (see (A.26)).

o We find (after using (A.49)) that:

HWY
1+

14+
+ AW hy + TT7, + [(1 —5)Q, + RF| K. (A.51)

1 _ MWiprhe(1+ vpq) + (1 — )T
+I}=—— | Wil [1—1]+ 1l t+1)n ( ) L+l
1+ Ry

— Current profit depends in part on itself because old agents consume it

— Current profit depends in part on expected future profit because these form part of

human wealth of young agents
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HWY

e By solving (A.50) and (A.51) for 117, and 7 + I7 we find:
= _ MWiprhe(1+ veq) + (1 — )7,
71nt _ _ t Wik, [1 _ lt] + t+1 t( t+1)n ( ) 1,t+1
(-2 +8) L+ Ry
+ (14 8) [AWih + (1= 8) Qi + | K| ] .
and:
HWY 1 ~ AWig1he(1 + + (1 — )1y
- _ Wik [1— 1] + t1hu( ’Yt+1)n ( NI
1+p (1-E)(1+5) L+ Ry,

+(1+8) [AWti_zt + [(1 —5) Qi+ Rﬂ Kt} ] .

e The key equations of the model with alternative timing are gathered in Table A.3.

e The various scenarios are reported in Table A.4. Rent seeking destroys economic growth.

A.3.1 Verify Walras Law

e Spending at time :
Pyl + 14+Q¢ [Ze + (1 — 0) K] = Wihy [1 — & — L)+ + AW A+ | (1 = 6)Qr + RY| K.
e The old sell the remaining capital to the young so:
Pyy e} + ¢+ QuZy = Wihy [1 — & — U] + IIT, + AW, Ry + RE K.
e But Pyylcf +¢f] = PiyX1t+ PoyXoy and Hy = by [1 — & — I;] + AhY so we get:
P Xy + Py Xoy + Qi Zy = WeHy + 11T, + R K.

e But H?,Lt = (Pl,t - MCaf(Wt,Rf))XLt, P27t = MC%(Wt,Rf), and Qt = MCZ(Wt,Rf) SO we
get:

MC%(Wy, RS X1, + MCS(Wy, RF) Xo; + MC*(Wy, R¥)Z, = Wi H; + RFK,.

Right-hand side: total factor income. Left-hand side: total spending on consumption and

investment goods evaluated at the true marginal cost of producing these goods.
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A.3.2 Checking market equilibrium conditions

e Market for good 1 (demand and supply):

X1t Oéopi,;a
1 — pr—
Lt hy a"p};” +(1—-a)°

1+ il
<wt [1 — lt] + ¢ |:>\U)t+1 + (]. — E)MH:|>

1+ 5 T+74a hiy1

1 o K] K
+ \w; + B +[(1 5)qt+rt} ht]'

X1t
H;

1-¢
= Qlul,t’%l,t L,

e Market for good 2 (demand and supply):

X2,t . (1 — Oé)a

hy a”pi}” +(1—aw)e

1 T+ 741 [ ﬂntﬂ])
we |1 — U] + ————= | dwpyg + (1 — ) =——"—
1+ 5 < tl d 1+rip e+ ( ) hiya

i _ K] Ke
+ Awy + A +[(1 5)Qt+7‘t] ht],

e Market for investment goods (demand and supply):

Zt B 1 1+7t+1[ T Ky
2 P =t | = —— = g+ (1 Be) L (1 — 6) 2
T ) R Al (i 7PVl B
Z, _
Fi:uz,tgz’*it

e Aggregate output:

Y; X1t Xoy Zy

" E H T
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Table A.3: Features of the steady-state growth path (TO scenario)

Ky 1 T+ WTtH)]
1 _— 1—-0)— ————=( )\ 1 —_ AT3.1
(I + 1) a oy 1 Pwy (1 — 1) Ty, \Wetd + (1 + Be) A ( )

t+1
™Y E [ I+ ( 7T71nt+1)]
K — we (1= 1)+~ [Ny 4 (1 — &) bttt
e Gosyaes [T Ty M T
= K,
+ =ty + ((1 —8) g + r{;> il (AT3.2)
1-— =t ht
1 T
wiey = et o1 Tt (AT3.3)
1+ 74 hit1
11-°
Vt+1 = ¢el -y (AT3.4)
10 = AMelri1 (AT3.5)
(1 +741)we
k
+(1-9
14741 = ! (q a1 (AT3.6)
t
wy = qblmc‘ftfllfi;% = ngng;;% = wqtﬁzmi;w (AT3.7)-(AT3.9)

rF = (1= ¢y)med Qurp )t = (1 — ) Qakns? = (1 — ) gk
(AT3.10)-(AT3.12)

Kt = U1K1,t + U kot + Uz kot (AT3.13)
I+ A—e1—lip
= 1 —(1-9% AT3.14
2t < TR — (14 v — ( )Fit ( )
1 K,
= AT3.15
it 14+ —é —1l; Iy ( )
Yt = PiTig + Top + Gize (AT3.16)
o, 1—0
g=— b (AT3.17)
a’p, 7 +o(l—a)°
a%p THo(l-a)
= AT3.18
Pt (0_ — 1) (1 N Oé)a mcl,t ( )
o, 1—0 m
a%p; 1 1 1+ 791 < 7T1’t+1>>
= wy (1 —=1) + ———= [ Adwpr1 + (1 —e)—=
PtT1t a"ptl_" n (1 — a)ff T+ r—e—1|1+8 < t( t) 14 741 t+1 ( ) 1
7 K,
+ w4+ =2 + ((1 — &) g+ r{f) _t] (AT3.19)
hy hy
T = ul,th/‘é;d)1 (AT3.20)
Top = U2,tQ2H§;¢2 (AT3.21)
R (AT3.22)
I=wue+uge+ usy (AT3.23)

Notes The endogenous variables are Ki11/hi41, V41, €, FTt/iLt, L, Tt oy T Wi, 214 = X4/ Hy,
woy = Xoy/Hy, 2 = Zy/Hy, wry = Hyg/Hy, ugy = Hoy/Hy, u.y = Ho1/Hy, vy = Ki/Hy,
K1t = Ki/Huy, kop = Koy/Hoy, iz = Kot /Ho mety, Bt pr, and gy = Yi/Hy. Of these, only
K;/hy is predetermined at time ¢. A-34




Table A.4: Features of the steady-state growth path (TO case)

(a) (b) () (d) (e) (f) (8) (h) (i)

0 0.2125 | 0.2125 0.3000 0.2125 0.2125 0.2125 0.2125 0.2125 0.2125
®e 5.2998 | 5.2998 5.2998 6.0000 5.2998 5.2998 5.2998 5.2998 5.2998
€ 0.0800 0.0800 0.0800 0.1600 0.0800 0.0800 0.0800 0.8000
o 2.0000 | 2.0000 2.0000 2.0000 2.0000 4.0000 2.0000 2.0000 2.0000
o 0.5000 | 0.5000 0.5000 0.5000 0.5000 0.5000 0.7000 0.5000 0.5000
¢ (or ¢p) 0.8000 | 0.8000 0.8000 0.8000 0.8000 0.8000 0.8000 0.6000 0.8000
Y 0.3708 | 0.3708 0.3708 0.3708 0.3708 0.3708 0.3708 0.3708 0.8000
y* 1.0000 | 1.1276 1.0057 1.0651 1.1260 1.0512 1.4558 1.0948 1.3839
x] 0.4417 | 0.1263 0.1126 0.1193 0.1262 0.1637 0.2416 0.0519 0.1559
x5 0.4417 | 0.7364 0.6562 0.6955 0.7358 0.7120 0.5557 0.7925 0.9087
i 0.1165 | 0.0794 0.0560 0.0666 0.0786 0.0995 0.0337 0.0925 0.2417
r* 0.1000 | 0.0727 0.0777 0.0805 0.0720 0.0880 0.0317 0.0750 0.0867
e* 0.0112 0.0112 0.0111 0.0222 0.0050 0.0282 0.0072 0.0118
y* 1.0976 | 0.8541 1.2758 1.0475 0.8476 0.9925 0.4439 0.8750 0.9811
vEx100%  2.5000 | 2.0792 2.7790 2.4175 2.0674 2.3246 1.2319 2.1175 2.3050
i, x 100%  2.5000 3.1607 2.8531 2.0692 2.8427
w* 0.7500 | 0.7222 0.6439 0.6821 0.7213 0.7387 0.6546 0.7248 0.9307
(rky* 4.1657 | 4.8460 7.6697 6.0896 4.8682 4.4264 7.1793 4.7757 1.7567
r* 3.3219 | 3.6245 4.6843 4.1236 3.6340 3.4408 4.5175 3.5944 3.4547
rrx100%  5.0000 | 5.2371 5.9634 5.5972 5.2443 5.0950 5.8583 5.2142 5.1060
p* 1.0000 | 2.4142 2.4142 2.4142 2.4142 1.4440 3.5386 3.9087 2.4142
(mc®)* 1.0000 | 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.7327 1.0000
q* 1.0000 | 1.0845 1.3874 1.2259 1.0872 1.0331 1.3391 1.0761 0.4087
uj 0.4712 | 0.1400 0.1399 0.1400 0.1400 0.1773 0.2953 0.0744 0.1340
us 0.4712 | 0.8158 0.8154 0.8157 0.8161 0.7711 0.6791 0.8747 0.7811
ul 0.0576 | 0.0442 0.0448 0.0444 0.0439 0.0516 0.0256 0.0509 0.0849
K* 0.0600 | 0.0468 0.0264 0.0352 0.0465 0.0542 0.0262 0.0538 0.1325
K] 0.0450 | 0.0373 0.0210 0.0280 0.0370 0.0417 0.0228 0.1012 0.1325
K3 0.0450 | 0.0373 0.0210 0.0280 0.0370 0.0417 0.0228 0.0379 0.1325
K 0.3055 | 0.2528 0.1424 0.1900 0.2614 0.2831 0.1547 0.2575 0.1325
¢* 0.0840 | 0.0663 0.0373 0.0496 0.0653 0.0762 0.0377 0.0763 0.1856
(Wft/ﬁt)* 0.0000 | 0.2530 0.2245 0.2377 0.2510 0.1023 0.8833 0.1600 0.3090

Notes The perfectly competitive steady-state equilibrium (without rent seeking) is reported in
column (a). Column (b) reports on the benchmark rent-seeking equilibrium. Columns (c)—(i)
report on some alternative rent-seeking equilibria for different values of, respectively, 6, ¢., €,
o, o, ¢, and .
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A.4 Education in the rent share function

e An individual’s education level features in the share function.

e We change the share function to:

n [le(n)<e(n)]”
E; ’

st(n) £>0,

where E, is given by:

EZ/WUMW%Mﬂ%HW

e Note that:
Osie(m) _ en [umer)]”  ebsim)  Ose(m) _en[hm)fem)]” _ esi(n)
dli(n) li(n) li(n) ~ dei(n) et(n) B er(n)

Rent-seeking revenues accrue to the young (base case).

e Lagrangian:
L} =Incl(n)+ By, () + py | se(MITy + Wihy [1 — eg(n) — 1(n)]
Wiy - lt(ﬂ)la] Pyiiicfi(n)
A po1 g, ~ Pyycd(n) — i)
1+Rglt[ " 1€ (1) 1+RP,
e First-order conditions:
oLy 1
O — Py =0,
oci(n) — cl(m) "V
ocy B mPren _
3C?+1(77) C?+1(77) 1+ Ry 7
oLy [HTt ds¢(n) Wit 0|z
=y |2 Wt — L A hy =0,
O N B ES Tac
oLy [HTt ds¢(n) o
= — — Wyl hy = 0.
der(n) UL he de(n)

e Substituting the first two expressions into the budget constraint (A.16) we find:

1
Pycf(n) = mHW%(n%
Pyiciq(n) B

1+RY, 1+p

HW{(n).
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e Using the share function in the final two expressions we obtain:

W, = — + A li(n)~?,
L=, L E, T Pelt (1)

17, en [1e(n) et(n)]g'

13
W, = —
! hy e(n) E

e Combining we find:

enII, 1/(1-¢) B
_ L I e&/(1—e)
el = (i) /)

en 71nt 1/(1—¢) B B o B
1= t L Ero-1/a-a , _ W e
3 (”rtht Et) ¢(n) + Pele(n)

e We also find:
nle(n)*e(n)°dF (),

1/(1—¢)
( enl}ﬁ > Iy (n)e¢/(1=9)
Wih Ey

3

dF(n),

m \ €/(1—¢)
f‘?Hl,t) / 00 (e 0= gy,
"

M e, e/ -e) o
L 1/(1—e I e&/(1—¢ dF
i) [ [ e )

e We thus find that:

eIy, /(o) ()e€/(1-2)
- Wihe [0 () (=2 dF ()

et(n)

e It easily follows that total (and average) wasted labour is:

o= [ emir) =
e = e = .
t . t\N n Wihy

e To find l¢(n) we need to be able to solve:

(1mey, (EHT\ VOO 10— Wi -
| = gi/a-9) 1, L EAHO-11/0—e) o WVl -6
) 3 Wi +(1) + (ESmIe bele(n)™,
-1

eITy, —e/(1-¢) Ny V(=) enIIy 1/(1—e)
_ 1, —€)] Ef/(l*S)dF _vt l [e(1+8)—1]/(1-¢)
3 <Wt ht> /n ) n +(1) (n) Wi, +(1)
W,
+ A\l (n) 7,
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EEIy, gt ) () OO 1/ (2) Wi

B h Aol (n)~?
Wtht fTInLH 771/(1*6)11‘/(n)sé/(lfs)dF(n) + (1 T Rt+1)W ¢e t(n)

e Rewrite this expression to:

€Iy, nt/ (=8, (n)ee/(1=) Witq
Wihy f:LH nt/ A=l (n)e/1=dF () (14 Ry ,)W,

le(n) =

e Total (and average) education time is thus:

l, = / " () dF(n),

un
_ Efﬂft Wit A1 —0) 6, anl 1 edF(n)
Wihy (1 —|—Rt+1)Wt 1 —0 ’
_ AL —0) Wi
=¢e+ —-—7——— |1+ .
§e a +Rt+1)Wt [ '7t+1]

e For given values of the macro variables we find that learning time depends on innate

rent-seeking aptitude. Complications:

— Individual and aggregate growth rates differ:

hy () —hi(n) ly(n)'~?

’Yt+1(77) = h?(n) - ¢e 1— 9 )
 Hy - H f"Hl )1 0dF ()
Tt+1 = H, = 1-0 :

— Hard to compute even numerical solutions.

— Use discretized uniform distribution with N equally likely values 7; in [ny,ny]. To
allow for generalization to other discretized distributions we write the frequencies as

si (see below for details).

e Human capital stock:

= [ [z + 1) — o)) ) ),

o »
ltl()_:|’

he(n) = he_ 1{1+¢ -

h%(n) = ht>

or:

)179

= [ e 140, S o) = ] ar o,

L
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B _ N
N L] T / 11— e(n) — L) dF (),
nL

LA / " e + L) dF ()

nL

= hy

)

R l4a—c -1,
where we have used the fact that h;_1 [1 +v,] = hy.

e Human wealth at birth:

Ny
HWY = HWY (n) dF(n),
N

N AW 1h¢ (77) m
= / {Wthi’(n) [ —e(n) =)+ ——pn— 1 Rt,fl + se(mIITY | dF (),
nL t+1
HWY Iy /"H AW (1 +v41)
ASA A & e(n) + L(n)] dF (1) + ,
? o+ s le¢(n) + 1¢(n)] dF(n) LR
7 AW (14 7v441)
=W;[1—-L¢ 1-— = .
Al (I +(1—e) P + R

e Income of the old generation:

= [ eare) = [ winge) + [0 90+ RE] ) + K 00]] aren,

nL nL

Ui

— AW, / W nAE () + (L~ 8)Q: + BE] (Zis + (1 - 8) K],
nr

I° K

=AW (1= 8)Q: + Bf| o

e Demand for good 1:

O, —0
X1 Q" Py

hy a"p};” +(1—a)

1 _ 7 Awgga (1 + %+1))
1)+ (1—e) =2t 4
1+5<wt[ o+ ) hy 14+ ria

K
+ \wy + [(1—5)Qt+rf} ht]
t

e Demand for good 2:

X27t . (1 — CM)G

hy a"pi}” +(1—a)e

1 - Y Awega (1 +’Yt+1))
1=0] +(1—e) =L +
1 +ﬁ <'U)t |: t:| ( 5) ht 1 +74t+1

K
+ \wy + [(1—5)Qt+7‘f:| Bt]
¢
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e The demand for new investment goods follows from:

Zy+ (1- ) Kt] my, /"H 1 HW,
— = = 1-— —1 dF(n) — ————
qt{ W R, T . (L —eu(n) = L(m)] dF'(n) — 5 5
8 [ _ Hﬁ] L dwppa (1 + 9441)
= — 1-1 1-— — | — .
1+ 4 wll-t+ 1 -e) he | 1+B8  1+7em

After simplifying we obtain:

Zy B - Iy
-t _ 7 1-1 1— =
"1 1+/B[wt[ J+ =9 ht:|
1 )\wt+1 Kt
- — N —q(1—8)=—.
1+51+rt+1[ 1] — il )ht

e Resulting model can be found in Table A.5
e Features of the steady-state growth path: Table A.6

e For the visualizations we use the uniform distribution for n:

— Density and distribution functions:

]_ —
f) = F)= ﬁ (for 1, <1 < ngr).
— Weight:
/ =9 4 () = 1-¢ p2=e/1=) _ n(g—s)/u—s)} _
n (2—¢e)ng —nz)

— Rent-seeking time:

ea(ny) = ellyy (2 —e)(ng —ny) nt/(=2)
= W, 1—¢ G0/ @a/i-e"
Ubs nr

Total rent-seeking effort:

<€H’1nt]E { 1—¢ (2—e)/(1—e)  (2—&)/(1—¢) ]15
B =|-—t - :
‘ [Wtht (2= &)y —ny) L e )

— Share function:

( ) _ (2 B 5)(77H B nL) 771/(176)
s\ = 1_¢ 2—o)/(-2) __ (2—9)/(1—-e)
Ny — N
— Hence:
SH’I’ft
er(n) = Wi s5¢(n).
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e Numerical issues:

— Equations (AT5.4)-(AT5.6) are somewhat complicated.

— By discretizing the distribution for 7, however, we can easily rewrite the model in

tractable terms.

— Example: uniform distribution between 7; and 7y can be approximated with N
equally spaced discrete values of 1. With N intervals we place the n value for each

interval in the middle.

— The frequency of 7; is denoted by s; = 1/N, such that:

N
=1
_ "H — "L
771—77L+ IN )
nm:nﬁ%, fori=1,2,...,N —1.

Note that we can also write:

21— 1
2N

771577L+ (nH_nL)v fori:1>2>"'7N'

— Equations (AT5.4)—(AT5.6) can now be written as:

N g (0 \1-0
Ter1 = P Z“15 . (em) : (AT5.4%)
.1/(1_5) N\e&/(1—e)
() = ger = 1/(111(577)1) :
SN sy T () (19

Wt+1 1-60 . *
— L N li(n) % i=1,2,...,N, AT4.5
T bele(n;) ( )
N
=1

This is a nonlinear system of N + 2 equations in N + 2 variables: v, 1, l;, and l;(n;)
fori=1,2,..., N.

— Other (more complicated) distributions can be discretized and used in a similar way.
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Table A.5: Rent-seeking and growth in the three-sector model (education scenario)

Ky 1 Y =y Awgp (T4 7t+1):|
1 T 1-— 1—1 AT5.1
( +7t+1)qt ht+1 1 +ﬁ |:ﬁ( 5) h, +/8wt( ) 1 + rest ( )
" = oy Awepr (14 ’7t+1)]
— = — 1-1)+
he  1+8—-(1-¢e)= {wt( ! L+ 74
(1+B)=; ALY
A 1-96 —— AT5.2
Ry T w“L(( )Qt”t) I ( )
7Tlt
wie = et (AT5.3)
S () =P dF (n)
Yer1 = S (AT5.4)

M (1)1, (y)26/(1=2)

le(n) = §etan 1/ =1, ())6/ = dF (1 )+( +w;:1)wt)\¢elt(77)1_0 (AT5.5)
Iy = / " l(n)dF (n) (AT5.6)
nL
1474y = i+ (;_ O)du+1 (AT5.7)
w = dymed Qrp 0 = dy oy, = Vg Qrl ¥ (AT5.8)-(AT5.10)

Tf (1 — ¢y)mey thfﬁ it =(1- ¢2)Q2’f2t =(1- ﬂ’)‘th”;;p
(AT5.11)-(AT5.13)

Kt = U1gR1t + u2tkat + Uz thzt (AT5.14)
L+ XA =1 — L

= = 1 —(1-=9 AT5.15

“t < L6 1, (L + veq1)hee1 — (1= 6)ky ( )

1 K

=TV - 5 ATb5.16

AL D S ( )

Yt = Pt + T2+ qrzy (AT5.17)

—0

B = D (AT5.18)
a°pl % +o(1—a)

a’n 7 + 01— )7 (AT5.19)

— xT
P T T A —a)e
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Table A.5: Continued

a’pl—c 1 1 e - Awi41 (1 +
PLITLE = o pl = ft(l SNV e v S <(1 - E)%: +w (1—1) + t?—(k TH?H))
+ g+ (1= 6) gu +rf) Ih(:] (AT5.20)
T = u1,t91/f1;¢1 (AT5.21)
T = uz Dok, (AT5.22)
2= sy Qi (AT5.23)
T=wu1s +ugt + uzy (AT5.24)

Notes The endogenous variables are K;1/hsi1, Yig1s €t W’l’:‘t/ﬁt, le(n), Iy, T4, @, rf, Wy, T1p =
Xl,t/Ht7 Tt = X2,t/Ht, 2t = Zt/Hta Uit = HLt/Hta U2t = H27t/Hta Uzt = Hz,t/Ht, Kt =
Ki/Hy, k14t = Kit/Hug, ko = Koy /Hoyg, kizp = Kot /Hop, mefy, 2, pr, and yp = Yy/Hy. Of
these, only K;/h; is predetermined at time t.
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Table A.6: Features of the steady-state growth path (education case)

(a) (b) (©) (d) () (f) (&) (h) (1)
0 0.2125 [ 0.2125 0.3000 0.2125 0.2125 0.2125 02125 0.2125 0.2125
¢ 5.2998 | 5.2098 5.2998 6.0000 5.2998 5.2998 5.2098 5.2998 5.2098
£ 0.0800 | 0.0800 0.0800 0.0800 0.1600 0.0800 0.0800 0.0800 0.0800
o 2.0000 | 2.0000 2.0000 2.0000 2.0000 4.0000 2.0000 2.0000 2.0000
a 0.5000 | 0.5000 0.5000 0.5000 0.5000 0.5000 0.7000 0.5000 0.5000
¢
¢

(or ¢) 0.8000 | 0.8000 0.8000 0.8000 0.8000 0.8000 0.8000 0.6000 0.8000
0.3708 | 0.3708 0.3708 0.3708 0.3708 0.3708 0.3708 0.3708 0.8000

y* 1.2516 | 1.1782 1.0748 1.1104 1.1219 1.0678 1.6791 1.1214 1.3970
x] 0.1315 | 0.1241 0.1130 0.1170 0.1187 0.1616 0.2429 0.0513 0.1494
x5 0.7666 | 0.7233 0.6588 0.6817 0.6918 0.7027 0.5586 0.7773 0.8708
7" 0.1825 | 0.1490 0.1126 0.1236 0.1244 0.1281 0.2521 0.1356 0.4048
I* 0.1399 | 0.1716 0.1680 0.1797 0.1966 0.1311 0.3057 0.1384 0.2068
e 0.0254 | 0.0249 0.0249 0.0247 0.0481 0.0105 0.0748 0.0164 0.0226
y* 1.4299 | 1.6673 2.1592 1.9583 1.8368 1.3548 2.6085 1.4101 1.9358
vex100%  3.0037 | 3.3243 3.9089 3.6816 3.5367 2.8961 4.3704 2.9757 3.6551
vi, x 100%  2.5000 3.1607 2.8531 2.0692 2.8427
w* 0.7806 | 0.7355 0.6706 0.6932 0.7016 0.7403 0.7380 0.7285 0.9486
(rk)* 3.5501 | 4.5036 6.5193 5.7084 5.4386 4.3889 4.4434 4.6807 1.6281
r* 3.0243 | 3.4753 4.2831 3.9770 3.8700 3.4240 3.4484 3.5532 3.1401
rix100%  4.7506 | 5.1221 5.7052 5.4951 5.4187 5.0817 5.1010 5.1826 4.8497
p* 2.4142 | 2.4142 2.4142 24142 2.4142 1.4440 3.5386 3.8911 2.4142
(mc®)* 1.0000 | 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.7240 1.0000
q* 0.9178 | 1.0427 1.2716 1.1841 1.1538 1.0284 1.0352 1.0645 0.4087
uj 0.1348 | 0.1350 0.1349 0.1350 0.1353 0.1746 0.2633 0.0729 0.1260
us 0.7856 | 0.7867 0.7860 0.7867 0.7888 0.7594 0.6055 0.8536 0.7344
ul 0.0796 | 0.0783 0.0792 0.0783 0.0759 0.0660 0.1312 0.0735 0.1395
K* 0.0803 | 0.0593 0.0375 0.0441 0.0464 0.0583 0.0730 0.0602 0.1457
K] 0.0550 | 0.0408 0.0257 0.0304 0.0323 0.0422 0.0415 0.1038 0.1457
K3 0.0550 | 0.0408 0.0257 0.0304 0.0323 0.0422 0.0415 0.0389 0.1457
K% 0.3730 | 0.2771 0.1745 0.2060 0.2189 0.2862 0.2818 0.2640 0.1457
¢* 0.1072 | 0.0773 0.0490 0.0572 0.0583 0.0792 0.0818 0.0810 0.1851

0.2482 | 0.2288 0.2089 0.2143 0.2107 0.0975 0.6902 0.1496 0.2685

—
s
53
~
=i
=

*(n) 0.1399 | 0.0934 0.1065 0.1008 0.0673 0.0934 0.1106 0.0840 0.1304
1*(ny) 0.1399 | 0.1115 0.1202 0.1190 0.0929 0.1018 0.1572 0.0964 0.1477
I*(n3) 0.1399 | 0.1294 0.1341 0.1371 0.1204 0.1103 0.2017 0.1088 0.1651
I*(ny) 0.1399 | 0.1469 0.1479 0.1547 0.1490 0.1188 0.2449 0.1210 0.1823
I*(ns) 0.1399 | 0.1641 0.1616 0.1721 0.1784 0.1272 0.2872 0.1331 0.1992
*(ne) 0.1399 | 0.1810 0.1751 0.1892 0.2085 0.1356 0.3290 0.1449 0.2159
*(n7) 0.1399 | 0.1977 0.1886 0.2061 0.2394 0.1438 0.3703 0.1566 0.2324
I*(ng) 0.1399 | 0.2143 0.2020 0.2228 0.2709 0.1520 0.4114 0.1682 0.2487
*(ng) 0.1399 | 0.2306 0.2153 0.2393 0.3031 0.1602 0.4522 0.1797 0.2649
*(n10) 0.1399 | 0.2468 0.2285 0.2557 0.3358 0.1682 0.4928 0.1911 0.2809

Notes The benchmark rent-seeking equilibrium is reported in column (a). Column (b) reports
on the rent-seeking equilibrium with education-augmented rent-seeking. Columns (c)—(i) report
on some alternative rent-seeking equilibria forAdifflerent values of, respectively, 0, ¢., €, o, a, ¢y,
and . ]




A.5 Physical capital externality

e Physical capital externality as the source of endogenous growth.
e No education decision: human capital is constant.
e To make the model compatible with the human-capital based growth model we assume
that the time endowments are \Y = 0.9 (instead of 1) and A° = 0.5 (as before).
A.5.1 Individual agents

e Utility function:

Al(n) =Inc](n) + BIncg,(n). (A.52)

where ¢/ (n) and ¢/, (n) are defined as:

e 111/ (1=1/0)
ctn) = [aal ()7 + (1= a)at ()7 ,

e . oY/ (1=1/0)
2 (n) = [aag 1y ()77 + (1= a)a§ i () /7] .

e Budget constraint during youth:

Pryx] (n) + Pagry (n) + Qc [/ () + k{ (n)] = I} (n). (A.53)
where
17 (n) = Wiy [N — er(n)] + s (m)TIT,. (A.54)

— W, is the wage rate on standardized efficiency units of labour.
— ¢e4(n) is time spent lobbying.

— hy is the average human capital level in the economy at the start of time ¢ (constant,

can be normalized to hy = 1).

e Budget constraint during old-age:

P19, () + Pog15 0 (n) = 17 ()

with:

I (n) = X Wagahy + [(1= 0)Qua + R [ ) + K (n)].
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A.5.2 Firms

e With a capital externality we must impose the same technology on all three sectors, i.e.
¢1 = ¢y = ¥ = ¢ from here on. The model with a sector-specific external effect and
different technologies can be formulated but it is very fragile (even for the competitive

case).
e Consumption good i is produced with physical and human capital:
1—
Xiy = WH], K.

— diminishing returns to both factors, i.e. 0 < ¢ < 1.
— both factors are perfectly mobile across sectors.

— the productivity term is time-dependent and taken as given by individual firms (see
below).

e Profit in sector 7 is:
I, = Py Xy — Wil — RF Ky
which gives:

R = (1 - )P QuHY, K,

2,t

Wy = ¢, Py HY K2
e There exists an external effect on general productivity affecting all sectors equally:

0, = QK7 (A.55)

where K is the total stock of capital in the economy.

e Factor demands simplify to:

K o (Ki\™
R =(1- ¢)Pi,tQHz',t K )
t

Wi o1 [ Kit e
e _gp,oEet (B}
P?t ¢ 7,0 it Fyt

e If we use good X» (always produced competitively) as the numeraire commodity we find

the competitive factor demands:

K\ ¢ Ko\ ¢
rE = (1— $)pQH?, < Kl:) — (1 - ¢)QHg, < Kz:) |
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Kt ’ Kt
with:
Tk — Rf w Wt D Pl t
==, t= 5 t = 55—
! 2.t Py Py

e Output in sector 17 is:

K \'?
X,-7t:QHZ’t<K’;t> K.

e The total cost function is TC¥ (W, RY, X; ;) = MC¥(Wy, RF) X, + with:

i Wi ¢ f e 1
MCF(Wi/ Ky, By) = Py <¢Kt> <1 - ¢>> a
é k 1-¢
N ky _ (Wt i -
mei (wy /Ky, 1)) = <¢Kt> <1—¢>> Q

e Since Py = MC%(W; /Koy, RY) we find that med (wy /Ky, rF) = 1, and thus, mc¥ (wi/ Ky, 7F) =

1.

e The total stock of efficiency units of labour is:

_ NH
H, = ht/ [X’ TN ey(n)]dF ().
L

— Units of ‘old’ and ‘young’ human capital are perfect substitutes.

— Since h; is constant we can set h; = 1 from here on.

e The investment good is also produced with units of physical and human capital:
Zy = O HY KL,

e The firm hires these inputs (from their owners) to maximize profit:
0f = Q1Z — WiH.; — Ri K.,

which gives:

R = (1 ¢)Q:HS K7,
Wy = (Z)QtQtHZt_lel,;¢'
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e Using the expression for € in (A.55) we find:
rf = (1 - ¢)qQH?,.

-9
Wt p—1 Kz,t
— = o 0H
K, P, ( K, ) ’

where ¢; is:

e Output is:

K.\'"?
Zy = QH?, < Kt> K;.
t

e Obviously, me?(w; /Ky, rf) = 1 so that perfect competition in the investment goods sector

yields:

¢ E o\ 1-¢
w r 1
a0 = me”(un/ K ) = <¢Ktt> <1 —t ¢> Q- L

A.5.3 Loose ends

e (Capital accumulation:

Kt+1 - Zt + (1 - (S)Kt (A56)

e Stock of human capital available for productive use:

H;, =)\ + )\ — ¢, (A.57)
g
e = / et(n)dF(n), (A.58)
nr

where we recall that hy = 1.

e Equilibrium in the investment goods market:

z- [ " A mdF(n). (A.59)

e Equilibrium in the market for used capital goods:

[ wware) = o - o (A.60)
nL
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e Equilibrium condition in the physical capital rental market:

Ky =K+ Koy + K. .

e Equilibrium condition in the human capital rental market:

Hy=Hi;+ Hoy + H 4.

A.5.4 Model solution

e We know that:
XY (n) = Prgat () + Pagath ,(n) = Pvaci(n),
£r1(n) = Pravaaf 1 (n) + Pria@d 1 (n) = Prasaciy (n),
where X7 (n) is full consumption and Py is the true price index:

1/(1-0)
Py = P74 (1 - a)gpg’;“] .

)

e Useful results from duality theory:

— The expenditure functions are E}(n) = Pyyc/(n) and EP (1) = Pyer1c),1(n) so
we can recover the Hicksian demands for the underlying goods in the usual fashion
(Shephard’s Lemma):

OE{(n) _ OPvu OE} 1 (n)  O0Pyup
xy — t — ) Cy , :L'O — t+1 — U+ CO .
it (77) api,t aP’i,t t (77) ’L,t-i—l(n) 8Pi,t+1 aPi7t+1 t+1(77)

— The indirect (sub)utility functions are VY (n) = X/(n)/ Py and V% 1 (n) = X7 1(n)/ P41
and the Marshallian demands for the underlying goods in the usual fashion (Roy’s
Identity):

ovy(n)/oP,  OPyy X! (n) OVEZa(n)/OP;er1 OPyyqr X211 (n)

x? =— = , xg =— = .
O = Iy oxT ) T 9P Pra T T TG 00X ) 0Pt Pra
e Budget constraints for young and old:

Pyac)(n) + Qe [-0(n) + K (n)] = We [V = ex(m)] + s (m)TIY,
Pyericfn(n) = N'Wirt + [(1 = 6)Quer + RE | [20n) + K ().

e Define the ‘nominal’ interest rate as:

(1—=06)Qu41+ Rfﬂ

1 + R?—i—l = Qt
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e Solve the old-age budget constraint for [2{(n) + kY (n)]:

PVt+1Ct+1( ) = AW

2 (n) + ki (n) = 1+ R0

e Substitute into the youth budget constraint to get the consolidated budget constraint in

nominal terms:

Pyyiac? 1 (n)

= HWY(n). A.61
1 +Rt+1 t(n) ( )

Pyicf(n) +

where human wealth during youth is:

W, .
HWY (1) = WiV = eu(m)] + 1 + (I
t+

e Since there is no uncertainty (m,, = 1 for all ¢) we can solve the optimization problem
in one go. In particular, the agents chooses ¢/(n), ¢, (1), and e;(n) to maximize (A.52)
subject to the budget constraint (A.61).

e Note: we continue to use ‘nominal’ terms (and use the numeraire right at the end).

e Lagrangian:

L] =Incf(n) + Blncgyy(n) + gy | se(IIYy + Wi [N — e (n)]

AWyt Pyiiici1(n)
+—— — Pyl (n) - —=—
1+ Ry, () 1+ Ry,
e First-order conditions:
oLy 1
ocf(m) () M
oLy B Py _
acg (n)  cfy(n) 1+ RY, ’
aﬁ? [ ds¢(n) }
= m — Wil =0.
der(n) " Deq(n) '

e Substituting the first two into the budget constraint (A.61) we find:

1
Pycf(n) = 148 HW (),
Pyiiciy(n) B y
1+ Ry, 1+5HW()
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For the success function s;(n) = ne,(n)*/E; we find:

e—1
I 77€t(77) _ Wt

Lt g,

(ALY, ]1/“—6)

& at)= |t

It follows that total rent-seeking effort F; and wasted labour é; amount to:

n m e/(1—e) rn
Bo= [ netnar o) = [ } [ w0-ar ),

L WtEt nL
Nu €H5nt /(A=) oy e

a= [ et<n>dF<n>:[ ] [ w0-ar ).
nL WtEt nr

Solving for E; gives:

6H§”t]5 /nH 11—
E = |—2 /A=) qF
t [ W, . Ui (n)

Solving for e;(n) gives:

l1—e

ey, pl/09)

ei(n) = . (A.62)
=, T g 9dE ()

Solving for é; gives:
L A63
€t — Wt . ( : )

So provided II7", /W; = (Hﬂ /K:) | (Wi/Ky) is stationary (constant steady-state) we find

that Ey, e;(n), and é; are stationary also.

Optimal choices can be written as follows:

1
Pycf(n) = mHW?(U),

Pyiacg(n) B

_ HWY (1),
I+ Ry, 1+0 ¢ ()
1
Qi [z () + k{ (n)] = se(mITT, + Wi [N — es(n)] — 113 BHWf(ﬂ),
B I AW
_ o Y — . AW
113 se (I + Wi | et(n)] 11811 Ry,
y . m Y AWyt
HWi () = sy + Wi [N —e(n)] + ———
’ 1+ Ry

A-51



Aggregate saving (using (A.59), (A.60), and (A.56)):

3 . 1 AWy
Qth+1 = m (1 — E)Hl,t + )\th — 77“'_

. A.64
1+B1+Rp, (A.64)

Demand for new capital goods:

1 AW

= =
Q2 A

|:(1 — E)Hilt + )\th:| — — Qt(l — 5)Kt

1+ 8

Aggregate demands for composite consumption goods:

1
PVvtC;fy = 1 _{_BHWty?

Pyiiicfiy . B
1+ RY 1+58

HWY.

Aggregate human wealth of the young (after using noting that W; [ e;(n)dF(n) = eII7"):

AW

HWY = (1 — )P, + NVW, + ————.
t ( 5) 1,t+ t+1—|—R?’+1

Demand in sector 1 originates from the young and the old.

— Young demand for good 1:

xv = OPvey _ OPvy 1 HWE kiR HW;
MTOP, T T 0P, 148 Py a'PL "+ (1—a) P 1+ 8

By holding HW? constant this is interpreted as a Marshallian demand curve.

— Old demand for good 1:

(o2 —0
« Pl,t

a’PlT7 4 (1— )7 Py

[ —
X7, =

1,
10 = W, + [(1 —8) Qi+ Rﬂ K.

— Total demand is thus:

a’ P77 HWY
X1t = = { il

+1 "} .
0Pl +(1—a)7 Py, [1+8
e The monopolist in sector 1 has the following profit function:

7, = | Py — MCT (W, /Ky, Rf)} X1,
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and the monopoly price is set according to the usual markup rule:

Pih = iEMCT(We/ Ko B, =
em — 0Xia Py @7(PL) 7 + (L~ ) (PE) 7
' 0P X1 a? (P77 + (1 — a)7(Ps )=
_ a7 ()T ol —a)”

aZ(pi") =7+ (1 - )7
a?(P) 7 +o(1—a)7(P5,)' 7

> 1,

> 1,

my =
b (-1 —a) (P57
@) ol a)
T o-D-ar
with:
1t
mo — )
by = PQCJ.

e For future use we note that:

a?(p) 7+ (1 —a)”
(=11 -a)

Hﬁ—lz

e Using the expression for MCY (W, /K14, RF) derived above we find:
P{?ﬁ = NTtPQC,thgf(wt/Kt,Tf)’

where mc¥ (w;/ Ky, rF) is real marginal cost in the monopolistic sector:

@ E o\ 1-¢
mc%(wt/m,rf):(qj’”[;) (;ng) =

o It follows that €], can be written as:

a” (i mef (we /Ky, rf)P5y) 7 + 0(1 = a)? (P57
a? (u'mef (w/ Ky, rf) Ps )7 + (1 — a)7 (Pg,)t =0

Edt =

m g
o (met (we/Kiyrt)) +0(1—a)?

m
Eat

m 1—0’ :
aZ (aj;ffl mcgf(wt/Ktan)) + (1 —a)

e The elasticity and thus the markup ", depend on mcf(w; /K¢, 7F) = 1 and are thus

constant!
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e The derived demands for capital and labour are obtained by employing Shephard’s Lemma:

Hgmo— 8MCT(Wt/Kt,Rf)X _ i Wt/Kt ¢ Rf 1—-¢ Xl,t

Lt oW, MEw U ey 1—¢ Q'
Wi

_ OMCY(Wi/Ky, RY) 1 — ¢)MCT(Wy/ Ky, Ry)

(
K", = X1 = X1t
1.t 8Rf 1,t Rf 1.t

X1,

e In real terms the factor demand are:
K
=(1- ¢)mC1QHft < “)

—¢
Wt T Klt
E = ¢m619H1 < Kt >

e Aggregate profit equals:

I, = X0 (P~ MCE(Wi/ Ko, RY))
= (uf", — 1) MCY(Wy/Ky, RY) X1,
- HW?Y
== |15

+ Ito} , (A.65)
where =; is an auxiliary term:

o p)7 (A.66)
a? (p)' 7+ o(1— )7

o
Il

e We find (after using (A.63)) that:

HW% 1 AWyt
= —[(1— oI + AW,
145 1+B(( eI + t+1+Rt+1
AW+ (1= 0) Qi+ RE| K. (A.67)

So (as before) current profit depends in part on itself because young agents consume part
of it.

e By solving (A.65) and (A.67) for II7, and i[j/rvﬁt + I we find:
=t AN Wi
m = AW, 4 DL
Lt 1+B—(1—5)Et[ "T1v Ry,
+ (14 8) [\Wi + [ (1~ 6) Q: + RE| Kt}] (A.68)
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and:

HWY 1 AWyt

I° = NW, +

R 1+5—(1—5)Et[ 1T Ry,
+ (14 8) [NWi+ [(1-9) Qi + RE| K ] . (A.69)

Yy
e It follows that II7", and % + I? are both proportional to the growing variable K}

e Demand for good 2 originates from the young and the old.
— Young demand for good 2:

y _OPvy y 0Py 1 HWY _ (1-a)7P/ HWY
TPy T 0Py 1+ 8 Pry  a'Pl 74 (1—a) P71+ 5

— Old demand for good 1:

(1- 04>UP2_,tU o
AP+ (1—a) Py "
19 = W, + [(1 —8) Qi + Rf} K.

2t =

— Total demand is thus:

1—a) P77 HWY
X2,t _ ( ) 2,t { Wt

+ IO} :
R el K R
e Using (A.68) in (A.64) we can write aggregate saving as:

Qs = g Y+ (== 6w [0-0 @+ ] ]

L@+ B[ - (A== AW
1+5- (-0 1+Ry, (A.70)

A.5.4.1 Verify Walras Law

e Spending at time t:

Pyile! + )+ QuZi+ (1= 0)K)] = Wi [N — &) + TIT, + X°W, + | (1 — 6)Qq + Rf | K.

e The old sell the remaining capital to the young so:

Pyylc! + &)+ QuZy = Wi [N — &) + 11T, + \°W, + Ry K.
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e But Py, [c] + ] = P X1t + PoyXoy and Hy = N 4+ \° — & so we get:

P Xyt + PoyXoy + QeZy = Wi Hy + 107, + R K;.

o But Il = (P, —MCT(W; /Ky, RN X1y, Poy = MCE(Wy /Koy, RY), and Q, = MC*(W; /K, 4, RY)
so we get:

MC¥(W; /K14, RF) X144+ MCE(Wy /Ko g, R Xo 4+ MC* (W, /K, 4, RY) Z; = Wi Hy+ RY K.

Right-hand side: total factor income. Left-hand side: total spending on consumption and
investment goods evaluated at the true marginal cost of producing these goods.
A.5.4.2 Checking market equilibrium conditions

e Market for good 1 (demand and supply):

o,.—0
X1 Q7P g

K; aapi;U + (1 - CK)U

1 <(1 — )iy + NWw, e I+ 7941 wt+1)
1+ K, T+ 71 K

X =gt

X K1, \'7%
Lt _ QH& 1, '
Ky ’ Ky

)

e Market for good 2 (demand and supply):

X2,t o (1 — Oz)"

Ky a"pi;(’ +(1—a)e

1 <(1 — E)FTt + )\ywt 4 \° 1+ Vi1 wt+1>
1+ 5 K 1+ 7 K

I

FX =8+ rf]

X2,t:QH¢ Koy 1-¢
Kt 2t Kt .

e Market for investment goods (demand and supply):

7 1—e)m 4+ \Nw 1 1
Qt*t _ B [( )T t} _ \0 T Vig1 Wil — (1= 4)
Ky 1+8 K 1+8 1471 K

e Aggregate output:

Y; X1 Xoy Zy

K UERCTR YRS
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A.5.5 Recalibration

e Model must be recalibrated to yield an ‘observationally equivalent’ competitive steady-

state growth path. Otherwise we are comparing apples with oranges. Calibrate sequen-

tially, starting with a one-sector version of the model

e One-sector model: ¢y =y =1p =, U =N =0, =Q, h=1, and a = 0.5.

— Dynamic model:

Kipn b 5}\@,% A w K
Ky 1+p Ky 147141 K K |

re=(1—¢)QH — 6,

Wt o—1

— = 00H

Kt ¢ t 9

Yi ¢

— =0OH

K, b

H; =\ + )\°,

L K (1-0).
K K

— Features of the steady-state growth path:

h L4+~*T fwe \™
— " g\ W
s e (&)

T2 (1 @) QN + A -5,

._.

+

)
*
|

e Numerical content one-sector model:

— We set parameters:

a=05 NW=09, AN =05 5§=08437, ¢ =¢, = =0.75,

— We set targets:

v =0.025, 7% =0.05.
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— We know that:

r* = (145" —1=23.3219,
v =14+ -1 =1.0976
(r*)* =" + 6 = 4.1657,
r*+6
* = = 16.6627
U ,
2F =% 4§ = 1.9413,

=yt — 2 = 14.7214,

x*
= 8.9264.
(%) -5

— Note that (X/Y)* =0.8835 and (Z/Y)* = 0.1165.

— We choose § and €2 to make it fit the model:

B=0.6608, € =12.2936.

e Special case of the three-sector model: ¢ = ¢y =1 = ¢ and Q) = Q2 = Q, =

— General model: see Table A.7

— Steady-state competitive growth path features p* = ¢* = 1 and €* = (7]")* = 0 so
that:

w\ * 1497
L4y =—— () |pav = a°
T 1+B<K) [5 1+r*]

(T’k)* —r*44

w H;} B H3\*" H:\ %!
(o = () = () - ()

() = (1 )0 (fy — (-0 (Z?Y — (-0 (H)¢

1
H* = H} + H} + H:

2X=7"+0
=N+
yr=a] + a5+ 2"
o’ 1 w\ * 14"
* v \Y 2\°
o a’ + (1 —a)° 1+ﬁ<K>( * 1+7‘*)

+ A (%) +1-0+ (rk)*]

zi = Q(HY)? (u)'™?
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e Calibrations steps:

— Keep
r* = 3.3219,
~* =1.0976
(r*)* =7 + 6 = 4.1657,
y* = 16.6627,
. . 147214
T1 = Lo =
1 2 9 )
2¥ ="+ 0 =1.9413,
w *
— ) = 8.9265.
(%)

— Define the wage-rental ratio, £* = (w;/(rFK;))* and note:

Hf ¢ 1 oner O _
— Hence:
H*

L=\ 4\ =14,

— Hence Q is:

Q= y* (W 4 1) = 12.9464.
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— To determine v}, ans uj = uj = (1 — u})/2 we note that:

=] Y +e=QW+ )% e ul=-1—— =0.1165.
y

— Hence:

1 _ *
wl =l = 2% = 0.4417.

— Finally, we choose  to ensure that the followsing relationship is satisfied:

1 T4+9"] fwy*
- y _ o w
L+7 1+ﬂ[m )\l—l—r*}([() <

B L+ A(w/K)*
F= N(w/K)* — (1+ %) [1 T

} = 0.7182.

e To summarize, the structural parameters are as given in Table 3 with the following excep-

tions:

B=07182, ¢, =c¢y=1 =075 O =0 =0, =129464, ¢, =0=0.

e See Table A.7 for a full listing and Table 6 in the paper for a compact listing of the

capital-externality model with rent-seeking.

e See Table A.8 for the quantitative steady-state results.
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Table A.7: Rent-seeking and growth with a physical capital externality

1 (1 — 6)7T71nt 4+ Ny 1+ Y41 Wit
L4 _ , —)\° + AT7.1
a1 ( Yet1) 115 [ K, 1+ 749 Kt+1] ( :
T _ = _ [Ay“’t+>\01+7t+1 wtﬂ]
K, 1+8— (1 — 5): K, 1+ r K
A+8)E  [ow ¢
ANt L (1=¢ AT7.2
TIr -z K T ( |
we _ Ty (AT7.3)
Kt ! Kt |
k
i+ (1 =9
1+ 7y = <q )41 (AT7.4)
t

Hy \ %71 Hy \ 71 H, \?!
= = pmef 0 < “) = ¢Q ( “) = 6. ( ”)
K ’ Ut U ¢ Uyt

’ (AT7.5)-(AT7.7)
o 6 6
rf = (1— ¢)met ,Q (T’t> = (1-¢)Q (H“> = (1—¢)qQ (szt

Ut Uzt

)

(AT7.8)-(AT7.10)
H =Hy;+Hyy +H,, (ATT7.11)
Zt = ’Yt—i-]_ + 5 (AT712)
H =X+ )N —¢ (AT7.13)
Yt = PT1t + Tot + Gr2e (AT7.14)
o 1—0
- a%p
E= AT7.1
aaplfo' + 0-(1 _ a)a‘ ( 7 5)
o, 1—0 o
a’p 7 +o(l—a)
= ¥ AT7.1
p (O' — 1) (1 _ O[)J mcl,t ( 7 6)
opl—o 1 1—e)m + \Nw 1
priy = et <( i Ly yoo T em wt“)
a’pl=7 +(1—a)? |1+ Ky L+ 7 K
o Wt k
+ X+ (1= 0)ge + 77 (AT7.17)
t
w1y = QH] up,? (AT7.18)
w24 = QHy uy,” (AT7.19)
o= QHS ul” (AT7.20)
IL=wuie+uge+uszye (AT7.21)

Notes The endogenous variables are v, = (K1 — K¢)/ Ky, &, Wft/Kt, e, Qi T, wi /Ky,
v = X/ Ky 2oy = Xoy /Ky, 2 = 21Ky, wiy = Ky /Ky, oy = Koy /Ky, uszy = K1/ Ky,
Hl,t, HQ,t; Hz,ta Hy, mep =, p,and y; = Y%/Kt'
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Table A.8: Features of the steady-state growth path (KE case)

(a) (b) (c) (d) (e) (f)

€ 0.0800  0.1600  0.0800  0.0800  0.0800
o 2.0000 | 2.0000  2.0000  4.0000 2.0000  2.0000
o 0.5000 | 0.5000  0.5000  0.5000  0.7000  0.5000
o) 0.7500 | 0.7500  0.7500  0.7500  0.7500  0.6000
y* 16.6627 | 19.2956 19.0425 17.7584 25.0668 18.3257
x] 7.3607 | 2.0232  2.0015 2.6818  3.5961  1.9077
x5 7.3607 | 11.7918 11.6657 11.6611  8.2706 11.1190
7" 1.9413 | 2.6194  2.5447 22247  4.0713  2.6010
e 0.0255  0.0503  0.0107  0.0806  0.0315
y* 1.0976 | 1.7757  1.7009  1.3810  3.2275  1.7573
» % 100% 2.5000 | 3.4616  3.3674  2.9339  4.9227  3.4386
Ya
e, X 100%  2.5000 2.2658
(w/K)* 8.9265 | 8.9676  9.0085  8.9435 9.0598  6.8518
(rky* 4.1657 | 4.1086  4.0530  4.1419  3.9845  6.2511
r* 3.3219 | 3.2649  3.2092  3.2981  3.1407  5.4074
% 100% 5.0000 | 4.9535 49076  4.9807 4.8502  6.3872
a
p* 1.0000 | 2.4142  2.4142 14440 3.5386  2.4142
(mc®)* 1.0000 | 1.0000  1.0000  1.0000  1.0000  1.0000
q* 1.0000 | 1.0000  1.0000  1.0000  1.0000  1.0000
uj 0.4417 | 0.1231  0.1235  0.1619  0.2256  0.1221
us 0.4417 | 0.7175  0.7196  0.7038  0.5189  0.7115
ul 0.1165 | 0.1594  0.1570  0.1343  0.2554  0.1664
o 1.4000 | 1.3745 1.3497 1.3893 1.3194  1.3685
HY 0.6184 | 0.1692 0.1666  0.2249  0.2977  0.1671
H3 0.6184 | 0.9862 09712 09779  0.6847  0.9737
H? 0.1631 | 0.2191  0.2119 0.1866  0.3370  0.2278
(mi/K)* 0.0000 | 2.8612 2.8306 1.1908  9.1289  2.6979

Notes The perfectly competitive steady-state equilibrium (without rent seeking) is reported in
column (a). Column (b) reports on the benchmark rent-seeking equilibrium. Columns (c)—(f)
report on some alternative rent-seeking equilibria for different values of, respectively, e, o, «,
and ¢,
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A.6 Welfare analysis

e In order to understand the welfare effects of rent seeking we must characterize the first-best

social optimum.

e The model is slightly complicated because:

— There are overlapping generations that need to be weighted in the appropriate man-

ner.

— There are external effects due to human capital accumulation.

e Social welfare function is conform the insights of Calvo and Obstfeld (1988):

1 o0
SWi= ALy + A} +whAl, + WA o+ = Y AT
T=t—1
with:
Uiz
ar= [ aumr)
nL
and:
Af(n) =Inc{(n) + BIncfy1(n)
S S —1/0 s —1/o0 1/(1_1/0)
i) = [awt ()7 + (1= a)as ()77 . (forse{yo})

e The social planner treats agents of differing rent-seeking ability symmetrically. This means
that:

— We can impose symmetry up front:

S

cm)=c, Lm =10 win)=ai,  (foraltandn,sc{yo})

— There is no rent seeking:
er(n) =0
e The constraints consist of:
— Technology:

Xit=®"(Hi, K;t)

)

Zt — (I)Z(Hz,ta Kz,t)
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— Total demands for the goods:

K= [ [t +ation] aro

— Resources:

Ki =K+ Koy + K.
Hy=Hy;+Hoy+H.

Uhis
Hy = / IR (n) + [1 — L ()] B ()] dF (1)
nr

— Accumulation:

1-60
fal) = ) |1+ 0

Kiy1 =7+ (1 -9)K,
— Initial condition for the young:

o) = = [ " hg(n)dF ()
nL

e Lagrangian:

Inc/ 4+ BIncf] +Incf + BIncf; + ...

€|

,Ct =
00
+) {Al,r [‘V(Hlm Ki;)—af - 905}] + Ao {‘I’I(Hzn Kor) — a5, — JTS,T}
T=t
+ )\3,7' [K’r - KI,T - K2,7’ - KZ,T] + )\4,7' [(1 +A - lt)}_lT - HI,T - HQ,T - Hz,’r]

_ ll—@ _
+ )\577' |:h7' (1 + ¢61T_ 9) — hT+1:| + )\G,T [ZT + (]. — 6)K~,— — K7-+1]

+ )\7,7' [q)z(Hz,’rv Kz,’r) - Z’T] }

e Taken as given at time ¢ are ¢/ ;, K¢, and hy
e FONC:s for period t:

— Consumption components:

oz, - oz,
6£t B acf .
(9th weg amgt wt (for i 2)

Y
oL _ 1 ai—Ai,t:o (for i = 1,2)
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— Factor usage:

0L, _ | O®(Hi, Ki) o
oH,, M OH, Lt

oL - 0d* (HQJ—’ KQJ—) -
OHsy Azt O0H> ~Me=0

oLy 0%*(H, +, K, ;) B
OH., A7t DH.., — A =0

8£t a(I)z(Hl T7K1 7')
— =\ ! - — A3+ =0
oK, M K1, 3t

oL, 0®"(Hs +, Ko.r)

=\ T 2] gy =

8K2,t 2t 8K2,t 3¢ 0

0L, 8‘I>Z(Hz;rsz,T) SV

8I(z,t - aKz,t

e Investment in physical and human capital (schooling):

0L,

az Aot — A7 =0

0Ly - 7

B = ol = =0

e Accumulation:

oL
8Kt<tH = X6t + A6t+1(1 —6) + A3441 =0

0L, it

—— = X5t + A1 (L4+H A —lg1) + As 1 | 1+ &, =0
Oht i1 1-90

e Summary of the first-order conditions:

\ s 1/o
IR <2t> , (for s € {y,0})

At 11—« i,

@ B 00" (Ha 7, Ko ,)/0Ho 4 B 00" (Ha 7, Ko ;)/0K2+
Aot 09%(Hy, Ki,)/0H1y O0®%(Hy,, Ki,)/0K:y
)\l,t o aq)z(Hz,TaKz,T)/aHQ,t o aq)Z(Hz,T;Kz,T)/aKz,t
Mg O00*(Hy ., Ki,)/0H1; 0®*(Hy,,Ki,)/0K1s

Xet = N6 t41(1—0) + X341 =0

ll*@
st = A5 t+1 [%lt_fl(l +A—l1) + <1 + e 1ti19>]
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